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Abstract

The averaging principle for slow-fast systems of various kind of stochastic (par-
tial) differential equations has been extensively studied. An analogous result was
shown for slow-fast systems of rough differential equations driven by random rough
paths a few years ago and the study of “rough slow-fast systems” seems to be gain-
ing momentum now. In all known results, however, the driving rough paths are of
level 2. In this paper we formulate rough slow-fast systems driven by random rough
paths of level 3 and prove the strong averaging principle of Khas'minskii-type.
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1 Introduction

Let (w;) and (b;) be two independent standard (finite-dimensional) Brownian motions
(BMs). A slow-fast system of (finite-dimensional) stochastic differential equations (SDEs)
of Ito-type are given by

X; = wo+ [y f(XS,YE)ds + [y o(XE,YE)db,
Y = yot+e 1f0 (X5, YE) ds—|—5‘1/2f0 (X, YE)dws,
where 0 < € < 1 is a small parameter. The processes X¢ and Y* are called the slow

component and the fast component, respectively. Suitable conditions are imposed on g
and h so that the following so-called frozen SDE satisfies certain ergodicity for every x:

. t
th,y =y+ / g(x,Yf’y)dt + / h(x,Yf’y)dwt.
0 0

An associated unique invariant probability measure is denoted by u®. We set f(z) =
[ f(z,y)p”(dy) and set &(x) in a similar way. Consider the following averaged SDE:

Xt—:cg—i—/ f(X ds+/ 7(X,)db,.



The averaging principle of this type, which was initiated by Khas'minskii [9], claims that
X¢ converges to X in an appropriate sense as € \, 0. Early results are well-summarized
in [2, Chapter 7]. Since then the study of averaging principle has been developed greatly.
Today, so many kinds of slow-fast systems of stochastic (partial) differential equations
are known to satisfy the averaging principle.

Rough differential equations (RDEs) are generalized controlled ordinary differential
equations, which can be regarded as “de-randomization” of usual SDEs. The generalized
controls (i.e. drivers) are called rough paths (RPs). When the RPs are random, we have
systems quite similar to SDEs even when there is no (semi)martingale property. For
basic information on rough path theory, see [3, 4] among others.

The study of slow-fast systems of random RDEs looks quite natural and interesting.
The first averaging result was obtained by [13], which adopted fractional calculus ap-
proach to RP theory. It was then followed by [8], which used the controlled path theory
to prove the averaging principle. Within just two years after that, four papers already
appeared along this research direction. A large deviation principle associated with the
averaging principle was shown in [15]. A convergence rate of the averaging principle was
obtained in [14]. The averaging principle for slow-fast systems of semilinear rough par-
tial differential equations was proved in [10]. In these three works, the fast component is
driven by Brownian RP, while the slow component is driven by fractional Brownian RP
or more general random RP. In a recent paper [11] the authors studied a slow-fast system
whose fast component is driven by fractional Brownian noise and proved an almost-sure
version of averaging principle.

In the theory of Gaussian RPs, a prominent example is fractional Brownian RP (i.e.
a canonical lift of fractional Brownian motion) with Hurst parameter H € (1/4,1/2].
When H € (1/4,1/3], the fractional Brownian RP is a (random) RP of level 3. In
all the existing works on slow-fast systems of RDEs, however, the driving RPs are of
level 2. It is therefore quite natural and important to generalize the theory of rough
slow-fast systems to the case of level 3. Our main purpose in this paper is to construct
rough slow-fast systems of level 3 and prove the strong averaging principle, which can
be regarded as a level-3 version of the preceding work [8].

The structure of this paper is as follows. In Section 2 we provide assumptions on the
coefficients and driving RP and then state our main theorem (Theorem 2.1). In Section
3 we carefully explain controlled path theory of level 3. Although this is basically
known among experts, there seem to be few papers which actually elaborate on the
subject. Section 4 is devoted to constructing random mixed RPs which drive our slow-
fast systems. Unlike the other sections, this section is specific to the level 3 case and has
no counterpart in the preceding work [8]. Hence, for those who already understand the
level 2 case in [8], this section is the most important. Section 5 consists of two parts. In
the first half we precisely formulate our rough slow-fast system in a deterministic way.
The second half discusses probabilistic aspects of the system including the proof of our
main theorem. However, since the second half is quite similar to a counterpart in the
level 2 case in [8], our exposition is a little bit sketchy.



Notation:

Before closing Introduction, we introduce the notation which will be used throughout the
paper. We write N = {1,2,...} and Ny := NU{0}. Wesset [1,k] :={1,...,k} for k € N.
Let T € (0,00) be arbitrary and we work on the time interval [0,7] unless otherwise
specified. For a subinterval [a,b] C [0,T7], we set Ay = {(s,t) e R* | a < s < ¢ < b}.
When [a,b] = [0, T], we simply write Ar for this set.

Below, V, V; (i € N) and W are Euclidean spaces. The set of bounded linear maps
from V to W is denoted by L(V, W), which coincides with the set of all real (dim W) x
(dim V) matrices. For k > 2, the set of k-bounded linear maps from V; x ... x Vj
to W is denoted by L™ (Vy,...,Vi;W). There are natural identification as follows;
LOYW) 2 V*@W and LOV,,... . VW) =2 LV, @ ... ® Vi, W). As usual, the
truncated tensor algebra of degree k (k € N) over V is defined by T%(V) := @&F V¥
where we set V90 :=R.

e The set of all continuous path ¢: [a,b] — V is denoted by C([a,b],V). With the
usual sup-norm ||| [a,p) o0 the [a, b]-interval, C([a, b], V) is a Banach space. The
difference of ¢ is frequently denoted by ¢!, that is, gpi}t =y — s for (s,t) € Dy

e Let 0 <y < 1. For apath ¢: [a,b] — V, the y-Ho6lder seminorm is defined by

Il o = sup M
Tl a<s<t<b (t_3>7

If the right hand side is finite, we say ¢ is y-Holder continuous on [a, b]. The space
of all v-Hélder continuous paths on [a, b] is denoted by C?([a, b],V). The norm on
this Banach space is |@a|y + ||©||4,a.0-

e Let v > 0. For a continuous map 7: A, — V, we set

||77||7[ab] = sup ‘Us,t‘v )

Y a<s<t<b (t - S>’y
If this is finite, then n vanishes on the diagonal. The set of all such n with
17]l,a,) < 00 is denoted by Cfy([a,b], V), which is a Banach space with |[n]], a,y-

e When [a,b] = [0, T, we write C(V), C7(V), C, (V) for these spaces and |- ||, [|- |-,
|| - ||, for the corresponding (semi)norms for simplicity of notation. For z € V, we
set C,(V) :={p € C(V) | ¢o = z}. We also set CJ(V) in a similar way.

e Let U be an open set of V. For k € Ny, C*(U, W) stands for the set of C*-
functions from U to W. (When k = 0, we simply write C'(U, W) instead of
CO%(U,W).) The set of bounded C*-functions f: U — W whose derivatives up to
order k are all bounded is denoted by CF(U, W), which is a Banach space with the
norm || f|l¢x = S IViflleo- (Here, || - ||oo stands for the usual sup-norm on U.)
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e Let v € (1/2,1] and m € N. If w belongs to Cj(V), then we can define

S(w)y = / dw, ® -+ @ duwy,,, (s,t) € Ap
’ s<t1 <ot <t

as an iterated Young integral. We call S(w)™ the mth signature of w. It is well-
known that Sy(w)ss := (1, S(w)},, ..., S(w)k,) € T*(V) and Chen’s relation holds,
that is,

Se(w)st = Sp(W)su @ Sp(W)uy, s <u<t.

Here, ® stands for the multiplication in T*(V).

Let a € (1/4,1/2] and write k := |1/a]. We recall the definition of a-Hdélder
rough path (a-RP or RP). A continuous map X = (1, X!, ..., X*): Ap — TFV)
is called V-valued a-RP if | X*||;o < oo for all ¢ € [1, k] and

Xs,t = Xs,u X Xu,t; S S u S t. (11)

holds in T%(V). (This is called Chen’s relation.) The set of all V-valued a-RPs is
denoted by Q,(V). With the distance do(X, X) = 35 | [ X" = X7[|ia, Qa(V) is
a complete metric space. The homogeneous norm of X is denoted by [|X||, =
SF IXYE. The dilation by 6 € R is defined by 6X = (1,0XY, ..., 6*X*). It is
clear that [|0.X|, = [0] - | X]||,- A typical example of RP is Si(w) for w € Cj(V)
with 7 € (1/2,1]. This is called a natural lift of w. We view Sy as a continuous
map from CJ (V) to Q,(V) and call it the lift map.

Let a € (1/4,1/2] and write k := [1/a|. We define G2, (V) to be the d,-closure of
Sk(CA(V)). Tt is called the a-Hdlder geometric RP space over V and is a complete
and separable metric space. It also coincides with the d,-closure of Si(Cj(V))
for any 1/2 < v < 1. A geometric RP X € GQ,(V) satisfies another important
algebraic property called the Shuffle relations. To explain it, we identify V =
R? (d = dim V) and the coordinate of X*’s are denoted by X X%P4 and X3P
(p,q,7 € [1,d]). Then we have

Xl Xofl = X+ X0 XoP X0 = X0+ X0 + X0 (1.2)
for all p,q,r € [1,d] and (s,t) € Ap. (When 1/3 < a < 1/2, we only have the first

formula.) For basic information on a-Hélder geometric RPs, the reader is referred
to [4, Chapter 9.

Assumptions and main result

In this section we first introduce natural assumptions on the coefficients and driving
random RP of the following slow-fast system and then state our main theorem.
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Our slow-fast system of RDEs is given by

{ Xe = wo+ [) f(XE,YE)ds + [} o(XE)dB,,

2.1
Y = yo+€‘1fo (X5, Y7) ds+5_1/2f0 (XE,YE)dW,. (2.1)

The time interval is [0, 7. Here, 0 < € < 1 is a small parameter and (the first level path
of) (X¢,Y?) takes values in R™ x R™. The starting point (xg, yo) is always deterministic
and arbitrary. (We will not keep track of the dependence on T, xg, 30.) At the first stage,
(2.1) is a deterministic system of RDEs driven by an (d + e)-dimensional third-level RP
which is denoted by (B, W). A precise definition of the system (2.1) will be given in
Subsection 5.1.

When we consider this slow-fast system of RDEs, the following are imposed as our
standing assumptions:

e 0 € CHR™ L(RYR™)) and h € CHR™ x R", L(R®,R")),
e feC(R™xR"R™) and g € C(R™ x R" R") are locally Lipschitz continuous.
These guarantee the existence of a unique local solution of (2.1). (This fact is well-

known. See also Remark 3.4 below.) Since we show the strong version of the averaging

principle in this work, we assume that o depends only on the slow component.
We set

. 8]7/‘”
g(x,y) == {ZZ (z,y)h" (z y)} , (z,y) e R™ xR". (2.2)
1<k<n

=1 j=1

Il

the standard Ito- Stratonowch correctlon term when x is viewed as a parameter.
To formulate our main theorem, we introduce more assumptions on these coefficients.

H1) o is of C}.
H2) f is bounded and globally Lipschitz continuous.
H4
H5

(H1)

(H2) f

(H3) h is globally Lipschitz continuous.
(H4) g is globally Lipschitz continuous.
(H5)

g

There exist constants ; > 0 and C' > 0 such that, for all z € R™ and y € R",
2(y, 9z, y)) + [z, )P < =y + C(jz* +1).

(H6) There exists a constant 7, > 0 such that, for all x € R™ and 3, y, € R”,

2(y1 — yo, §(x, 1) — Gz, y2)) + Wz, 1) — bz, y2) P < —2lyn — o]

Let + < ap < 3 and let (Q, F,P; {F; }o<i<r) be a filtered probability space satisfying
the usual condltlon On this probability space, the following two independent random
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variables w and B = (B, B%, B?) are defined. The former, w = (w;)o<i<7, is a standard
e-dimensional {F;}-BM. The Stratonovich RP lift of w is denoted by W = (W' W?).
The latter, B = {(B.,, B2,, B3,)}spenr, is an GQq(R?)-valued random variable (i.e.,
random RP) for every o € (1/ 4 ,ap). Here, GQ,(R?) is the space of a-Holder geometric
RPs over R%. We assume that (let, B2,, B?,) is Fi-measurable for every (s,t) € AT

We assume the following condition on the integrability of B. Below, [|B||,

Bl + || B30 + || B3||32® denotes the a-Holder homogeneous RP norm over the time
interval [0, 7.

(A) For every a € (1/4, o) and p € [1,00), we have E[|| B[] < co.

Under this assumption, the mixed random RP (B, W) and the slow-fast system (2.1)
of RDEs driven by it can be defined in a natural way (see Subsection 5.2 for precise
definitions). We will show the averaging principle for (2.1) when it is driven by this
random RP. Note that, unlike in the second-level case in the preceding work [8], the
“Brownian component” of the mixed random RP is of Stratonovich-type.

