
Averaging principle for rough slow-fast systems of
level 3

Yuzuru Inahama

Abstract

The averaging principle for slow-fast systems of various kind of stochastic (par-
tial) differential equations has been extensively studied. An analogous result was
shown for slow-fast systems of rough differential equations driven by random rough
paths a few years ago and the study of “rough slow-fast systems” seems to be gain-
ing momentum now. In all known results, however, the driving rough paths are of
level 2. In this paper we formulate rough slow-fast systems driven by random rough
paths of level 3 and prove the strong averaging principle of Khas’minskĭı-type.
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1 Introduction

Let (wt) and (bt) be two independent standard (finite-dimensional) Brownian motions
(BMs). A slow-fast system of (finite-dimensional) stochastic differential equations (SDEs)
of Itô-type are given by{

Xε
t = x0 +

∫ t

0
f(Xε

s , Y
ε
s )ds+

∫ t

0
σ(Xε

s , Y
ε
s )dbs,

Y ε
t = y0 + ε−1

∫ t

0
g(Xε

s , Y
ε
s )ds+ ε−1/2

∫ t

0
h(Xε

s , Y
ε
s )dws,

where 0 < ε � 1 is a small parameter. The processes Xε and Y ε are called the slow
component and the fast component, respectively. Suitable conditions are imposed on g
and h so that the following so-called frozen SDE satisfies certain ergodicity for every x:

Y x,y
t = y +

∫ t

0

g(x, Y x,y
t )dt+

∫ t

0

h(x, Y x,y
t )dwt.

An associated unique invariant probability measure is denoted by µx. We set f̄(x) =∫
f(x, y)µx(dy) and set σ̄(x) in a similar way. Consider the following averaged SDE:

X̄t = x0 +

∫ t

0

f̄(X̄s)ds+

∫ t

0

σ̄(X̄s)dbs.
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The averaging principle of this type, which was initiated by Khas’minskĭı [9], claims that
Xε converges to X̄ in an appropriate sense as ε↘ 0. Early results are well-summarized
in [2, Chapter 7]. Since then the study of averaging principle has been developed greatly.
Today, so many kinds of slow-fast systems of stochastic (partial) differential equations
are known to satisfy the averaging principle.

Rough differential equations (RDEs) are generalized controlled ordinary differential
equations, which can be regarded as “de-randomization” of usual SDEs. The generalized
controls (i.e. drivers) are called rough paths (RPs). When the RPs are random, we have
systems quite similar to SDEs even when there is no (semi)martingale property. For
basic information on rough path theory, see [3, 4] among others.

The study of slow-fast systems of random RDEs looks quite natural and interesting.
The first averaging result was obtained by [13], which adopted fractional calculus ap-
proach to RP theory. It was then followed by [8], which used the controlled path theory
to prove the averaging principle. Within just two years after that, four papers already
appeared along this research direction. A large deviation principle associated with the
averaging principle was shown in [15]. A convergence rate of the averaging principle was
obtained in [14]. The averaging principle for slow-fast systems of semilinear rough par-
tial differential equations was proved in [10]. In these three works, the fast component is
driven by Brownian RP, while the slow component is driven by fractional Brownian RP
or more general random RP. In a recent paper [11] the authors studied a slow-fast system
whose fast component is driven by fractional Brownian noise and proved an almost-sure
version of averaging principle.

In the theory of Gaussian RPs, a prominent example is fractional Brownian RP (i.e.
a canonical lift of fractional Brownian motion) with Hurst parameter H ∈ (1/4, 1/2].
When H ∈ (1/4, 1/3], the fractional Brownian RP is a (random) RP of level 3. In
all the existing works on slow-fast systems of RDEs, however, the driving RPs are of
level 2. It is therefore quite natural and important to generalize the theory of rough
slow-fast systems to the case of level 3. Our main purpose in this paper is to construct
rough slow-fast systems of level 3 and prove the strong averaging principle, which can
be regarded as a level-3 version of the preceding work [8].