Next, we introduce the frozen SDE and the averaged RDE associated with the slow-
fast system (2.1) in the usual way. The frozen SDE is given as follows:

¢ t
ver =y [ ale i des [ by,
0 0

Here, (x,y) € R™ x R" are deterministic and arbitrary and d'w; stands for the standard
It6 integral with respect to a standard e-dimensional BM (w;). We are only interested
in the law of Y*¥ and hence any realization of BM will do. Under the assumptions of
Theorem 2.1 below, the Markov semigroup (P} );>o defined by Pro(y) = E[p(Y;"Y)] for
a bounded measurable function ¢ has a unique invariant probability measure, which is
denoted by u”. (This fact is well- known See [12 Appendix A] among many others.)

Define the averaged drift by f(z fR” u*(dy) for z € R™. The averaged
RDE is given as follows:

Xt:x0+/0tf(Xs)ds+/0to—(Xs)st (2.3)

Here, 7 € R™ is the same as in (2.1). Under the assumptions of Theorem 2.1 below, f
is again bounded and globally Lipschitz. (This fact is also well-known. See [12, Lemma
A.1] for example.) Therefore, this RDE has a unique global solution for every realization
of B = (B!, B% B?). (See Propositions 3.3 below for details.)

Now we are in a position to state our main result, whose proof will be provided at
the end of Section 5. It claims that (the first level path of) the slow component of the
slow-fast system (2.1) of RDEs converges to (the first level path of) the averaged RDE
(2.3) in LP-sense as € \, 0. Here, || - || stands for the 5-Holder (semi)norm of a usual
path over the time interval [0, 7).

Theorem 2.1. Assume (A) and (H1)—(H6). Then, for every p € [1,00) and €
(3, ap), we have B

lim E[|| X — X||5] = 0.

e\



Remark 2.2. The law of X¢ — X is uniquely determined by the law of B = (B*, B2, B?)
and the e-dimensional Wiener measure. In fact, X° — X is obtained as a functional of
B and w. So, the choice of a filtered probability space that carries B and w does not
matter. (Verifying the existence of such a filtered probability space is easy.)

Example 2.3. A prominent example of B = (B!, B, B?) satisfying Assumption (A) in
Theorem 2.1 is fractional Brownian RP with Hurst parameter H € (}L, %] In this case,
ap = H in (A). This is a canonical RP lift of d-dimensional fractional BM with Hurst
parameter H. For more information, see [4, Chapter 15]. Concerning this example, we

will provide more explanations in Remark 4.11.

Remark 2.4. The assumptions on the coefficients o, h, f, g in Theorem 2.1 are stronger
than those in the author’s preceding work [8] on the level-two case. In particular, g
is not allowed to be of super-linear growth in the present paper. This is not because
of theoretical limitation, but simply because computations become quite involved in
the level-three case. (The assumptions in Theorem 2.1 are basically similar to those in
[12, 13].) It could be interesting to relax these assumptions.

3 Controlled path theory of level 3

In this section we collect basic results from the theory of controlled paths of level 3. It
should be noted that they are basically known. For instance, [1] studied the theory of
controlled paths of any level. For the level 3 case, the unpublished work [7] could be
useful. However, they are few works which really elaborate somewhat tedious compu-
tations. Moreover, our RDEs are slightly more general than standard ones. We will
therefore provide a detailed explanation below.

Throughout this section 7" > 0 and « € (1/4,1/3] and we let V and W be Euclidean
spaces.

3.1 Definition of controlled paths

First we recall the definition of a controlled path (CP) with respect to a geometric
RP X = (1, X', X2 X3) € GQ.(V). Let [a,b] C [0,T] be a subinterval. We say that
(Y, YT YT V# Y#) is a W-valued CP with respect to X on [a, b] if

(Y, YT YT YE Y#) € C*([a,b], W) x C*([a,b], L(V,W))
x C*([a,b], L(V, LV, W))) x C([a,b], W) x Cf5}([a, b], L(V,WV))

and, for all (s,t) € Ay,
Y, -Y,= Yszl,t + YjTXsQ,t + Ysﬁ,tv (3.1)

V=i =ylix], + Vi (3.2)
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Notice the natural identifications L(V, L(V,W)) = L*(V x V; W) = L(V®2, W). The set
of all such CPs with respect to X is denoted by Q% ([a,b], W). (X is often referred to as
a reference RP.) For simplicity, (Y, YT, YT V¥ Y#) will often be written as (Y, YT, YTT).
Obviously, (3.1) and (3.2) imply that both Y¥ and Y# must vanish on the diagonal.
Note that in fact X? is not involved in the definition of a CP.

A natural seminorm on Q% ([a, b], W) is defined by

IO Y D lag o = 1Y oo + 1Y ¥l farr + 1V 20, 0
Then, Q% ([a, b], W) is a Banach space with the norm
Yol + [+ 1V + 1YY ) llog fas

(When [a,b] = [0,T], we write Q5 (W) and || - [|gq for simplicity.) Then, there exist
positive constants C' and C” depending only on « and b — a such that
HYTHa,[a,b] < ||Yﬁ||oo,[a,b}||X1||a,[a,b] + ||Yw||a,[a,b}
<Y+ (0 = &) 1Y Mo HIX Nlasiay + (0 = @) V¥ 20 0
< O+ [IX ) YT+ 1Y, YT, Y ) 0g o) (3.3)

and

HYHa,[a,b} < HYTHOO,[a,b]||X1||0c,[a7b] + HYTTHOO,[a,b}||X2||a,[a,b] + HYﬁ“a,[a,b]
<Y+ 0= 1Y oo HIX gy
Y+ (0= a) 1Y Mo a3 (0 = @) 1X o, o) + (0 = @)** 1Y *[la, g0
< O+ XS+ IX 2 o) (YT + YT+ VYY) g o) (3.4)
Example 3.1. Here are a few typical examples of CPs for a given RP X € GQ, (V). (In

the first three examples the time interval is [0, 7] just for simplicity. It can be replaced
by any subinterval [a, b]. )

1. Fore e W, 0 € L(V,W) and n € L(V,L(V,W)),
L= (§+UX5¢ +77X§,t7 U+77X01,t7 77)

belongs to Q% (W). Note that £- and ff-components of this CP are zero. Hence,
the Q%-seminorm of this CP is zero, too.

2. If ¢ € C**(W), then obviously (¢,0,0) € Q% (W) with [[¢]lsa = [|(¢,0,0)[og- In
this way, we have a natural continuous embedding C3*(W) — Q% (W).

3. Suppose that (Y, YT Y1) € Q% (W) and g: W — W' is a C3-function from W to
another Euclidean space W. Then (g(Y), g(Y)", g(Y)™) € Q% (W') if we set

o g(Y)i:=g(V1).



e g(Y)] :=Vg(¥,)Y;', where the right hand side is the composition of the two
linear maps Vg(Y;) € LOW,W') and ;' € L(V, W).

o gMIT = Vg(V)Y,T + V2¢(Y,)(Y;'e, Y%}, where the first term on the right
hand side is the composition of the two linear maps Vg(Y;) € L(W,W') and
YT e L(V, L(V,W)). (Note that the second term is symmetric in e and «.)

Using Taylor’s theorem and (3.1), we can verify this fact as follows:
1
9(Y)) = g(¥s) = Va(Yo) (Vi) + 5 Vg (Yo (Vi Yi)

1 1
w3 [ 00— 02 v (kY

= VQ(Y;MY;TX;J + YSTTXf,t>

VAL YIXL) + gV (35)
where
o Yo = VoY)V + V(Y VIXL, YITX2) + S92V (VX2 vIX2,)
FVVYIXL +YIXZ, V) 4 SV (VE V)
o3 [t oprg oo ) 36)

It is easy to see from (3.6) that g(Y)* € CE”% (W'). Due to the shuffle relation (1.2)
and the symmetry of the bilinear mapping, it holds that

s,t)

1
SV (VXL YIXL) = V29 (V) (Ve Vi) w2,

Here, the right hand should be understood as X 32,t being plugged into an element
of L(V®2,W'). Thus, the composition g(Y) satisfies (3.1).
Keeping (3.1) and (3.2) in mind, we can see that
9(Y)i = g(V)l = Vg(¥)Y] = Vg(Yo)Y]
= Vg(Y)Y + V(Yo (Yo i)
1
4 [ do1 = 7Y, + OV (VEL YY) = V(Y]
0
= V(Y (VI ) + V(YT X, V) + gV ) (3.7)

s,tr * s s,

where

g(Y)¥, = Vg(Y) (V)



+ V(Y (YIX2, + Vi, v
+ V2(YV)(YVIXE, + YIIX2, + YE, VITXE, +YE)

1
+ [ do1 = )Tg(Y, + 0V VLY (3.5)
0

It is easy to see from (3.8) that g(V )% € C(QQC;(W') Thus, the composition satisfies
(3.2), too.

4. Concatenation of two CPs is also a CP. Let 0 < a < b < ¢ <T. For (Y, Y, YTT) S
Q% ([a, b, W) and (Y, Y1, YT) € Q%([b,d], W) with (Y, Y|, ¥}) = (%3, V[, ;)
their concatenation (Z, Z, Z1) == (Y « YV, Y1 % VT, Vit % V1) can naturally be
defined and belongs to Q% ([a, c],W). (Here, * stands for the usual concatenation
operation for two continuous paths.)

It is clear that Z, ZT, Z'T are a-Holder continuous on [a, ¢]. To prove that Z# Z%# ¢
6(2205 (W), it is sufficient to observe the following: For a < s < b <t < ¢, we have
Zg?t = ZsTtl - ZJTX;,t
= (2l = Z10X0) + (20 = 2] X0 + 215 X3,
SRR R WA O (3.9)
and
Zﬁ,t = Zsl¢ - Z;rXslﬂr - ZJTst,t
= (Zhy+ Zy,) —{2IX L, + 20X, — 20 X )
{212, + 21 X3, - 21 X0+ 20X, © X,)
=Y, + Y, Y, + YEXG, (3.10)
Here, we have used (3.1)—(3.2) and Chen’s relation for X. The right hand side of

(3.9) and (3.10) are clearly dominated by a constant multiple of (¢ — s)?* and of
(t — 5)3, respectively.

3.2 Integration of controlled paths against rough paths

Next we discuss integration of a CP (Y, YT, Y1) € Q% ([a, b], L(V, W)) against a reference
RP X € GQ.(V), where [a,b] C [0,T]. Note that YT and YT take values in

LV, LOV,W)) = LAV x Y, W) = L(V*2, W),
and
L(V,L(V,LYV, W) = LOWV x V x YV, W) = LV W),

respectively. Note also that Y* and Y*# take values in L(V, W) and L(V®? W), respec-
tively.
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First, we define

Jop =Y. X!, + VX2, + VX3 (5,1) € Dag)-

st

From Chen’s relation for X and (3.1)—(3.2), it easily follows that

Josu+ up = Jog = VX + YEXD, + Y

u,t?

a<s<u<t<hb, (3.11)

where we set YSTL1 =Yt — Y. Note that the right hand side above is dominated by a
constant multiple of (t — s)%.

Let P={s=ty<ti <---<ty= tz}\»r be a partition of [s,t] C [a,b]. Its mesh size is
denoted by |P|. We define Jg;(P) => ", Jt, .+, and

t
Y,dX, = lim J,,(P), 1) € Ny 3.12
/ lim Jo(P) (5.0) € By (312
The limit above is known to exist, and is called a RP integral. It will turn out in the
next proposition that an (indefinite) RP integral against X is again a CP with respect
to X. By the way it is defined, this RP integral clearly has additivity with respect to
the interval [s, t].

Proposition 3.2. Let + < a < i and [a,b] C [0,T]. Suppose that X € GQa(V) and
(Y, YT, YT) € Q% ([a,b], L(V,W)). Then, the limit in (3.12) exists for all (s,t) € D).

Moreover, we have _
(/ Y,dX,, Y, YT) e 0% ([a, b, W) (3.13)

with the following estimate:

t
/ YudX, — (VX + YIXT, + VXD
s ’ ’ iw

< Kot — S)M(”YﬂHSa,[a,b]HXlua,[a,b} + ”YWHM,[G,IJ}HXQHM,[a,b]
F Y Mafan X lsafas)s  (5:8) € Dpag- (3.14)

Here, we set ko = 219C(4a) with ¢ being the Riemann zeta function.