The structure of this paper is as follows. In Section 2 we provide assumptions on the
coefficients and driving RP and then state our main theorem (Theorem 2.1). In Section
3 we carefully explain controlled path theory of level 3. Although this is basically
known among experts, there seem to be few papers which actually elaborate on the
subject. Section 4 is devoted to constructing random mixed RPs which drive our slow-
fast systems. Unlike the other sections, this section is specific to the level 3 case and has
no counterpart in the preceding work [8]. Hence, for those who already understand the
level 2 case in [8], this section is the most important. Section 5 consists of two parts. In
the first half we precisely formulate our rough slow-fast system in a deterministic way.
The second half discusses probabilistic aspects of the system including the proof of our
main theorem. However, since the second half is quite similar to a counterpart in the
level 2 case in [8], our exposition is a little bit sketchy.
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Notation:
Before closing Introduction, we introduce the notation which will be used throughout the
paper. We write N = {1, 2, . . .} and N0 := N∪{0}. We set J1, kK := {1, . . . , k} for k ∈ N.
Let T ∈ (0,∞) be arbitrary and we work on the time interval [0, T ] unless otherwise
specified. For a subinterval [a, b] ⊂ [0, T ], we set 4[a,b] = {(s, t) ∈ R2 | a ≤ s ≤ t ≤ b}.
When [a, b] = [0, T ], we simply write 4T for this set.

Below, V , Vi (i ∈ N) and W are Euclidean spaces. The set of bounded linear maps
from V to W is denoted by L(V ,W), which coincides with the set of all real (dimW)×
(dimV) matrices. For k ≥ 2, the set of k-bounded linear maps from V1 × . . . × Vk

to W is denoted by L(k)(V1, . . . ,Vk;W). There are natural identification as follows;
L(V ,W) ∼= V∗ ⊗ W and L(k)(V1, . . . ,Vk;W) ∼= L(V1 ⊗ . . . ⊗ Vk,W). As usual, the
truncated tensor algebra of degree k (k ∈ N) over V is defined by T k(V) := ⊕k

i=0V⊗i,
where we set V⊗0 := R.

• The set of all continuous path ϕ : [a, b] → V is denoted by C([a, b],V). With the
usual sup-norm ‖ϕ‖∞,[a,b] on the [a, b]-interval, C([a, b],V) is a Banach space. The
difference of ϕ is frequently denoted by ϕ1, that is, ϕ1

s,t := ϕt−ϕs for (s, t) ∈ 4[a,b].

• Let 0 < γ ≤ 1. For a path ϕ : [a, b] → V , the γ-Hölder seminorm is defined by

‖ϕ‖γ,[a,b] := sup
a≤s<t≤b

|ϕt − ϕs|V
(t− s)γ

.

If the right hand side is finite, we say ϕ is γ-Hölder continuous on [a, b]. The space
of all γ-Hölder continuous paths on [a, b] is denoted by Cγ([a, b],V). The norm on
this Banach space is |ϕa|V + ‖ϕ‖γ,[a,b].

• Let γ > 0. For a continuous map η : 4[a,b] → V , we set

‖η‖γ,[a,b] := sup
a≤s<t≤b

|ηs,t|V
(t− s)γ

.

If this is finite, then η vanishes on the diagonal. The set of all such η with
‖η‖γ,[a,b] <∞ is denoted by Cγ

(2)([a, b],V), which is a Banach space with ‖η‖γ,[a,b].

• When [a, b] = [0, T ], we write C(V), Cγ(V), Cγ
(2)(V) for these spaces and ‖·‖∞, ‖·‖γ,

‖ · ‖γ for the corresponding (semi)norms for simplicity of notation. For z ∈ V , we
set Cz(V) := {ϕ ∈ C(V) | ϕ0 = z}. We also set Cγ

z (V) in a similar way.

• Let U be an open set of V . For k ∈ N0, C
k(U,W) stands for the set of Ck-

functions from U to W . (When k = 0, we simply write C(U,W) instead of
C0(U,W).) The set of bounded Ck-functions f : U → W whose derivatives up to
order k are all bounded is denoted by Ck

b(U,W), which is a Banach space with the

norm ‖f‖Ck
b
:=

∑k
i=0 ‖∇if‖∞. (Here, ‖ · ‖∞ stands for the usual sup-norm on U .)
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• Let γ ∈ (1/2, 1] and m ∈ N. If w belongs to Cγ
0 (V), then we can define

S(w)ms,t :=

∫
s≤t1≤···≤tm≤t

dwt1 ⊗ · · · ⊗ dwtm , (s, t) ∈ 4T

as an iterated Young integral. We call S(w)m the mth signature of w. It is well-
known that Sk(w)s,t := (1, S(w)1s,t, . . . , S(w)

k
s,t) ∈ T k(V) and Chen’s relation holds,

that is,
Sk(w)s,t = Sk(w)s,u ⊗ Sk(w)u,t, s ≤ u ≤ t.