Proof. In this proof the norm of W is denoted by |-|. First we prove the convergence. For
P given as above, we can find ¢ (1 <i < N —1) such that t;;1 —t;—1 < 2(t—s)/(N —1).
Then, we see that

|JS¢(P) - JS,t(P \ {tl})| = ’Jti—lyti + Jti,ti+1 - Jti—lyti+1|
= Y X, YW XE

i—1,ts < it it

+ Y;—H'vl X3 |

i—1,ts < it

< (HYﬁHBa,[a,b}HXlHa,[a,b} + HyﬁﬁH?a,[a,b]||X2||2a,[a,b]

2(t — s)\4e
Y 13 s ( ) ‘
+ 1Y oot X7 3o o) (57—
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Extracting points one by one from P in this way until the partition becomes the
trivial one {s,t}, we have
[sa(P) = Jsal < #alt = ) (1Y *lla 01 | X laja
1Y # a0 a1 X 2 2efas) + 1Y lafas) | X2 130 10.8)- (3.15)
Note that the condition 4« > 1 is used here. By standard argument in RP theory, (3.15)
implies that {J;+(P)}p is Cauchy as |P| N\, 0. Therefore, the limit in (3.12) exists and

(3.14) holds.
Since it obviously holds that

YIS < (VI (0= @ 1Y oo} iy ¢ — )%

and
Vi =¥, = VIX|
< |VIXZ |+ [VE]
< {(!Ya”\ + (0= a)* IV Mo fae) 1 X 20 fas + (0 = a)alleHza,[a,b}}(t —5)*,
the path ([ Y,dX,, Y, YT) satisfies (3.1)-(3.2). Hence, (3.14) implies (3.13). O

3.3 Rough differential equations with bounded and globally
Lipschitz drift

Now we discuss RDEs in the framework of controlled path theory. We basically follow
[7, 1], but our RDE has a drift term. In this subsection, S is a metric space and we
assume § < f < < 5 and X € GQu(V) C GQs(V).

We set conditions on the coefficients of our RDE. Let o: W — L(V, W) be of C;:
and let f: W x & — W be a continuous map satisfying the following condition:

fy,2) = f, 2)lw
sup [f(y,2)lw+  sup 17, 2) ,< I _ o, (3.16)
YyEW,z€8 Y EW,y#y’ 2€S ‘y -y |W

The first and the second term above will be denoted by || f||oc and Ly, respectively.
For an S-valued continuous path ¢: [0,7] — S, we consider the following RDE
driven by X with the initial value £ € W: For all ¢t € [0, T,

Yt:§+/Otf(Y;,l/Js)ds—i—/Ota(Ys)dXs, Vi =0y, Y=vVemW)Y!. (3.17)

For every (Y,YT, V1) € Q% (W), the right hand side of this system of equations also
belongs to Q% (W), due to Example 3.1 and Proposition 3.2. Therefore, (3.17) should be
understood as an equality in Q5 (W). (Following the preceding works [7, 1], we slightly
relax the Holder topology of the space of CPs for quick proofs.)

12



One should note that if (Y, YT, Y1) € Q% (W) solves (3.17), Y;' = o(V;) and Y;/T =
Vo - o(Y};), in particular, Y and YT are completely determined by the first level part
Y. Precisely, Vo - o(y) above stands for the element of L(V ® V, W) defined by

VRV3veu = Va(y){o(y)v,v') € W.
Here we state our main result in this section.

Proposition 3.3. Let the assumptions be as above. Then, for every X € GQ,(V),
£ € W and 1, there exists a unique global solution (Y,YT,Y') € Q% (W) of RDE
(3.17). Moreover, it satisfies the following estimate: there exist positive constants ¢ and
v independent of X, &1, 0, f such that

IVlls < {(K+ DX, + 1D} X € GQ(V).
Here, we set K := [lofca V|| flloo V Ly

Proof. In this proof the norm of finite-dimensional spaces is denoted by | -|. Without
loss of generality we may assume T = 1. Let 7 € (0,1] and £ € W. For simplicity, we
write 7(y) := Vo -o(y). We denote by ¢; >0 and v; € N (i =1,2,...) certain constants
independent of X,¢,€,v, 0, f, 7 and (s,t) € A,

We define My 1, M p, MF, = QX ([0, 7], W) = Q% ([0, 7], W) by

My ¥4 = ([ otvax, ov), o))

M%O,T](K YT,YH) = (/ f(}/;aws)dsv 07 0>7
0
M (VYY) = (€,0,0) + M (Y, YY) + MG (Y, YT YT, (3.18)

If (Y, YT, Y1) starts at (£, 0(£),n(€)), so does MfO7T](Y, YT, Y. A fixed point of /\/l[éoﬁ]
is a solution of RDE (3.17) on the interval [0, 7].
We also set

Bf

b = LV YL YT € Q50,71 W) | IV YY) gs 0

Yo=¢ Y] =0(6), YT =n()}

This set is something like a ball of radius 1 centered at

te (E+0(8)Xg, +n()Xs,, (&) +n(8)Xg,, n(o))

(see Example 3.1). Since the initial point (Yp,Yy,Yy") is fixed, ||
distance on this set.

For a while from now, we will work only on [0, 7] and therefore omit [0, 7] from the
subscript for notational simplicity. We will often write gpi’t =y — s for a usual path
¢ that takes values in a vector space.

<1,

. ||Q§,[0,T} defines a

13



Let £, € W and pick (V,YT, YT ¢ ~B€~ and (Y, YTyt e B¢ arbitrarily. For
simplicity we write A = ||(Y, YT, YT — (Y, YT, YTT)HQﬁ . One can show the following
X
estimates for all (s,t) € A, by repeatedly using (3.1) and (3.2):

1Y oo < ()] +sup [V = Y| < K2 4 |V TH|[r7 < K2+ 1, (3.19)
s<T

YT = Vo < In(€) = n(§)] + IYTT = YTT|o77 < 2K%|¢ — £] + A, (3.20)
YR < IVIXL |+ [VE
< (K2 + DX alt = )" + [[YH#[|25(t — 5)*°
< (K2 + D)([| X Yo + D)(t - s)°, (3.21)
Vi =Y <ot - v XD+ vE - Y
< 2KPIE =&+ A)|X ot = 8)* + [V = YH||ys(t — 5)*°
< L2K2)|XY|ol€ = €1+ (1 X o + DA} - 5)7, (3.22)
YT |oo < [0(€)] + sup Y|

<K+ (K2+1D)([| X o +1) <2(K2+1D)(|| X o + 1), (3.23)
YT~ YT < |o(€) —a(€)| + Sup IYJ,;1 - %fifl

< (K +2K2)X o) 1€ = € + (1 X lo + DA, (3.24)
From these, we also have

[Youl < YIXG I+ VIXE ]+ Y5
< 2K + (X o + DX lat — 5)°
+ (K2 + [IX 2 (t = 5)* + [V F[l35(t — 5)
<A+ DX + 1) = 5)°, (3.25)
Vi = VL < [V = VDX + (VT = YINXZ |+ Y - Y
<Y = Yoo IX |t = 5)*
YT = VT X2 o (t = 5)% + [VF = VE|l35(t — 5)*
< {(K + 2K X ) |€ = X o+ (14 X ) AN X o
+ 2 [E = &][| X |20 + Al X |20 + A}t — )
< 2{(K&2 + D(IX 5+ DIE =€+ XN + DA — ) (3.26)
Note that YT and Y are in fact a-Holder continuous. Hence, if 7 is small, the S-Hoélder

seminorms of YT, YT — YT ¥V and Y — Y can be made very small. From (3.26) we can
easily see that

14



< {1+ 28 + DX + 1)7oHe = €+ 2XI5 + AT (3.27)

Next we calculate (o(Y),o(Y)",o(Y)'), whose explicit form was provided in the
third item of Example 3.1. We can easily see from (3.19), (3.21), (3.23) and (3.25) that

o) = o(V)1]
< VoY)V = Vo (Y)Y | + V2o (V) (e, Vi) — V2o (Y,) (Ve V)|
<Vl VLY Moo + Vol YT
+ IV s YV TIZ + 20V 20 oo VT 1Y ]| oo
< (K + D)X, + D —s)”. (3.28)

From the explicit form of O'(Y)St in (3.8), we have

(V%] < VoY) (YE)]
+ V2o (Y (YVIIX2, + Y, V)
+ V2o (Y)(VIX], + YIIXZ, + Y, YIX], + V)
+ ’/ dh(1 — 0)V3a (Y, + 0Y, ) (V) Y., VA
0
< (K + 1)7(IXl, + 1)°(¢ — )%, (3.29)

where we have used (3.19), (3.21), (3.23) and (3.25) again. Similarly, we see from (3.6)
that

IU(Y)i,tISIVU( DY+ VP (V) (VXL YITXE)|
|v2 (VX2 vl

+ V2o (V)(VIX], + YITX2, th>|+—\v2 (Y)Y, YE)

F ol [ 00wt a0 2

< ey K + V(X + D%t - ), (3.30)

where we have used (3.19), (3.21), (3.23) and (3.25) again. It immediately follows from
(3.28)—(3.30) that

I(e(¥).e(¥)", e (¥))llgs < cal B + DT(IXL, +1)° (3.31)

We will check that M¢ maps B¢ to itself if 7 is small enough. As before, we simply
write Vo(y)(y') for Vo (y)(y',e) = V,o(y) € L(V,W) when y,y" € W. It immediately
follows from Example 3.1 that

IME YY)y <] [ f0vaas| | <xr P <K @ay
0 3
15



We estimate the norm of M?!. The {f-component of M! satisfies

Vo (Y)Y, = Vo (Y)Y]| < VoY)V = V]| + Vo (Vi) — Va(V,)[| Y]]
< KAV + VI oo}
<YK +1P(IX ], + 1) = 9)°, (3.33)

where we have used (3.21), (3.23) and (3.25). The #-component of M reads:

o(Yy) — o(Ys) — Vo (Y)(YIX,,)
={o(Ys) —o(Y.) = Vo(Yo (Y )} + Vo (Y)Y, - vIX])

1
_ / d6(1 — 0)V0 (Y, + BY )Y, Y1) + VoY) (VITX2, 4+ Y2, (3.34)
0
This implies that
0(Y,) — a(Yy) = Vo (Y (YIX0 )| < 9K + 1)°(I X, + 1)*(t — )™, (3.35)

where we have used (3.25) and (3.21).
By (3.14) in Proposition 3.2, we can estimate the f-component of M! as follows:

t
[ o)X, - o(vxL, - o()IX2,

< [e()IXT ]+

/ o(Yu)dX, — {o(YXL, + o(V)IX2, + o(V)iiX?,}
< {IVo (V) (¥iH{e, ), >r+rv2< (Ve Vix, #)]} X2,

+rig(t = ) o (VP [l X s + o (V) #2611 X225 + o (V)51 X7 155}
< s (K +D)T(IX N, +1)7(E = 5)*, (3.36)

where we have also used (3.19), (3.23), (3.29) and (3.30).
Combining (3.33)—(3.35), we obtain

MY Y YTl s < (5 v 9){(K + DX, +1)* e
+ (K + DP(IX ], + 172 + (K + 171X, + 1)773(“@}-
From this and (3.32) we can estimate M*(Y, YT, YTT). If
7 < [des VO + D'(I1X ], + 1))
then we have

13 Tyt 1 Tyt 2 Tyt
[MEY, YT Y )llgs < [MAY, YT Y )llge + APV YY) 0 < 1,

which is equivalent to M&(B%) C B¢,
16



Now we will prove that M¢ is a contraction on B¢ if we take 7 smaller. We can
easily see from (3.27) that

MY, YY) - APV VT

< | [ 1) - was]
0

< K[[Y = Vlloor' ™

< K[{1+2(K* + D(IXI5 + DrHE = &+ 2([I XI5 + DAre]r—”

<32+ D(IX15 + DIE = €L+ 2K (I XI5 + DT> PA. (3.37)
We will estimate the difference of M!. To do so, we will first show that there are

constants ¢g > 0 and v; € N such that
(oY), oY), o(¥)1) — (oY), 0 ()T, 0(Y) )|l s
< co(K + 1) (IX I, + 1) (1€ = €] + A) (3.38)

holds for all (Y,YT, V1) € BS and (Y, V1, Y1) € BE.
We can estimate the difference of the TT-components as follows:

{oW)]T = o(v >”} {oW)]T = o(V)IT}]
< {Vo(¥)Y,T - ( DY = {Ve(V)YT - Vo (Y)Y}
+ { V2o (Y2)(Y e, Vi) — V2o (Y,) (Y, Vix)}
—{v%mxﬁ-,m V2o (Y,)(Ye, Yix)}|

1
<| [ abto v+ 0200 VI - P+ 0705
0

+ Vo (V) (Y[) = Vo (V) (Y1)

- / AB{V° (Y, + OV L) (Y., Y e, Yi'%) = Vi (¥, 4 6V.,) (V). /e YM}]
0
V2o () (Ve Vi) — V2o () (Ve ¥

+ V2o (V) (Y0, Yi%) — V2o (V) (Ve V')

s

< er (K + 1) (J1X 1, + 1)72(1€ — & + )} (¢ — 9)°, (3.39)

where we have used (3.19)—(3.27) many times.
Using (3.8), we can estimate the difference of the ff-components in a similar way as
follows:

o(Y)Z, — o(YV)Z|
< Vo (YY) — Vo (Y)(YE)|
+ V2o (Y)Y IXE, + YE, V) = V2 (V) (YTIXE, + Y7, V)
17



+ V2o (Y)(YI XL, + YIIX2, + Y, YITXE, + YE)
- VQU(%)(KTX;,t + Y/sﬁXg,t + Y/sﬁ,tv ?;TTX;,t + ﬁ%l

1
] [ a8 = 0){T Y.+ OYANVEL YY) — V(T + 67T T V)
0

< cs(K + 1) ([IXl, + 1) (1€ — & + A)(t — 5)*, (3.40)

where we have used (3.19)-(3.27) again. Note that V°¢ is not involved in the above
estimation.
Similarly, we see from (3.6) that

lo(YV):, = o(Y)|
< ’VU(Y;)Y;& - VU(Y/s)Y/j,t‘
+ V2o (YOI XL, YITX2 ) = Ve (VY] X

S s,t)

YIXZ)]
1 -~ -
+ 5[V (V)Y IIXE, YVITXT) = V2o (V) (VIXE, YIIXT)

st

+ V2o (Y (YIXY, + YIIX2, YE) — V2o (Y (VI XL, + YITXZ,, YE))

s,t)

1 o~
+ 5 IVR (V) (V0 YEr) = V2o (Vo) (Y YD)

s,tr * st

1 [t ) ) -
+ 5‘/0 de(l — Q)Q{V?’U(Y; + 63@3)(}/;17“ Ysl,ﬁ Y91,t> _ V?’U(Y; + 9}/81’75)(}/1 Yl Yl >}

< co(K + 1) (JIX ], + 1) (1€ — €+ A)(t — 5)*, (3.41)

where we have used (3.19)-(3.27) again. Note that V°¢ is not involved in the above
estimation. Combining (3.39)—(3.41), we obtain (3.38).
We estimate the difference of M's. Let us first calculate the tf-component.