Here, ⊗ stands for the multiplication in T k(V).

• Let α ∈ (1/4, 1/2] and write k := b1/αc. We recall the definition of α-Hölder
rough path (α-RP or RP). A continuous map X = (1, X1, . . . , Xk) : 4T → T k(V)
is called V-valued α-RP if ‖X i‖iα <∞ for all i ∈ J1, kK and

Xs,t = Xs,u ⊗Xu,t, s ≤ u ≤ t. (1.1)

holds in T k(V). (This is called Chen’s relation.) The set of all V-valued α-RPs is
denoted by Ωα(V). With the distance dα(X, X̂) :=

∑k
i=1 ‖X i − X̂ i‖iα, Ωα(V) is

a complete metric space. The homogeneous norm of X is denoted by |||X|||α :=∑k
i=1 ‖X i‖1/iiα . The dilation by δ ∈ R is defined by δX = (1, δX1, . . . , δkXk). It is

clear that |||δX|||α = |δ| · |||X|||α. A typical example of RP is Sk(w) for w ∈ Cγ
0 (V)

with γ ∈ (1/2, 1]. This is called a natural lift of w. We view Sk as a continuous
map from Cγ

0 (V) to Ωα(V) and call it the lift map.

• Let α ∈ (1/4, 1/2] and write k := b1/αc. We define GΩα(V) to be the dα-closure of
Sk(C1

0(V)). It is called the α-Hölder geometric RP space over V and is a complete
and separable metric space. It also coincides with the dα-closure of Sk(Cγ

0 (V))
for any 1/2 < γ ≤ 1. A geometric RP X ∈ GΩα(V) satisfies another important
algebraic property called the Shuffle relations. To explain it, we identify V =
Rd (d = dimV) and the coordinate of X i’s are denoted by X1,p, X2,pq and X3,pqr

(p, q, r ∈ J1, dK). Then we have

X1,p
s,t X

1,q
s,t = X2,pq

s,t +X2,qp
s,t , X1,p

s,t X
2,qr
s,t = X3,pqr

s,t +X3,qpr
s,t +X3,qrp

s,t (1.2)

for all p, q, r ∈ J1, dK and (s, t) ∈ 4T . (When 1/3 < α ≤ 1/2, we only have the first
formula.) For basic information on α-Hölder geometric RPs, the reader is referred
to [4, Chapter 9].

2 Assumptions and main result

In this section we first introduce natural assumptions on the coefficients and driving
random RP of the following slow-fast system and then state our main theorem.
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Our slow-fast system of RDEs is given by{
Xε

t = x0 +
∫ t

0
f(Xε

s , Y
ε
s )ds+

∫ t

0
σ(Xε

s )dBs,

Y ε
t = y0 + ε−1

∫ t

0
g(Xε

s , Y
ε
s )ds+ ε−1/2

∫ t

0
h(Xε

s , Y
ε
s )dWs.

(2.1)

The time interval is [0, T ]. Here, 0 < ε ≤ 1 is a small parameter and (the first level path
of) (Xε, Y ε) takes values in Rm×Rn. The starting point (x0, y0) is always deterministic
and arbitrary. (We will not keep track of the dependence on T, x0, y0.) At the first stage,
(2.1) is a deterministic system of RDEs driven by an (d+ e)-dimensional third-level RP
which is denoted by (B,W ). A precise definition of the system (2.1) will be given in
Subsection 5.1.

When we consider this slow-fast system of RDEs, the following are imposed as our
standing assumptions:

• σ ∈ C4(Rm, L(Rd,Rm)) and h ∈ C4(Rm × Rn, L(Re,Rn)),

• f ∈ C(Rm × Rn,Rm) and g ∈ C(Rm × Rn,Rn) are locally Lipschitz continuous.

These guarantee the existence of a unique local solution of (2.1). (This fact is well-
known. See also Remark 3.4 below.) Since we show the strong version of the averaging
principle in this work, we assume that σ depends only on the slow component.

We set

g̃(x, y) := g(x, y) +
1

2

{
n∑

i=1

e∑
j=1

∂hkj

∂yi
(x, y)hij(x, y)

}
1≤k≤n

, (x, y) ∈ Rm × Rn. (2.2)

Here, we wrote h = {hij}1≤i≤n,1≤j≤e. The second term on the right hand side above is
the standard Itô-Stratonovich correction term when x is viewed as a parameter.

To formulate our main theorem, we introduce more assumptions on these coefficients.

(H1) σ is of C4
b.

(H2) f is bounded and globally Lipschitz continuous.

(H3) h is globally Lipschitz continuous.

(H4) g̃ is globally Lipschitz continuous.

(H5) There exist constants γ1 > 0 and C > 0 such that, for all x ∈ Rm and y ∈ Rn,

2〈y, g̃(x, y)〉+ |h(x, y)|2 ≤ −γ1|y|2 + C(|x|2 + 1).

(H6) There exists a constant γ2 > 0 such that, for all x ∈ Rm and y1, y2 ∈ Rn,

2〈y1 − y2, g̃(x, y1)− g̃(x, y2)〉+ |h(x, y1)− h(x, y2)|2 ≤ −γ2|y1 − y2|2.

Let 1
4
< α0 ≤ 1

3
and let (Ω,F ,P; {Ft}0≤t≤T ) be a filtered probability space satisfying

the usual condition. On this probability space, the following two independent random
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variables w and B = (B1, B2, B3) are defined. The former, w = (wt)0≤t≤T , is a standard
e-dimensional {Ft}-BM. The Stratonovich RP lift of w is denoted by W = (W 1,W 2).
The latter, B = {(B1

s,t, B
2
s,t, B

3
s,t)}(s,t)∈△T

, is an GΩα(Rd)-valued random variable (i.e.,
random RP) for every α ∈ (1/4, α0). Here, GΩα(Rd) is the space of α-Hölder geometric
RPs over Rd. We assume that (B1

s,t, B
2
s,t, B

3
s,t) is Ft-measurable for every (s, t) ∈ 4T .

We assume the following condition on the integrability of B. Below, |||B|||α :=

‖B1‖α + ‖B2‖1/22α + ‖B3‖1/33α denotes the α-Hölder homogeneous RP norm over the time
interval [0, T ].

(A) For every α ∈ (1/4, α0) and p ∈ [1,∞), we have E[|||B|||pα] <∞.

Under this assumption, the mixed random RP (B,W ) and the slow-fast system (2.1)
of RDEs driven by it can be defined in a natural way (see Subsection 5.2 for precise
definitions). We will show the averaging principle for (2.1) when it is driven by this
random RP. Note that, unlike in the second-level case in the preceding work [8], the
“Brownian component” of the mixed random RP is of Stratonovich-type.

Next, we introduce the frozen SDE and the averaged RDE associated with the slow-
fast system (2.1) in the usual way. The frozen SDE is given as follows:

Y x,y
t = y +

∫ t

0

g̃(x, Y x,y
t )dt+

∫ t

0

h(x, Y x,y
t )dIwt,

Here, (x, y) ∈ Rm×Rn are deterministic and arbitrary and dIwt stands for the standard
Itô integral with respect to a standard e-dimensional BM (wt). We are only interested
in the law of Y x,y and hence any realization of BM will do. Under the assumptions of
Theorem 2.1 below, the Markov semigroup (P x

t )t≥0 defined by P x
t ϕ(y) = E[ϕ(Y x,y

t )] for
a bounded measurable function ϕ has a unique invariant probability measure, which is
denoted by µx. (This fact is well-known. See [12, Appendix A] among many others.)

Define the averaged drift by f̄(x) =
∫
Rn f(x, y)µ

x(dy) for x ∈ Rm. The averaged
RDE is given as follows:

X̄t = x0 +

∫ t

0

f̄(X̄s)ds+

∫ t

0

σ(X̄s)dBs (2.3)

Here, x0 ∈ Rm is the same as in (2.1). Under the assumptions of Theorem 2.1 below, f̄
is again bounded and globally Lipschitz. (This fact is also well-known. See [12, Lemma
A.1] for example.) Therefore, this RDE has a unique global solution for every realization
of B = (B1, B2, B3). (See Propositions 3.3 below for details.)

Now we are in a position to state our main result, whose proof will be provided at
the end of Section 5. It claims that (the first level path of) the slow component of the
slow-fast system (2.1) of RDEs converges to (the first level path of) the averaged RDE
(2.3) in Lp-sense as ε ↘ 0. Here, ‖ · ‖β stands for the β-Hölder (semi)norm of a usual
path over the time interval [0, T ].