{Vo(V)Y, — Vo(Y,)YI|} — {Ve(V)Y, — Vo (Y,) Y}

1
< / d{V?o (Y, + GYSEMYSZ, Y;T>} - Vza(?s + 0511,75)(5752, ffj)
0

+ Vo (V) (V) = Vo) (V)]
< (K + D) (X, + 1) (1€ = &l + A)(t = )™ (3.42)
Note that the right hand side of (3.42) has (t — s)%, not (t — s)°.

Recall the explicit expression of the #f-component of M* in (3.34). Using it, we can
estimate the difference as follows:

{o(¥y) = o(Yy) = Vo (Y )(YIX )} = {o(Y) — o(¥s) = Vo (Y)(YTX )}

1
< | [ do1 = ) (Vo lY, + OYINY VL) = Vol + OV (V1 VI
0

st~ st

+ VoY )(YITX2, + V) — VoY )(YTIX2, + YE)
18



< en(K + 1) (X, + 1) (€ — €] + A)(t — ). (3.43)

Note that the right hand side of (3.43) has (t — 5)%%, not (t — 5)?°.
We now turn to f-component. Since the rough path integration is linear when the
driving RP is fixed, our calculation is quite similar to that in (3.36).

(Vi) = o(Va) X, — {o(¥:) — o(Va)} X2, — {o (V)] — o(V)i} X2,
< l{o () = o(P32
Y.) = o(V)}dx,

—[{a( v) - oY, >}X;,t+{a<Y>i—o<ff>i}X3,t+{a<Y> o(MINXEY|
< Vo (V) (Vi) ) = Vo (V) (71 (e,4), #)] - |X2,|

V2 (V) (Y0, Yk, 1) = V2o (V) (Ve Vi, )] - X7
k(= )Y = VHlggl| X g + 1Y = THlagl| X2 + 1Y = F11]|5]1 X 5}
< en(K + 171Xl + 17 (€ = € + A)(t - ). (3.44)

Note that the right hand side of (3.44) has (¢ — 5)>¥, not (t — s)3?. Combining (3.42)-
(3.44), we easily obtain

IMNY YY) — MUY YT YT g
< cis(K + D) (X, + 1) (I — €] + a)re~. (3.45)

From (3.45) and (3.37) we can estimate M*(Y, YT Y1), There are constants cy4 > 4
and v9 > 2 such that if

T<A with A= [en(K + D)X, + 1)) € (0,1), (3.46)

then we have M*(B¢) C B for every £ and
SR 1
IMEY YY) = ME(Y YY) gy < (€= €]+ A). (3.47)

In particular, M¢ is a contraction on B¢ = B[%J] for every ¢ and therefore has a unique
fixed point in this ball. Thus, we have obtained a local solution of RDE (3.17) on [0, A].
Note that X is determined by [|X|, and K, but independent of £ and .

Next, we do the same thing on the second interval [\, (2\) A 1] with the initial
condition £ at ¢ = 0 being replaced by Y, at ¢ = A. Since all the estimates above is
independent of & and ¢, (Y, Y], Vi), e\ (2nn1) satisfies the same estimates as those for
(}Q,XQT,Y“)SG[OM\]. By concatenating them as in the fourth item of Example 3.1, we

S

obtain a solution on [0, (2\) A 1].
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We can continue this procedure to obtain a global (Y, Y, YIT)cj0,1). There are (at
most) |A™!] +1 subintervals, where |-| stands for the integer part. Except (perhaps) the
last one, the length of each interval equals A\. On each subinterval, (Y, YT Y1) satisfies
the same estimates. In particular, Inequality (3.25) implies that S-Hélder norm of Y on
each subinterval is dominated by 1. By Hélder’s inequality for finite sums, we can easily
see that

Y llg001 < (A + 1) < eis{(K + D(IX, + 1)1,

which is the desired estimate for a global solution.

We now check that any solution (Y, YT, Y1) = (Y,0(Y),Vo - o(Y)) of RDE (3.17)
defined on [0, 7] (0 < 7/ < 1) actually belongs to Q%([0, 7], W). By the estimate (3.13),
we have

t
/aﬂwi&—@ﬂ@XL+a@ﬁXi+dYﬁXi) < Gyt — 5",
s ’ ’ ’ w

where the constants Cz > 0 depends only on -Holder RP norm of X and S-Holder
seminorm of (Y, YT Y1), Since X is a-Hélder RP and o(Y)" = Vo - o(Y), the above
inequality implies that Y* is of 3a-Hélder. Likewise, Y is a-Hélder continuous and so
are YT, We can compute Y# in a similar way as before as follows:

v -] - yxg,

=o(V}) — o(Ys) = Vo(Yo)(Y,) + Vo(Yo)(Ye, — o(Ys)X,,)

S

s,t) st

1
= [ VPV, + OYINY A VI + Vo(YIXE + V).
0

The right hand side is dominated by a constant multiple of (¢ — s)?*, which implies that
Y*# is of 2a-Holder. Thus, we have seen that any solution is actually a-Hélder CP.
Finally, we show the uniqueness of solution. The uniqueness is a time-local issue, so
it suffices to prove that any two solutions, (Y, o(Y), Vo-o(Y)) and (Y,0(Y), Vo-o(Y)),
of RDE (3.17) must coincide near ¢ = 0. Since they are a-Holder CPs and § < «, they
both belong to B[%ﬂ for sufficiently small 7/ > 0. Recall that we already know that

there is only one fixed point of ./\/l[gO - in this ball. Hence, these two local solutions must
be identically equal on [0, 7']. O
Remark 3.4. (i) By examining the proof of Proposition 3.3, one naturally realize the

following: Just to prove the existence of a unique global solution RDE (3.17) for any
given 1, X and ¢, it suffices to assume that o is of C{f and f satisfies that

f Y, ¢ - f y/, w w
sup [ f(y, ¥u)lw + sup |/ (y: ) /( ol < 0o
yEW,tE[0,T) .y €W y£y! LE[0,T] |y —y ‘W

(ii) By a standard cut-off argument, it immediately follows from (i) above that if o is of
C* and f is locally Lipschitz continuous in the following sense

sup |f(ya ’ll)t) — f(ylv ¢t>|W < 00, N e N,

y|V]y/ | <N, w2y’ t€[0,T] ly —'lw
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then RDE (3.17) has a unique local solution for any given ¢, X and £. Hence, a unique
solution exists up to either the explosion time or the time horizon T

Together with RDE (3.17), we also consider the following RDE on [0,7] with the
same X, o and &:

ﬁ:§+/0tf<?s,z/?s>ds+/Ota(ffs)dxs, V)=o), Y=ve@)Y! (3.48)

We assume that f: W x & — W is also continous and satisfies Condition (3.16). Let

Y: [0,7] — S be another continuous path in S.
Proposition 3.5. Let o, f, f, € be as above. For X € GQ,(V), £ €W and U, ¥, denote

by (Y,0(Y),Vo-a(Y)) and (Y,0(Y),Vo -o(Y)) the unique solutions of RDEs (3.17)
and (3.48) on [0,T], respectively. For a bounded, globally Lipschitz map g: W — W,

set

M, = (Yt—fft)—/o {g(Ys)—g(?s)}dS—/o {o(Ye) —o(Y)}dX., te[0,T]. (349)

Then, M € C*(W) and the following estimate holds for every 3 € (}L,a): there exist
positive constants ¢ and v such that

1Y = Ylls < cexple(&" + 1) (X, + 1)1 M]lss. (3.50)

Here, we set K' = max{||o|[ca, [|flloc, Ly HfHoo,Lf, llglloo, Ly} and the constants ¢ and
v are independent ofX,g,w,z/;,a, 1, f,g,M.

Proof. Without loss of generality we assume T' = 1. For simplicity we write (Y, YT, YT)
and (Y, YT, Y1) for (Y,0(Y), Vo -o(Y)) and (Y,0(Y), Vo - o(Y)), respectively. It is
easy to see that M € C'(W). Hence, (3.49) is in fact an equality in Q% (W) with the
T-parts and ti-parts being clearly equal.

We set X' := [cia (K’ + 1) (|| X]||,, + 1)”9]71/(0‘7&) by just replacing K by K’ in (3.46).
Set s; := jN for 0 < j < |[1/N| and sy := 1 with N := [1/X]| + 1. Then, on each

- 3 . 3
subinterval [s;_y,s;], (Y, YT, Y1) € By o (Y, YT YTT) € By .

in the proof of Proposition 3.3 are available (with K being replaced by K'). Here, we
set & := Y, and §; := Y;,. From (3.47) we have for all j that

and the estimates

Q% [sj-1.55]

[ 1000~ gEras = [ o) —otpax,

1 ~ 1 Y -
< §|fj71 =&l + §H(Y> YTy — (v, vyt

HQ[)BO[SJ'*MSJ']'
Taking the seminorms of both sides of (3.49) on each subinterval, we can easily see that

NV YY) — (Vs < 2 Mg+ [0 — Gl (3.51)
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Plugging (3.51) into (3.26) , we obtain for all j that

Ve = Vool < 2{ (K" + DP(IXNIZ + DI&-1 — &1
+ (XN + D@IM I35 + 1€-1 = &)}t~ 5)°
<& =Gl Ml (s,8) € Dy, (3.52)
and in particular
&5 — & < 21€5-1 = §a| + (1M |35
We have also used that ¢t — s < A in (3.52). By mathematical induction, we have

& =&l < (T +2 -+ 27 [M]lsp = (27 = )| M]lg5, 1< <N
Then, it follows from (3.52) that

IV =V gy < 20K+ D2AIXNE + DlEos — &l
(I + D)@ lss + 1651 — E )} X)*
<2V M35, 1<j<N, (3.53)

By Hélder’s inequality for finite sums and the trivial inequality N1=72N < 22V we see
that

1Y =Yg < N'P2Y|[ M]3
< exp[2N (log 2)][| M |ss
< exp[2([1/X] + 1) (log 2)][| M [5. (3.54)

By adjusting the positive constants ¢ and v, we can easily obtain (3.50) from (3.54). [

4 Driving rough path of rough slow-fast system

In this section we construct the driving RP of our slow-fast system of RDEs. Unlike the
second level case in the previous works [13, 8], this part is not so easy. We use (a very
special case of) the anisotropic RP theory developed in [6], in particular, an anisotropic
version of Lyons’ extension theorem.

4.1 Anisotropic rough paths

We write V; = R and V, = R® and set V := V; @ V, = R Denote by m;: V —
V; (i = 1,2) the natural projection onto the ith component. Then, Vo2 — @i j=12Vi ®V;
and V®3 = @i,j,k:LQVi & Vj ® V5. Denote by UTR V®2 =V, ® Vj (2,] = 1, 2) the natural
projection onto the (4, j)th component. Similarly, 7;,: V¥ = Vi@ V,;@Vy (i,j,k = 1,2)
is defined.
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For a continuous map (2,22 B3): Apr — V& V2 3 VP we write B! 1= m(Z1),
Wt = m(=Y), B? = m(E2), I/V2 = mea(Z?), I[B,W] := m3(=?) and I[W, B| :=
7T21<52>.