Theorem 2.1. Assume (A) and (H1)–(H6). Then, for every p ∈ [1,∞) and β ∈
(1
4
, α0), we have

lim
ε↘0

E[‖Xε − X̄‖pβ] = 0.
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Remark 2.2. The law of Xε−X̄ is uniquely determined by the law of B = (B1, B2, B3)
and the e-dimensional Wiener measure. In fact, Xε − X̄ is obtained as a functional of
B and w. So, the choice of a filtered probability space that carries B and w does not
matter. (Verifying the existence of such a filtered probability space is easy.)

Example 2.3. A prominent example of B = (B1, B2, B3) satisfying Assumption (A) in
Theorem 2.1 is fractional Brownian RP with Hurst parameter H ∈ (1

4
, 1
3
]. In this case,

α0 = H in (A). This is a canonical RP lift of d-dimensional fractional BM with Hurst
parameter H. For more information, see [4, Chapter 15]. Concerning this example, we
will provide more explanations in Remark 4.11.

Remark 2.4. The assumptions on the coefficients σ, h, f, g in Theorem 2.1 are stronger
than those in the author’s preceding work [8] on the level-two case. In particular, g̃
is not allowed to be of super-linear growth in the present paper. This is not because
of theoretical limitation, but simply because computations become quite involved in
the level-three case. (The assumptions in Theorem 2.1 are basically similar to those in
[12, 13].) It could be interesting to relax these assumptions.

3 Controlled path theory of level 3

In this section we collect basic results from the theory of controlled paths of level 3. It
should be noted that they are basically known. For instance, [1] studied the theory of
controlled paths of any level. For the level 3 case, the unpublished work [7] could be
useful. However, they are few works which really elaborate somewhat tedious compu-
tations. Moreover, our RDEs are slightly more general than standard ones. We will
therefore provide a detailed explanation below.

Throughout this section T > 0 and α ∈ (1/4, 1/3] and we let V and W be Euclidean
spaces.

3.1 Definition of controlled paths

First we recall the definition of a controlled path (CP) with respect to a geometric
RP X = (1, X1, X2, X3) ∈ GΩα(V). Let [a, b] ⊂ [0, T ] be a subinterval. We say that
(Y, Y †, Y ††, Y ♯, Y ♯♯) is a W-valued CP with respect to X on [a, b] if

(Y, Y †, Y ††, Y ♯, Y ♯♯) ∈ Cα([a, b],W)× Cα([a, b], L(V ,W))

× Cα([a, b], L(V , L(V ,W)))× C3α
(2)([a, b],W)× C2α

(2)([a, b], L(V ,W))

and, for all (s, t) ∈ 4[a,b],

Yt − Ys = Y †
s X

1
s,t + Y ††

s X2
s,t + Y ♯

s,t, (3.1)

Y †
t − Y †

s = Y ††
s X1

s,t + Y ♯♯
s,t. (3.2)
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Notice the natural identifications L(V , L(V ,W)) ∼= L2(V×V ;W) ∼= L(V⊗2,W). The set
of all such CPs with respect to X is denoted by Qα

X([a, b],W). (X is often referred to as
a reference RP.) For simplicity, (Y, Y †, Y ††, Y ♯, Y ♯♯) will often be written as (Y, Y †, Y ††).
Obviously, (3.1) and (3.2) imply that both Y ♯ and Y ♯♯ must vanish on the diagonal.
Note that in fact X3 is not involved in the definition of a CP.

A natural seminorm on Qα
X([a, b],W) is defined by

‖(Y, Y †, Y ††)‖Qα
X ,[a,b] = ‖Y ††‖α,[a,b] + ‖Y ♯‖3α,[a,b] + ‖Y ♯♯‖2α,[a,b]

Then, Qα
X([a, b],W) is a Banach space with the norm

|Ya|+ |Y †
a |+ |Y ††

a |+ ‖(Y, Y †, Y ††)‖Qα
X ,[a,b].