Let a € (1, 3] and v € (3, 3] with 2a + v > 1. We say that a continuous map

wIH
=

(2,22, B%): Ap = V@ VP2 g V&3

is an anisotropic rough path (ARP) of roughness («a, ) if it satisfies the following two
conditions:

(1) (Holder regularity)
max{|| B [la [1B*[l2a | Bllsa W 1y, [1W 2y, 1B, Willass, [, Blllasy } < o0.

(2) (Chen’s relation) For all 0 < s <wu <t < T, it holds that

=1 =2 _

—_ —_
1
= =
st T s,u + —u,t st T —su + —u,t + —s,u ® —u,t’

B}, =B}, +B),+B,,®B.,+ B, ®B,,

We denote by Q- (V) the set of all ARP of roughness (a,). This set naturally becomes
a complete metric space equipped with the Holder norms. For z = (b,w) € C}(V), we
can define its natural lift S(z) € Q,(V) by using the Riemann-Stieltjes integration in a
similar way as in the usual RP theory (for instance, m(S(2)s;) := fst [ dwy, ® dby,).
We define GQ, (V) to be the closure of {S(z) | z = (b,w) € C(V)}, which is a complete
separable metric space by definition. An element of GQW,(V) is called a geometric ARP
of roughness (a,7) .

In fact, there is a canonical continuous injection G€l (V) — GQu (V). We will
explain it in what follows. Let (Z',22 B®) € Q,,(V). For (i,5,k) € {1,2}® with
(i,7,k) # (1,1,1) and (s,t) € Ar, we define

—‘3 ijk
[j ] = lim ZWU’C<“SU 1 ® = th 1t + Hstz 1 ® 2 th 1t1> (4'1>

|7’\\0

where P :={s =ty <t; <--- <ty =t} is a partition of [s,]. As we will see, the limit
on the right hand side exists. We set 23, by m;;(23,) = =% t[”k] if (i,7,k) # (1,1,1) and
m11(Z2,) = B2,. We can easily see that if (Z', =% B?) = S(z) for some z = (b,w) €
Ci(v), then (:1, =% =3) = S3(2), i.e. the natural third-level lift of z.

The following two propositions are key results in constructing our random RP. They
are actually a special case of an anisotropic version of Lyons’ extension thereom (see [6,
Theorem 2.6]). Since our situation is quite simple, we will provide direct proofs below.

Proposition 4.1. For every (Z',22 B%) € Q,,(V), Egt[”k] in (4.1) is well-defined. If

max{ || B |, 1B l2a: 1B [lza, Wl 1W2 29, 1B, Wlllats, W, Blllass} < M (4.2)
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holds for a constant M > 0, then there is a constant C' = C,, > 0 such that
|=39K)| 5 < CM> where 6 :== (6 —i—j—k)a+ (i+j+k—3)7. (4.3)

Moreover, (s,t) — (21,,27,,23,) satisfies Chen’s relation. In particular, (Z',Z% 2°) €
Q. (V).

Proof. Pick any (s,t) € Ar with s <t. For P={s=ty <t; <--- <ty =1}, we set

L =1 =2 =2 =1
ASJ(,P) T 2 :(Hsvtl—l ® o1ty T st ® “tZ—lﬂfl)‘

We throw away t,, (1 <m < N — 1) from P. By Chen’s relation, we have

At(P) = Ae(P\{tn}) = =i, 4, ® Ef +Ef tn ® (4.4)

‘_‘tmytm-&-l ‘_‘t'rnytm-kl :

We only prove the case (7,7, k) = (1,2, 1) for brevity. (The other cases can be done
in the same way.) For P given as above, we can find m (1 < m < N — 1) such that
tms1 — tm—1 < 2(t — s)/(N — 1). Then, we see that

121 (As ¢ (P)) — mi21 (At (P \ {tm }))]
S |Btlm,1,tm ® ][W’ B]tmytm+1| + |][B’ W]tmflatm ® Bl |

tmat'm+1
S Mg(tm—f—l - 2(:m—l)QO[—i_’y

2 2 2oty 2a4

Repeating the above estimate, we have

m121(Ass(P))| < MP22T7¢(20 + ) (t — 5)**H. (4.6)
Here, we have used 2« + v > 1. Hence, if EEZPZH i= limyp\ o T121 (As(P)) exists, it has

the desired Holder regularity.

Now we show that {m21(As:(P))}p is Cauchy in P as [P| \ 0. First, consider the
case Q D P, that is, Q is a refinement of P. On each subinterval [t;_1,¢] (1 <1 < N),
we throw away points of Q N [t;_1,%;] one by one in the same way as above. Then, we
see from (4.5) that

N
[m121(A64(Q)) = mian (Aou (P))] < MP22°F¢(2a +7) Y (0 = t1-1)** "

=1
< M?2%°T7¢(2a + )T | PP~
For general P and Q, note that P U Q is a refinement of both P and Q. Hence, we have

|7T121 <As,t(Q)> — T121 (As,t(P» |
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< ‘7T121<As,t(Q)> - 7T121<As,t(73 U Q)>| + |7T121<As,t(73 U Q)) - 7Tl21<As,t<P)>|
< 2MP2T (20 + ) T([P| v [Q])*
This estimate implies the desired Cauchy condition.
Next, we show Chen’s relation. Pick 0 < s < u <t < T arbitrarily. Let P and Q

be a partition of [s,u] and [u,t], respectively. Then, P U Q is a partition of [s,t] and
|PU Q| =|P|V]|Q|. By Chen’s relation for (=!,=?), we have

As,t<7) U Q) - As,U(P) + Au,t(Q) + E;,u ® Ei,t + Eg,u ® Ei,t-
Applying 7191 to both sides and letting [P U Q| N\, 0, we have

=oP = =302 =3 Bl @ [[W, Bl + 1[B, W, © Bl

u

From this and the Holder estimates, we can also show that A > (s,t) — Ei’;PQ” €

Vi ® V, ® V; is continuous. O

We write (2',2%,2%) = Ext(=',Z?, B®). As we have just seen, Ext is an injection
from Q,,(V) to Q2,(V). Below we will check that this injection is locally Lipschitz
continuous, i.e. Lipschitz continous on every bounded subset of €, (V).

Proposition 4.2. Let (2!

(=4,=2%,B?%), (21,22, B®) € Qo (V). Suppose that (4.2) holds for
both (=',Z% B3) and (2!, =2

, B3) with a common constant M > 0 and

max{[| B! = B'|la, [|1B? = B%|lza, [|1B® = B?|laa, W' = W, [W? = W2,
1B, W] = I[B, Wlllaty, [IW, B] = IW, Bllla+y} < &

holds for a constant € > 0, then there is a constant C' = C'(M,a,7y) > 0 (independent
of €) such that

||Z3k] =36k o < O where 6 == (6 —i—j—k)a+ (i+j+k—3)y. (4.7)
In particular, Ext: GQOW(V) — GO (V) is locally Lipschitz continuous.

Proof. We use the same notation as in the proof of Proposition 4.1. We see from (4.4)
that

{A(P) = Aa(P)} = {A(P\ {tw}) — Asu(P\ {tn})}

—y=1 =2 _ =1 =2
- Htm—lytm ® ‘_‘tm,tmﬁ-l ‘_‘tm—lytm ® \_'tm:tm-kl}
—2 —1 =2 =1
+ ‘_'tmflvtm ® ‘_‘tmﬂfmJﬁl ‘_‘tﬂI717tm ® ‘_'tmvtqul }

Ifm (1 <m <N —1)issuch that t,,41 — 1 < 2(t —s)/(N — 1), then

[m121 (At (P) = Asa(P)) = miaa(As (P \ {tm}) — Aos(P\ {tm}))]
= |B1 ®][Wv B]tmvtm+1 - Bl ®][W7 B]t7mtm+1|

tm—1,tm tm—1,tm
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- ][37 W]tmfl,tm ® Blm,tm+1|

+ |I[B7 W:Itmflatm ® Blmytm+1
S 4M€(tm+1 - tm—1)2a+’y

9 2a+y )
<A4Me | —— — 5)%tY,
< 4Me ( I 1) (t —s)

Using the same argument as in the proof of Proposition 4.1, we have
[m191 (A5 (P) = Mo (A, 1(P))] < 4Me2*77¢ (20 + 7) (¢ — 5)**F7.

Letting [P| \, 0, we obtain (4.7) for (i, j, k) = (1,2,1). (The other cases can be shown in
the same way.) Thus, we have proved the local Lipschitz continuity of Ext: Q, (V) —
Q4 (V). Combining this with Ext o S = S5, we see that Ext(G(,,(V)) C GQ, (V). O

4.2 An anisotropic version of Kolmogorov’s continuity crite-
rion for random rough paths

In this subsection, we prove a Kolmogorov-type continuity criterion for random ARPs

of second level. A standard version of this criterion in the RP setting is found in [3,

Theorem 3.1]. We will slightly modify the proof of that theorem.

Let (Q, R, I) = {(Qst, Rst, Ist)} s.tyens be an RP-valued (two-parameter) stochastic
process defined on a certain probability space (£2, F, P) with the following two properties:

e Chen’s relation in a probabilistic sense, that is, for every 0 < s <u <t < T,

P (Qs,t = Qs,u + Qu,tu Rs,t = Rs,u + Ru,t; [s,t = [s,u + Iu,t + Qs,uRu,t> =1. (48>

e An Li-version, q € [2,00), of the Holder condition with exponent f;, 32 € (0, 1],
that is, there exists C' > 0 such that for every (s,t) € Ap

1Qsillze < Ct =)™, |Rsellee < Ot = 8), [Lsull oz < Ct = )" T2 (4.9)

Proposition 4.3. Let (Q, R, I) be as above and let q € [2,00) and By, B2 € (1/q,1]. As-
sume that (4.8) and (4.9) hold. Then, there exists a continuous modification of (Q, R, T)
(denoted by the same symbol again) with the following two properties:

o Chen’s relation holds almost surely, that is,

P(Qs,t = Qs,u + Qu,ty Rs,t = Rs,u + Ru,t; Is,t = ]s,u + Iu,t + Qs,uRu,t
forall0<s<u<t<T)=1 (4.10)

e For every ay € (0,51—1/q) and as € (0, S2—1/q), there exist non-negative random
variables M9, M" € LY and M € LY? such that
P(|Qsal < MO(t = )™, |Ryy| < MT(t - 5)*2,
Lo < MI(t—s)™ T forall (s,t) € Ar)=1. (4.11)
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Proof. Without loss of generality, we may assume T'=1. Set D, = {k27" |0 < k < 2"}
for n € Ny and set D = U2 D,,. By (4.8) there exists 2, € F with P(€2;) = 1 on which

Qs,t = Qs,u + Qu,h Rs,t = Rs,u + Ru,h ]s,t = ]s,u + Iu,t + Qs,uRu,t

holds for all (s,u,t) € D with s < u < t. In particular, it holds on Q; that Q,, =
Rss=1,s=0forall s € D. From here we will work on €2;.

We set
K%Y = sup |Q(i—1)2-7,i2-n], n € Ny. (4.12)

n
1<e<2n

We also set K and K! in the same way. Next, define M9, M* and M! by

M9 =2 2 KQ, MT:=2) 2 KE M= MOMT 4 2) ot i
n=0 n=0 n=0

We can easily show

2n
E[[K2| <> ElQu-12-na-|’] < 2°CU27")"9 < Co(27)e!

=1

and, similarly, E[|KF|9] < C9(27")%24=1 and E[|K|9/?] < C¥/2(277)Bi+B)a/2—1,
Then, we have

IMO|pe <2) 2" KQ|pe <2C ) (27") 1 < oo,
n=0 n=0

where we have used 8; — 1/q¢ > ;. In the same way, we have ||[M%| . < co. From
Schwarz’ inequality, |MOME|| .. < || MC@||}2| ME||} < oo immediately follows. By a
similar argument as above we also have

M7= MOME e <2 20OF )| K e <20 (277170t o0,

Thus, we have shown || M| 42 < cc.

Take any (s,t) € D? with s < t. Then, there uniquely exists m € Ny such that
2-(m+1) <t — 5 < 27™. Moreover, there exists a partition {s = 70 < 71--- < 7y = t}
with 7, € D (0 < ¢ < N) such that (1) (r_1,7) € D, x D,, for some n > m + 1
(1 <i< N)and (2) at most two of [7;,_1,7;]’s have length 27" for every n > m + 1.

Then we have

N
’Qs,t‘ S 1%%}](\[ |Q8,Ti S Zl: |QTZ',1,TZ'
1=

gzixg

n=m-+1

27



and

(t|Qs,t)| 1 < 2a1(m+1)2 Z Kg <92 Z 2041an < MQ.
— s o

n=m+1 n=m+1
In the same way, we have |Ry4|/(t — 5)** < M% too.
Next we estimate I;;. By Chen’s relation, we have

N
‘[Syt = Z(‘[Ti—lﬂ'i + stTi—lRTi—l7Ti) (4]‘3>

=1

and therefore

N N
‘IS,t’ S Zl ‘[Tiflﬂ'i + 12%}](\[ |Qs,n Zl ‘RTi—lyTi
<2 ¥ K+ (2 3 K,?)(Q 3 Kff).
n=m-+1 n=m-+1 n=m+1
Repeating a similar argument as above, we can easily see that
[s (o) o o0
Ll g S gevsenmpr (2 3 2k (2 Y0 2Kl) < M,
n=m-+1

(t _ 5)041+042
n=m+1 n=m+1

From here, we construct a continuous modification. Set
Qy = {w e Q| MP(w) v M (w) v M (w) < oo}

Clearly, P(Qy) = 1. For w € Q, (Q(w), R(w), I(w)) satisfies Chen’s relation on /\; N D?
and the following estimates:

|Qut(@)] < MO(w)(t = 5)™,  |Rog(w)] < M (w)(t - 5)™,
Lot ()] < M (w)(t — s)™ 2 for every (s,t) € Ay N D2 (4.14)
This implies that the map

AN D?> (5,1) = (Qsi(w), Rer(w), I (w)) € R3

is uniformly continuous. Since A; N D? is dense in Ay, this map extends to a uniformly

continuous map from A to R3, which is denoted by (Q(w), R(w), I(w)). More concretely,
we take a sequence {(Sy, ty) tneny C 21 N D? which converges to (s,t) € A; and define

(Qus(), R ), o)) = 100 (@1 (), Ry (), L ().

Of course, the limit does not depend on the choice of {(s,,t,)}. Obviously, this extended
map satisfies Chen’s relation and the inequalities in (4.14) for every (s,t) € A;.
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Finally, we prove that (Q,R, I~) is a modification of (@, R, I). Pick any (s,t) € A
and take a sequence {(s,,t,)}nen C A1 N D? which converges to (s,t) € A;. We
have just seen that (Qs, +,, Rs,t,, Ls,.t,) converges to (Qs,t,f%s,t,fs,t) a.s. as n — oo.
On the other hand, it follows from (4.8) and (4.9) that (Qs, .., Rs, t,,, Ls,.t,) converges

to (Qsy4, Ret, Is¢) in L' as n — oo. Thus, we have shown that (Qy, Ret, [s¢) =
(Qst, Rst, Is+) holds a.s. for every fixed (s,t) € A;. O

Next we estimate the difference of two R3—VAahlAedA (two—pAaran’}eter) stochastic pro-
cesses (Q’ R’ [) = {(Qs,ta R&t, Is,t)}(s,t)EAT and (Q, R, I) = {(Qs,t; Rs,tu Is,t)}(s,t)EAT.

Proposition 4.4. Let ¢ € [2,00) and py, P2 € (1/q,1]. Assume that both (Q, R, 1)
and (Q, R, ) satisfy (4.8)~(4.9) with a common constant C' > 0. (Their continuous
modifications as in Proposition 4.3 are denoted by the same symbols again.) Assume
further that

||Qs,t - Qs,tHLq S €(t - S)ﬂly ||Rs,t - Rs,tHLq S €(t - 3)62;
Lss — Lysll o < e(t — 8)P+%2 for all (s,¢) € Ar. (4.15)

holds for a constant € > 0. Then, for every aq € (0,01 — 1/q) and as € (0,52 — 1/q),
there exists a constant C' > 0 such that

1Q = @llas | o + 1B = Bllac | 1o + 1T = llastas|] oo < C'e. (4.16)
Here, C" depends on q, 1, P2, a1, an, C, T, but not on ¢.

Proof. We assume T' = 1 again. We argue in the same way and use the same symbols
as in the proof of Proposition 4.3. ) A A

By replacing Q by Q — Q in (4.12), we set K979, We set KF % and KI-! in a
similar way. Then, we have

2"L
E[|K2 ) < ZEHQ(i—l)2—”,i2—” — Qi—y2-mi2-n |1 < 4277, (4.17)
i=1
We also have E[| K227 < g1(27m)f20-1 and B[|K1|7/2] < e9/2(2-n)Br+82)a/2-1,
Take any (s,t) € D* with s <t and let {s = 79 < 7 -+ < 75 = t} be the partition
as in the proof of Proposition 4.3. From (4.17) we can easily see that

<2 i K@@

n=m-1

Qar — Qui| < max Qs — Qs

N
< Z ’QTFMH - QTiflyTi
=1

and

’Qst_Qst‘ s —0 > _0
st %stl ~ gai(m+l)g KQ Q@ <9 gain [rQ—Q
il ¢ onionety 3 g0<2 3 S

n=m+1 n=m+1
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and therefore

HHQ QHOHHLq < 2Z2amHKQ QHL‘Z < 2 Z n —a1+p1-1/q _ 15,

n=m+1

where we set C] 1= 2 °° (27")~+A-1/4 < oo, In essentially the same way, we can
also show H||R — R||a2HLq < Cle for some constant C} > 0.
Next we turn to the I-component. Since both I and I satisfy (4.13), we see that

|Ist - 5t| < Z|]ﬂ 1,78 ATL 1,Ti

N

+ lglzax ’QS i Qsm‘ Z ‘RTiflyTz‘
1=1

N A
Z ’RTi—lzTi o RTi—l,Ti :
23 KR K S W)

+ max |Qs.ri

n=m-+1 n=m-+1 n=m-+1
+(2 3 K,?) (2 3 Kf‘R)
n=m-+1 n=m+1

By using a similar argument as above, we can easily see from the above estimate that
=10+ | 12 < C3¢ holds for some constant C3 > 0. This completes the proof. [

4.3 Lemmas for the geometric property of random anisotropic
rough paths

The Kolmogorov-type continuity criterion alone is not sufficient for proving the geometric
property of random ARPs which drives our slow-fast system. In this subsection we will
provide a few lemmas for that purpose.

Let w = (w¢)sejo,r] be a one-dimensional Brownian motion defined on a probability
space (€2, F,P). For m € N, w(m) = (w(m)¢)co,r] be the mth dyadic piecewise linear
approximation of w, that is the piecewise linear approximation associated with the
partition {k72™™ |0 < k < 2™} of [0,T]. Let g € C§(R) with a € (0,1). (Note that g
is not random). We set, for (s,t) € Arp,

t
I[ga w]s,t = / (gu - gs)dlwua (418)

g wmles = [ (9.~ 9.)duw(m). (4.19)
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Here, the integral in (4.18) is an It integral, while that in (4.19) is a (random) Riemann-
Stieltjes integral.

Lemma 4.5. For every q € [1,00) and o € (0,1), there exists a constant C' = C, > 0
such that

1
179, sl 0 v Slé%\\f[g,w(m)]s,t\\m <C(t—5)""2lglla; (s:t) € Ar, g € CF(R).

Here, C' does not depend on (s,t) or g.

Proof. In this proof, C; (0 < j < 4) are certain positive constants which depend on ¢
and « only. Without loss of generality we may assume 7" = 1.
By Burkholder’s inequality we have

t 3
E (g, ws|?] < Co (/ |G — gs|2dU> < Collg]|%(20 + 1)79/2(t — )t Da/2,

which is the desired estimate for I[g, w].

We calculate I[g, w(m)] for given m € N. We write ¢} := k27™ (0 < k < 2™) and
Af'w = wgm — wgn  for simplicity. Note that the law of Aj'w/ 2m/2 is the standard
normal distribution. We will write g;t = g; — ¢gs as usual. Set

t
9] = Zm/ gudu, meN, 1 <k<2™
¢

k—1

First, consider the case that s and ¢ belong to the same subinterval, that is, there
exists k such that s,t € [t]",,17"]. Then, we can easily see that

E Ay
g wm)ll =| [ ot 55 du
1
(t — s)*tt | AT (t—s5)*"2 | Alw
< lglla Ll < gl 5
and therefore .
719, w(m)]ssl| Lo < Cullglla(t — )2 (4.20)

for some constant Cy > 0.
Next, consider the case s € [t}* |, t7] and t € [t[*,t},] for some k,[ with & < 1. By
Chen’s relation we have

Ig,w(m)]se = I[g, w(m)]sem + I[g, w(m)]egm g + Ig, w(m)]gm
+ gi,t;yw(m)%gat;n + g;,tgw(m)%ﬂ,t + gtlzl,t;"w(m)g{",t
= A+ -+ Ag. (4.21)
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Note that A; and Az were already estimated in (4.20). Since w(m)%ﬁt;n = w%zn’tlm, we
see that | Az < Cllglla(t — 5)+12. Since w(m)h., = AT w/27/2 - [(t - 17)/272),
the variance of w(m)%lm’t is dominated by ¢ — ¢;*. Then, in the same way as above, we

see that ||As||ze + || Agl|ze < Csllglla(t — s)*F1/2.
Finally, we estimate A;. We may assume k < [, here. We can easily see that

l

Ay = Z [9 gtm 1 : / Z th 1[t;ﬂ_1,t§”](u) dw,.

j=k+1 tr j=k+1

Noting that |[g. — g ]|7'| < [|glla(t* — t7'), we see from Burkholder’s inequality that

1
2 2
1 G
Bl <Co| [ |3 o - ol ()] du | < Cllgla(e — 7)1
B =kt
which completes the proof of the lemma. ]

Lemma 4.6. For every q € [1,00), a € (0,1) and k € (0,«), there exists a sequence of
positive numbers {en }men converging to 0 as m — oo such that

l*:‘i
119, w(m)]se = I1g, wlsa 1y < Emllgllalt — 5)*72
for allm € N, (s,t) € Ar and g € C§(R). Here, {e,,} does not depend on (s,t) or g.

Proof. We assume T' = 1 again and use the same notation as in the proof of Lemma 4.5.
We will estimate I[g, w(m)] — I[g, w] for given m € N. Below, C; (1 < i < 4) are certain
positive constants which depends only on ¢, a, k.

First, consider the case that s and ¢ belong to the same subinterval, that is, there
exists k such that s,t € [t]" |, t}"]. Then, we see from (4.20) that

Hl[g: w(m)]&t - ][gv w]s,t”Lq < Hl[g7w<m)]87tHLq + HI[g7w]SatHLq
1
< Cillgha(t — 9"+
l—n
< G127 gllalt — 5)* 27" (4.22)
Next, consider the case s € [t} |, ¢7"] and ¢ € [t]", ]| with & < [. By Chen’s relation
we have
Ig,w(m)]ss — I[g, wlse = {][gaw(m)]syt I[g, ]stm}
+ {I[g, w(m)lgm s — Ilg, w]gm im }
+ {][97 ( )] [ga ]t;”,t}
+ gi,t;y{w(m)tm tm wtgl,t;”}
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+ gi,t;n{w(m)tl;",t - wtllm,t}
+ gtlzn’tlm{UJ(m>%'lm7t — wtllm’t} =: By + -+ Bg. (4.23)

Note that By = 0 and B; and Bz were already estimated in (4.22). We can easily check
that

1Bsllza < llglla(t = ) {w(m) g ollrs + llwen llza}
1
< Collgllalt™ = 6)*(t = 4°)2
l—n
< Co27) lgllalt — 5)* 27"

Obviously, Bj satisfies the same estimate, too.
It remains to estimate By when k£ < [. First, we should note that

l

Z l9. — gt;”];nl[t;?zl,t;ﬁ] (w) = (gu — gepr) | dwn.
j=k+1

2
By =
tm

The absolute value of the integrand is dominated by ||g[/»(27)*. By Burkholder’s
inequality, we have

l —m\K (6% l_n
| Ballie < Cllglla(2 ™) (1 = )2 < Co(2™)"lglalt — )2

since0 <k <aandt—s>2"m
Hence, taking ¢, := C4(27)" for a suitable constant C; > 0, we finish the proof of
the lemma. 0

Lemma 4.7. Let a € (0,1) and {gm}men C CJ(R) be a sequence which converges to
g € C§(R) as m — oo in the a-Hélder norm. Then, for every q € [1,00) and k € (0, «),
there exists a sequence of positive numbers {&,}men converging to 0 as m — 0o such
that

1
Hl[gm,w(m)]&t — I[g,w]sthLq < O&n(t—s5)"T27"  (s,t) € Ap, meN.
Here, we set C' := ||g||a V sup,,>1 |gmlla and {En} does not depend on (s,t), g, {gm}.