(When [a, b] = [0, T ], we write Qα
X(W) and ‖ · ‖Qα

X
for simplicity.) Then, there exist

positive constants C and C ′ depending only on α and b− a such that

‖Y †‖α,[a,b] ≤ ‖Y ††‖∞,[a,b]‖X1‖α,[a,b] + ‖Y ♯♯‖α,[a,b]
≤ {|Y ††

a |+ (b− a)α‖Y ††‖α,[a,b]}‖X1‖α,[a,b] + (b− a)α‖Y ♯♯‖2α,[a,b]
≤ C(1 + ‖X1‖α)(|Y ††

a |+ ‖(Y, Y †, Y ††)‖Qα
X ,[a,b]) (3.3)

and

‖Y ‖α,[a,b] ≤ ‖Y †‖∞,[a,b]‖X1‖α,[a,b] + ‖Y ††‖∞,[a,b]‖X2‖α,[a,b] + ‖Y ♯‖α,[a,b]
≤ {|Y †

a |+ (b− a)α‖Y †‖α,[a,b]}‖X1‖α,[a,b]
+ {|Y ††

a |+ (b− a)α‖Y ††‖α,[a,b]}(b− a)α‖X2‖2α,[a,b] + (b− a)2α‖Y ♯‖3α,[a,b]
≤ C ′(1 + ‖X1‖2α + ‖X2‖2α)(|Y †

a |+ |Y ††
a |+ ‖(Y, Y †, Y ††)‖Qα

X ,[a,b]). (3.4)

Example 3.1. Here are a few typical examples of CPs for a given RP X ∈ GΩα(V). (In
the first three examples the time interval is [0, T ] just for simplicity. It can be replaced
by any subinterval [a, b]. )

1. For ξ ∈ W , σ ∈ L(V ,W) and η ∈ L(V , L(V ,W)),

t 7→ (ξ + σX1
0,t + ηX2

0,t, σ + ηX1
0,t, η)

belongs to Qα
X(W). Note that ]- and ]]-components of this CP are zero. Hence,

the Qα
X-seminorm of this CP is zero, too.

2. If ϕ ∈ C3α(W), then obviously (ϕ, 0, 0) ∈ Qα
X(W) with ‖ϕ‖3α = ‖(ϕ, 0, 0)‖Qα

X
. In

this way, we have a natural continuous embedding C3α(W) ↪→ Qα
X(W).

3. Suppose that (Y, Y †, Y ††) ∈ Qα
X(W) and g : W → W ′ is a C3-function from W to

another Euclidean space W ′. Then (g(Y ), g(Y )†, g(Y )††) ∈ Qα
X(W ′) if we set

• g(Y )t := g(Yt).
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• g(Y )†t := ∇g(Yt)Y †
t , where the right hand side is the composition of the two

linear maps ∇g(Yt) ∈ L(W ,W ′) and Y †
t ∈ L(V ,W).

• g(Y )††t := ∇g(Yt)Y ††
t +∇2g(Yt)〈Y †

t •, Y
†
t ?〉, where the first term on the right

hand side is the composition of the two linear maps ∇g(Yt) ∈ L(W ,W ′) and
Y ††
t ∈ L(V , L(V ,W)). (Note that the second term is symmetric in • and ?.)

Using Taylor’s theorem and (3.1), we can verify this fact as follows:

g(Yt)− g(Ys) = ∇g(Ys)〈Y 1
s,t〉+

1

2
∇2g(Ys)〈Y 1

s,t, Y
1
s,t〉

+
1

2

∫ 1

0

dθ (1− θ)2 ∇3g(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

1
s,t〉

= ∇g(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t〉

+
1

2
∇2g(Ys)〈Y †

s X
1
s,t, Y

†
s X

1
s,t〉+ g(Y )♯s,t, (3.5)

where

g(Y )♯s,t := ∇g(Ys)Y ♯
s,t +∇2g(Ys)〈Y †

s X
1
s,t, Y

††
s X2

s,t〉+
1

2
∇2g(Ys)〈Y ††

s X2
s,t, Y

††
s X2

s,t〉

+∇2g(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t, Y

♯
s,t〉+

1

2
∇2g(Ys)〈Y ♯

s,t, Y
♯
s,t〉

+
1

2

∫ 1

0

dθ(1− θ)2∇3g(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

1
s,t〉. (3.6)

It is easy to see from (3.6) that g(Y )♯ ∈ C3α
(2)(W ′). Due to the shuffle relation (1.2)

and the symmetry of the bilinear mapping, it holds that

1

2
∇2g(Ys)〈Y †

s X
1
s,t, Y

†
s X

1
s,t〉 = ∇2g(Yt)〈Y †

t •, Y
†
t ?〉|(•,⋆)=X2

s,t
.