Proof. We may assume 17" = 1 as before. The left hand side of the desired estimate is
dominated by

Hj[gm - g7w<m)]s,tHLq + HI[Q,U)(TI’L)]SJ - ][gaw]s,tHLq-

By Lemma 4.5, the first term is dominated by C||g,, — g|la(t — 5)**/2. By Lemma 4.6,
1

the second term is dominated by e,,||gllo(t — s)*"27". By setting &,, := 2C + ¢,,, we

complete the proof. n
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4.4 Construction of driving rough path

Let 1 < ap < 3 and (€, F,P) be a probability space. Let w = (w;)o<i<r be a standard
e-dimensional Brownian motion and let B = {(B},, BZ,, BZ,) }o<s<i<r be an GQq(RY)-
valued random variable (i.e., random RP) defined on (2, F,P) for every a € (1/4, o).
We assume that w and B are independent. As for the integrability of B, Assumption
(A) is assumed, that is, || Bl||, has moments of all orders. Let {F;}o<;<7 be a filtration
satisfying the usual condition as well as the following two conditions: (i) w is an {F;}-BM
and (ii) t — (Bg,, Bg,, Bj,) is { Fi}-adapted. We set W = (W', W?) as the Stratonovich-
type Brownian RP, that is,

S

t
Wl’t = w; — Wy, Wit = / (wy, — ws) @ oduw,, (s,t) € Ar,

where odw stands for the Stratonovich integral. It is well-known that W e G(,(R°) a.s.
and that [[W][ has moments of all orders for every v € (1/3,1/2).
We set

t
I[B,W],; := / Bs{u ® d'w,,
t
IIW, Bl == W, @ B!, - / (d'w,) ® B,

for every (s,t) € Ap. Here, d'w, stands for the It6 integration. We can easily see that
I[B,W]sy =I[B,W|sy + I[B,Wlyy + By, @ Wy,
I[W, Blss = I[W, Bl + I[W, Blus + W, ® B,

hold a.s. for each fixed 0 < s <y <t <T.

Lemma 4.8. Let the situation be as above.
(1) For every (s,t) € Ar, we have

N N
I[B,W]s; = lim Y B! o@W! . IW,B),;= lim Y W! @B .
[ ] Vt |P|\Ozzl 7t1—1 t1—17t1 [ ] ’t |7D\Ozzl atl—l tz—latz

Here, the limits are in L*(P) and P = {s =ty < t; < --- < ty = t} is a partition of
[s,1].

(2) For every a € (3, a0) and q € [1,00), there ezists a positive constant C > 0 inde-
pendent of (s,t) such that

1
| [B. Wt Lo V[ IIW, Blas|| s < Ct— )2, (s,t) € Ap.

Proof. We can take any k € [1,d] and | € [1,e] and compute each (k,![)-component.
Hence, it is enough to prove the lemma for d = e = 1.
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We prove the first assertion. The left one is almost obvious from the definition of 1t6
integral. For the right one, note that

N N N

1 1 1 1 o 1 1 1 1
z :BS,tFthiﬂ,tz‘ + z :Wsyti—lBti—lyti - WS,tBS,t - z :WtiflytiBtiflyti'
=1 =1 =1

By the independence, it holds for i < j that

EW, B, W} B ]=E[B. B JEW. JEW! ,]=0.

ti—1,t5 " tj—1,t; i—1,ti tj—1,t5 ti—1,t5
This implies that

2

E E[(thifl,tiBtli,hti)2]

] =

N
1 1
2 : Wtz‘flyti Btiflyti
=1

1

7

N
S ZE[(Wt];,hti)4]1/2E[(Btli,1,ti)4]l/2
=1
N
<a Z(tz — 1) < | PP
=1

Here, we used Assumption (A) and ¢; and ¢y are certain positive constants. The right
hand side tends to zero as |P| ~\, 0. Thus, we have shown (1).

From Burkholder’s inequality and Assumption (A), the second assertion immediately
follows. O

In what follows, we assume a € (3,a0) and v € (3,3) with 2a + v > 1. By
Proposition 4.3 and Lemma 4.8 (2), a continuous modification of I[B, W] and hence that
of I[W, B] exist, which will be denoted by the same symbols. Moreover, ||I[B, W14+~
and |[I[W, B]||la+~ have moments of all orders. Thus, we have seen that (2!, =% B?) €

Qa~(V), as.
Definition 4.9. We write

- . (B =2 B},  I[B, W],
et Wsl,t ’ et I[Wa B]s,t Ws%t

and set (2',2%,2%) := Ext(Z',2?, B®). (We also write = = (£',2?,£%) for simplicity.)
As we will see below, (=',22, B%) € GQ,,(V) a.s. Therefore, due to Proposition 4.2,
E=(ELE22%) € GQ.(V) as.

This random RP = is the driving RP of our slow-fast system of RDEs. As we have
seen in Proposition 4.1, ||Z%4||;, where § := (6 —i — j — k)a + (i + j + k — 3)7, have
moments of all orders.
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We write the components of =% as follows: =311 = B3 and =32 = W3, For
(1,5, k) # (1,1,1),(2,2,2), we write =312 = J[B, W, B], 2321 = [[W, W, B], etc.
Except when (i, §, k) = (1,1, 1), the Holder regularity of 2% is larger than 1. Hence,
although these seven components are involved in the Riemann-type sum for a RP integral
along =, they actually make no contribution to the RP integral.

It remains to show that the random anisotropic RP (Z!, =% B?) is geometric.

Lemma 4.10. Let the notation be as above. Then, (Z',22, B?) € GQa~(V), a.s.

Proof. Clearly, (2!, =2 B?) is a functional of B = (B!, B? B?) and w. Since B and w
are independent, we may write P = PZ x PV and E = E? x EW. By Fubini’s theorem, it
is enough to show that, for every fixed realization of B, (Z',22, B?) € GQqa~(V), PV-ass.
Hence, we will assume below that B is an arbitrary (non-random) element of GQ, (V).
For simplicity, we assume 7" = 1 again.

Let {b(m) }men C Ci(V1) be a sequence such that lim,, .., S3(b(m)) = B in GQ, (V).
For the mth dyadic approximation w(m), we write (W (m)', W (m)?) for Sz(w(m)). Tt
is well-known that for every v € (1/3,1/2) and ¢ € [1, 00), there are constants ¢y, ca > 0
and r € (0,1) such that

EV (W2 v EV W (m)|2] < EV (W — W (m)'|2] < car™

holds for all m € N and ¢ = 1, 2. Here, ¢q, co, 7 are independent of m.
By Lemma 4.5, 4.7 and Proposition 4.4, we have
lim EY [|[1[b(m), w(m)] — I, w]]laty-24] = 0

m—o0

for every sufficiently small £ > 0. From this we can easily see that

i B () )]~ Tl 2] = 0.
Hence, a subsequence of {S(b(m),w(m))}men converges to (£',22, B3) in Qo n(V)
and hence (', 22, B?) € GQy—rr—x(V), PV-a.s. Noting that o — k and v — k can be
arbitrarily close to ag and 1/2, respectively, we complete the proof. Il

In our construction of the random RP =, It6 integration is used. So, it is not a priori
obvious whether = can be obtained via the piecewise linear approximation. At least, in
the case of fractional Brownian motion with Hurst parameter H € (1/4,1/3], we can
prove it.

Remark 4.11. Let b¥ = (b Jeefo,r) and w = (wy)ejo,r) be a d-dimensional fractional
Brownian motion with Hurst parameter H € (1/4,1/3| and an e-dimensional Brownian
motion, respectively, which are assumed to be independent. Their mth dyadic piecewise
linear approximation (m € N) are denoted by b (m) and w(m), respectively.

According to [4, Theorem 15.42 and Proposition 15.5], the following limits of three
sequences of random RPs exist a.s and in L” (1 < p < oo):

36



(i) limy, e S3((b7 (M), w(m))) in G (V; & Vy) with « € (1/4, H).
(ii) limy, 0o S3(b7(m)) in G, (V1) with a € (1/4, H).
(ili) lmy,—eo S2(w(m)) in G, (Ve) with v € (1/3,1/2).

(Concerning the lift of Gaussian processes of this kind, a recent work [5] should also be
referred to.)

We call BY = lim,,,_,, b (m) the fractional Brownian RP, i.e. a canonical lift of b.
In this case we may take oy = H. We can show that the mixed RP = as in Definition 4.9
(with B being replaced by BH) coincides with lim,, . S3((b*(m),w(m))) as expected.
We will check this in the next paragraph.

Obviously from (i) and (iii) above, 5 (out of 7) components of S((b"(m),w(m))) €
G (V) converge a.s. In essentially the same way as in the proof of Lemma 4.10,

lim B [[[7[6™ (m), w" (m)] = I[b™, w*][las,] =0

m—00

and therefore 4 '

lim B (|| (m), b9 (m)] — I[u", 619 0] = 0

m—00
hold for almost all fixed b, where the superscripts j (1 < j < d) and k (1 < k < ¢)
stands for the coordinates of V; = R% and V, = R?, respectively. If we take a subsequence
which may depend on b, we have lim,, .o S((b7 (m),w(m))) = (=',Z% (B7)3) for

~

almost all w. Since Ext o S = 53 and Ext is continuous, we have

(24,22, 2%) = Ext((Z', 2%, (B")?) = lim S3((b(m),w(m))) for a.a. w.

m—o0

Note that the right hand side above converges even if we do not take subsequence. Hence,
we have (2',22 =3) = lim, 00 S3((b7(m), w(m))) for almost all (b, w) by Fubini’s
theorem.

5 Slow-fast system of rough differential equations

In this section we define the slow-fast system (2.1) of RDEs precisely and study its
deterministic and probabilistic aspects. In this and the next sections, we always assume
that o and h are of Cff and f and g are locally Lipschitz continuous. The regularity
parameters satisfy that % < B <a<a < % and % < v < % with 2a + v > 1.
These assumptions guarantee that our slow-fast system of RDEs has a unique time-local

solution up to the explosion time. As before, we write V; = R4, V, = R¢and V = V, ® V.

5.1 Deterministic aspects

First, we discuss deterministic aspects of our slow-fast system of RDEs. As in Definition
4.9, let (21,22, B?) € GQ,,(V) and write = = Ext(=', 2%, B?). We will often write

37



== (21,22 2% € GQ,(V). This is the driving RP of our slow-fast system. For a CP
(Z, 2%, Z11) € QF(R™") with respect to = € GQq(V), we often write Z = (X,Y).

Respecting the direct sum decomposition Rt = R™ @ R", a generic element of
R™*" is denoted by z = (x,y). The (partial) gradient operators with respect to z, x and
y are denoted by V,, V, and V,, respectively. Hence, V, = (V,,V,) at least formally
when it acts on nice functions on R™*". We will write the canonical projections as

p1{z) = x and p2(2) = y. We set

e = ( ejl(g?:cy,lﬁ ) YIS ( ) 51/22)(907,7;) ) |

Then, F.: R™™™ — R™™ and X.: R™™ — L(V; & Vo, R™™). In this subsection,
e € (0, 1] is arbitrary but fixed.

The precise definition of the slow-fast system (2.1) of RDEs (in the deterministic
sense) is given as follows:

t t
7 = % +/ F.(Z5)ds +/ 5.(Z25)dz,, (5.1)
0 0
(29 =3%(27), (29" =(V.5.-5)(Z), te[0,T).

(Note that (Z¢)" and (Z9)1T take value in L(V,R™") and L(V®V, R™"), respectively.)
We consider this RDE in the S-Holder topology.

Let (Z%,3.(Z°), (V.. - ¥.)(Z¢)) be a (necessarily unique) solution of RDE (5.1)
on a certain time interval [0, 7], where 7 € (0,7]. Then, the summand of the modifies
Riemann sum that approximates the RP integral on the right hand side of (5.1) is given
by

Koy = Se(ZDEL + (S (2N + {SZNES, (s.8) € Do (52)
Here,

(SN = (V5. - 5)(Z5) = VoEu(Z5) (52 )00 w) € L2, R,
{26(25)};21 = VZZE<Z§)<(VzE€ -3 )(Z5) (e, %), *>
+ VIS(Z5)(2(Z5)8, B (Z5)%, %) € LV R™™).

Here, we used the third item of Example 3.1, again.

Remark 5.1. For the rest of this section, we use the following notation. Let 7 €
(0,7] and let X be a Euclidean space. If a continuous map 7: Ay, — X belongs to
C?Q)([O, 7], X) for § > 0, we simply write O((t — 5)°) for n,,. It should be noted:

e When we use this “big O” symbol, we do not assume that ¢t — s is small.

e When 7 depends on a driving RP Z or (2,22, B%), ||n||5,0,-; may depend on the RP
(and the parameter ¢). In other words, this symbol only means RP-wise estimates.
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Remark 5.2. An element of a direct sum space is denoted by both a “column vector”
and a“row vector.” These are not precisely distinguished.

Lemma 5.3. Let 0 < 7 < T and let the situation be as above. Suppose that
(ZE, EE(Z‘E)’ (VZE&‘ . 28)<Z5)) c Qé([o’ T],Rm+n)7

is a unique solution of RDE (5.1) on [0, 7] and write Z¢ = (X°,Y*).
Then, (X¢,0(X?), (Vyo. - 0.)(X?)) belongs to Q%([0,7],R™) and is a unique local
solution of the following RDE driven by B = (B', B, B®) on [0, 7]:

= Ig +/ FIXE YD) ds+/t0(X§)st, (5.3)
(X)) = o(X7), (X1 = (V0 - 0)(X7), tel0,7].

Recall that an RDE of this type was introduced in (3.17) and discussed in Subsection
3.5.