Here, the right hand should be understood as X2
s,t being plugged into an element

of L(V⊗2,W ′). Thus, the composition g(Y ) satisfies (3.1).

Keeping (3.1) and (3.2) in mind, we can see that

g(Y )†t − g(Y )†s = ∇g(Yt)Y †
t −∇g(Ys)Y †

s

= ∇g(Ys)Y †
t +∇2g(Ys)〈Y 1

s,t, Y
†
t 〉

+

∫ 1

0

dθ(1− θ)∇3g(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

†
t 〉 − ∇g(Ys)Y †

s

= ∇g(Ys)〈Y ††
s X1

s,t〉+∇2g(Ys)〈Y †
s X

1
s,t, Y

†
s 〉+ g(Y )♯♯s,t, (3.7)

where

g(Y )♯♯s,t := ∇g(Ys)〈Y ♯♯
s,t〉
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+∇2g(Ys)〈Y ††
s X2

s,t + Y ♯
s,t, Y

†
s 〉

+∇2g(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t + Y ♯

s,t, Y
††
s X1

s,t + Y ♯♯
s,t〉

+

∫ 1

0

dθ(1− θ)∇3g(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

†
t 〉. (3.8)

It is easy to see from (3.8) that g(Y )♯♯ ∈ C2α
(2)(W ′). Thus, the composition satisfies

(3.2), too.

4. Concatenation of two CPs is also a CP. Let 0 ≤ a < b < c ≤ T . For (Y, Y †, Y ††) ∈
Qα

X([a, b],W) and (Ŷ , Ŷ †, Ŷ ††) ∈ Qα
X([b, c],W) with (Yb, Y

†
b , Y

††
b ) = (Ŷb, Ŷ

†
b , Ŷ

††
b ),

their concatenation (Z,Z†, Z††) := (Y ∗ Ŷ , Y † ∗ Ŷ †, Y †† ∗ Ŷ ††) can naturally be
defined and belongs to Qα

X([a, c],W). (Here, ∗ stands for the usual concatenation
operation for two continuous paths.)

It is clear that Z,Z†, Z†† are α-Hölder continuous on [a, c]. To prove that Z♯, Z♯♯ ∈
C2α
(2)(W), it is sufficient to observe the following: For a ≤ s ≤ b ≤ t ≤ c, we have

Z♯♯
s,t = Z†,1

s,t − Z††
s X

1
s,t

= (Z†,1
s,b − Z††

s X
1
s,b) + (Z†,1

b,t − Z††
b X

1
b,t) + Z††,1

s,b X
1
b,t

= Y ♯♯
s,b + Ŷ ♯♯

b,t + Y ††,1
s,b X1

b,t. (3.9)

and

Z♯
s,t = Z1

s,t − Z†
sX

1
s,t − Z††

s X
2
s,t

= (Z1
s,b + Z1

b,t)− {Z†
sX

1
s,b + Z†

bX
1
b,t − Z†,1

s,bX
1
b,t}

− {Z††
s X

2
s,b + Z††

b X
2
b,t − Z††,1

s,b X
2
b,t + Z††

s X
1
s,b ⊗X1

b,t}
= Y ♯

s,b + Ŷ ♯
b,t + Y ††,1

s,b X2
b,t + Y ♯♯

s,bX
1
b,t. (3.10)

Here, we have used (3.1)–(3.2) and Chen’s relation for X. The right hand side of
(3.9) and (3.10) are clearly dominated by a constant multiple of (t − s)2α and of
(t− s)3α, respectively.

3.2 Integration of controlled paths against rough paths

Next we discuss integration of a CP (Y, Y †, Y ††) ∈ Qα
X([a, b], L(V ,W)) against a reference

RP X ∈ GΩα(V), where [a, b] ⊂ [0, T ]. Note that Y † and Y †† take values in

L(V , L(V ,W)) ∼= L(2)(V × V ,W) ∼= L(V⊗2,W),

and
L(V , L(V , L(V ,W))) ∼= L(3)(V × V × V ,W) ∼= L(V⊗3,W),

respectively. Note also that Y ♯ and Y ♯♯ take values in L(V ,W) and L(V⊗2,W), respec-
tively.
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First, we define

Js,t = YsX
1
s,t + Y †

s X
2
s,t + Y ††

s X3
s,t, (s, t) ∈ 4[a,b].