Proof. By Proposition 3.2, we have
X = Xe=0((t —s)") + p1{Ksy), (5,t) € Apn (5.4)

since 405 > 1.
It is clear that
p(Xe(Z5)E;,) = o(X{) By, (5.5)

Note that the R™-component of ¥.(z) equals o(p;(z)) o m = o(x) o m;. In particular,
V,p1(X:(2)) vanishes. By standard calculation for block matrices, we see that

pr{V:Ee(ZD)(Z(Z5)e, %)) = Valp1 (B (Z))(Ze(Z7) e, %)

= (Vo0)(X0)(p1(2:(Z5) @), k)
= (Voo )(X0)(o(X)me, mx)

and therefore

pr{{Z(Z)}E2) = (Voo ) (X0 (XD)o', ¥)| (0 =p2, = (Voo - o) (X(BZ,).  (5.6)

s=s,t

Set (X¢)! = ¢(X?) and (X°)T = (V,0 - 0)(X®). Then, we can easily see from (5.4)-
(5.6) that X7 — Xt = (X°)IBl, 4+ (X°)['B2, + O((t — 5)*”). We can also easily check
that (X°)] — (X°)f = (X)IN(BL,,*) + O((t — 5)*%). Hence, (X, (X°)f, (X*)!) is a CP
with respect to B = (B!, B2, B%). It should be noted that (X°)t = {o(X®)}.

By cumbersome but similar calculations for block matrices as above, we also have

pr{{Z(ZMIE2) = Vao (XD)((Veo - ) (X%, ¥ ) wn=2,

+ Vao (XO)/(o(X2)e', o (X, ) (e =iz,
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= {o(X)}IN(BZ,)- (5.7)
Hence, we have

pr{Kss) = 0(XD) By, + {o(X)}(BL,) + {o(X)}I(BL)

p1</: ZE(ZZ)dEu> = /Sta(Xj)dBu.

This completes the proof of the lemma. n

and therefore

As for the slow component of K, we can easily see the following lemma, in which
V.h(x,y)-o(x) is a shorthand for the linear map from V; ® V, to R™ defined by £ @ n +—
V.h(z,y){o(x)€,n). Note that 2 + v > 1 and that the third term on the right hand
side of (5.8) is (formally) the same as the Ito-Stratonovich correction term. (In the

probabilistic part of this paper, W? and W~ will be the second level of the Stratonovich-
type and the It6-type Brownian RP, respectively.)

Lemma 5.4. Let the assumptions be the same as in Lemma 5.3 above. Then, we have

po(Kss) = e VPR(XE YW, + 72V, h(XEYE) - o(XE)(I[B, W)

+e H(Vyh - B)(XZYE) (W) + O((t — 5)™7)
= e PR(XL Y)W, + &7 PV (XL YE) - o (XU [B, W)
e (Ve WXLV ()
+ 1e7 ' Trace [(Vyh - h)(XZ, YE) (o, %) | (t — ) + O((t — 5)**™")  (5.8)
for all (s,t) € Npy. Here, we set Wit = W2, — 523 e ® e for the canonical

orthonormal basis {ex}5_, of Vo = RE.

Proof. We only check the first equality since the second one is obvious. The components
of 2 involved in po(Ky,) are I[B, B, W]y, I[B,W, W]y, IIW, B,W|,, and W2,, all of
which are O((t — 5)?**7). The rest is trivial. O

5.2 Probabilistic aspects

In what follows we work under (A) and assume that 1/4 < § < o < (< 1/3). For the
rest of this section, = is as in Definition 4.9. The precise meaning of the random RDE
in our main theorem is RDE (5.1) driven by this =.

We extend the time interval of the filtration {F;} by setting F;, = Fyar for t > 0.
Denote by R™+" := R™*" J {oo} the one-point compactification of R™*". If a global
solution (Z7)cjo,r) exists, then we set Z; = Z;,p for t > 0. Otherwise, denote by
(Z7 )ico,usy, 0 < u® < T, be a maximal local solution and set Z; = oo for t € [u®, 00).
Either way, (Z7) is constant in ¢ on [T, 00), a.s.

Define 75, = inf{t > 0| |Zf| > N} for each N € N and 75, = limy_,o 7. (As usual
inf () := 0o.) These are {F;}-stopping times. Then, the following are equivalent:
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e A global solution (Z;):cjo,r] of RDE (5.1) exists.
® (Z;)tcp,r) defined as above is bounded in R™*™".
e 75 = oo for some N.

o 7 >T.

It should be noted that while a solution of RDE (5.1) moves in a bounded set, its
trajectory is uniformly continuous in t (because its Holder norm is bounded). Hence, if
(Z5 )icio,5), 0 < s < T, is bounded, then (Zf)cjo,s solves RDE (5.1).

On the other hand, if no global solution exists, then we have u® = 75, € (0,7] and
limsup, ».- |Z;| = oo. Moreover, limy s |Z;| = oo because of the uniform continuity

mentioned above. Therefore, (Z§);>0 is a continuous process that takes values in R™*".

Proposition 5.5. Let the notation be as above and assume (A). Then, for every ¢ €
(0,1], Y¢ satisfies the following Ito SDE up to the explosion time of Z° = (X¢,Y*®):

1 tAT
Vi-umts [ C@ﬁ%+—/ WXLV A, 0<t <
€ Jo

Recall that §(x,y) was defined by (2.2), that is,

g(z,y) = g(x,y) + 3Trace[(V,h - h)(z, y)(e,%)].

Proof. The proof is very similar to the corresponding one in the case ag € (1/3,1/2] in
[8, Proposition 4.7]. Hence, our argument here is a little bit sketchy.

Let P={0=ty <t <--- <tg =t} be a partition of [0,¢] for 0 <t < T. Recall
that the summand of the Riemann sum for the RP integral in RDE (5.1) was calculated
in the previous subsection.

First, we prove the lemma when h,o are of Cj! and f, g are bounded and globally
Lipschitz continuous. In this case the solution never explodes, i.e. 75, = oo, a.s. It is
easy to see that

K

t
lim hwﬁﬂam@m=/ham®d in L*(P)
IPINO = 0

and

1 T h-h)(X; ,YE t; —ti
‘7)1‘]:{‘102 race v )( ti—1? i—1)<.7*>]( 1)

CRA-1

:/0 Trace[(V,h - h)(XE,YE) (o, )]ds,  as.

Note that 1Trace[(Vyh - h)(z,y)(e,*)] = §(z,y) — g(z,y).
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If Ay, = O((t — s)**™7), one can easily see that limpp o SK A =0, as. since
2a+ 7 > 1. By the same argument as in [8], we can prove
~ 2
|71)1‘1/{‘].0 (vyh ’ h)(XtE 17 Yf,1><Wti,1,ti> = O in LQ(P)7
i=1

\7131|I{I‘OZV h t 17}/;555,1) (th 17Kj,1><I[va]ti—1,ti> =0 n LQ(P)

Note that 7~ is the second level of Brownian RP of Ito type. Combining these all, we
have shown that

1 tAT
Vet [C et a2 [T vde, ez0 59
0

holds a.s. in this case.

From here only the standing assumption is assumed on the coefficients h, o, f, g. Take
any sufficiently large N. Let ¢n: R™™™ — [0,1] be a smooth function with compact
support such that ¢y = 1 on the ball {z € R™" | |z| < N} and set h := h¢y. Also,
o, f , g are defined in the same way. We replace the coefficients of RDE (5.1) by these
corresponding data with “hat” and denote a unique solution by Z¢ = (X c f/a) Then,
(5.9) holds with X¢,Y<, h,§ in place of X°,Y? h,g. By the uniqueness of the RDE, it
holds that ZfM = Zipre forall 0 <t <T. Therefore, we almost surely have

KfEAT;VAT = YtaAT;VAT

1 INTG AT INTRAT .

—wt s [ @ o [ e
€Jo
1 INTGAT INTGAT

=Y+ —/ G(XZ, Yo )ds + —/ h(XE,YE)d'w,, t>0. (5.10)
€Jo

Since 75, N 75, as N — oo a.s. on the set {75, < T'}, we finish the proof by letting

N — oo. L]

In the same way as in the author’s previous work [8], we can show non-explosion of
the solution under the assumptions on the coefficients. Note that our assumptions on
the coefficients are stronger than the corresponding ones in [8].

Proposition 5.6. Assume (A) and (H1)-(H5). Then, the probability that Z° =
(X®,Y#) explodes on [0,T] is zero. Moreover, we have

0sup E[[|X°1[5 0.7) < 00, 1<p<oo, (5.11)
<e<
sup sup E[|Y7]?] < oo. (5.12)

0<e<10<t<T
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Proof. Thanks to Proposition 3.3, Lemma 5.3 and Proposition 5.5, the same proof as in
[8, Proposition 4.8] still works. O

Now that Proposition 5.6 has been obtained, our arguments in what follows are very
similar to the level 2 case in the corresponding part of [8]. Therefore, in order to avoid
repetition, our proofs will be sketchy from here.

Now, we introduce a new parameter 0 with 0 < e < 0 < 1. (In spirit, 0 < e < § < 1.
Later, we will set § := £/ loge~1.) We divide [0, T into subintervals of equal length §
(except perhaps the last subinterval). For s > 0, set s(d) := |s/d|d, which is the nearest
breaking point preceding or equal to s.

We set

. 1 [t
y;:yojug/ 9(XZs), L YE) ds+—/ h( XS5 d"wy, t €[0,T]. (5.13)
0

Note that Ye’s dependence on ¢ is suppressed in the notation. This approximation
process satisfies the following two estimates. (The next two lemmas are basically the
same as or easier than [8, Lemma 5.1 and Lemma 5.2].)

Lemma 5.7. Under the same assumptions as in Proposition 5.6, we have the following:
For every 6 and ¢ with 0 < e < § < 1, the above process Y¢ does not explode and satisfies

sup  sup E[[Y7]?] < oo. (5.14)

0<e<d<1 0<t<T

Proof. The proof is essentially the same as that of Proposition 5.6. (In fact, this one is
easier because we already know X{ ) exists and satisfies the estimate (5.11).) [

Lemma 5.8. Assume (A) and (H1)-(H6). Then, there exists a positive constant C
independent of 0 such that

sup sup E[|Y7 — V7| < 06%°.
£€(0,6) 0<t<T

Proof. We omit the proof since it is essentially the same as in [8, Lemma 5.2]. O

It is easy to see that, if we define
M, = / {f(X5,Y5) — (XE L Y5) s +/ {f( 5(5 YY) - f(X€ () L's )}ds (5.15)
[ U0 72 = FXEg s+ [ {70X) = FXEDs

then

— X, = /fXj,deer/ (X9)dB, — /f ds—/ o(X,)dB;  (5.16)



= ([ 06 = FXoyds + [ 1o(x0) - o(X)a8,)

holds as an equality of CPs with respect to B. We will later apply Proposition 3.5 to
(5.16) after estimating ||M||ss.

Lemma 5.9. Assume the same condition as in Lemma 5.8. Then, there exists a positive
constant C' independent of €,6 such that

B[ [ (e ve) - 5 YO s o) — T
+H/O{f(X§<a)% f(Xa Vo) s

] < 5%

for all0 <e < <1. Here, || - ||1 stands for the 1-Hélder (i.e. Lipschitz) norm.

Proof. Using the globally Lipschitz property of f, we can show this lemma in a straight-
forward way. The proof is easy and essentially the same as in [8, Lemma 5.3]. O]

We can estimate the most difficult one among the four terms in the definition of M
as follows.

Lemma 5.10. Assume the same condition as in Lemma 5.8 and let 0 < v < 1. Then,
there exists a positive constant C' independent of €,6 such that

H/{f 5(5)’ s _f(Xsa((s))}dS

forall0 <e<d<1.

2
| < o= 1 52)
.

Proof. Essentially the same proof as in [8, Lemma 5.4] works in this case, too. However,
it should be noted that the proof is not easy. Both a careful approximation on each
subinterval and the Markov property of the frozen SDE must be used. O

Now we prove our main theorem.
Proof of Theorem 2.1. Applying Proposition 3.5 to (5.15) and (5.16), we obtain that
IX= = Xlls < Cexp(CIBlle) 1M ]l55

for certain positive constant C' and v which are independent of £,6. (Below, C' and v
may vary from line to line.) By Lemmas 5.9 and 5.10, we have

E[||M]f35] < C(6* + §20-38) 4 57655

Therefore, if we set § := &'/ ]Joge™! for example, then || M||35 converges to 0 in L*
sense as € \ 0. It immediately follows that || X* — X||; converges to 0 in probability as
e\ 0 for every p € [1, 00).
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On the other hand, we see from Proposition 3.3 that

sup E[||X° — X[[5] <277 sup E[||X°|[5] + 2" E[| X[[5] < CE[IB[I]+ 1) < o0
0<e<1 0<e<1
for every p € [1,00). This implies that {||X® — X|[[#}o<c<1 are uniformly integrable for

each fixed p. Hence, we have E[|| X — X||5] = 0 as ¢ \, 0. This completes the proof of
the main theorem. O
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