From Chen’s relation for X and (3.1)–(3.2), it easily follows that

Js,u + Ju,t − Js,t = Y ♯
s,uX

1
u,t + Y ♯♯

s,uX
2
u,t + Y ††,1

s,u X3
u,t, a ≤ s ≤ u ≤ t ≤ b, (3.11)

where we set Y ††,1
s,u = Y ††

u − Y ††
s . Note that the right hand side above is dominated by a

constant multiple of (t− s)4α.
Let P = {s = t0 < t1 < · · · < tN = t} be a partition of [s, t] ⊂ [a, b]. Its mesh size is

denoted by |P|. We define Js,t(P) =
∑N

i=1 Jti−1,ti and∫ t

s

YudXu = lim
|P|↘0

Js,t(P), (s, t) ∈ 4[a,b]. (3.12)

The limit above is known to exist, and is called a RP integral. It will turn out in the
next proposition that an (indefinite) RP integral against X is again a CP with respect
to X. By the way it is defined, this RP integral clearly has additivity with respect to
the interval [s, t].

Proposition 3.2. Let 1
4
< α ≤ 1

3
and [a, b] ⊂ [0, T ]. Suppose that X ∈ GΩα(V) and

(Y, Y †, Y ††) ∈ Qα
X([a, b], L(V ,W)). Then, the limit in (3.12) exists for all (s, t) ∈ 4[a,b].

Moreover, we have (∫ ·

a

YudXu, Y, Y
†
)
∈ Qα

X([a, b],W) (3.13)

with the following estimate:∣∣∣∫ t

s

YudXu − (YsX
1
s,t + Y †

s X
2
s,t + Y ††

s X3
s,t)

∣∣∣
W

≤ κα(t− s)4α(‖Y ♯‖3α,[a,b]‖X1‖α,[a,b] + ‖Y ♯♯‖2α,[a,b]‖X2‖2α,[a,b]
+ ‖Y ††‖α,[a,b]‖X3‖3α,[a,b]), (s, t) ∈ 4[a,b]. (3.14)

Here, we set κα = 24αζ(4α) with ζ being the Riemann zeta function.

Proof. In this proof the norm of W is denoted by |·|. First we prove the convergence. For
P given as above, we can find i (1 ≤ i ≤ N − 1) such that ti+1− ti−1 ≤ 2(t− s)/(N − 1).
Then, we see that

|Js,t(P)− Js,t(P \ {ti})| = |Jti−1,ti + Jti,ti+1
− Jti−1,ti+1

|
= |Y ♯

ti−1,tiX
1
ti,ti+1

+ Y ♯♯
ti−1,tiX

2
ti,ti+1

+ Y ††,1
ti−1,tiX

3
ti,ti+1

|
≤ (‖Y ♯‖3α,[a,b]‖X1‖α,[a,b] + ‖Y ♯♯‖2α,[a,b]‖X2‖2α,[a,b]

+ ‖Y ††‖α,[a,b]‖X3‖3α,[a,b])
(2(t− s)

N − 1

)4α

.
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Extracting points one by one from P in this way until the partition becomes the
trivial one {s, t}, we have

|Js,t(P)− Js,t| ≤ κα(t− s)4α(‖Y ♯‖3α,[a,b]‖X1‖α,[a,b]
+ ‖Y ♯♯‖2α,[a,b]‖X2‖2α,[a,b] + ‖Y ††‖α,[a,b]‖X3‖3α,[a,b]). (3.15)

Note that the condition 4α > 1 is used here. By standard argument in RP theory, (3.15)
implies that {Js,t(P)}P is Cauchy as |P| ↘ 0. Therefore, the limit in (3.12) exists and
(3.14) holds.

Since it obviously holds that

|Y ††
s X3

s,t| ≤ {|Y ††
a |+ (b− a)α‖Y ††‖α,[a,b]}‖X3‖3α,[a,b](t− s)3α

and

|Yt − Ys − Y †
s X

1
s,t|

≤ |Y ††
s X2

s,t|+ |Y ♯
s,t|

≤
{
(|Y ††

a |+ (b− a)α‖Y ††‖α,[a,b])‖X2‖2α,[a,b] + (b− a)α‖Y ♯♯‖2α,[a,b]
}
(t− s)2α,

the path (
∫ ·
a
YudXu, Y, Y

†) satisfies (3.1)–(3.2). Hence, (3.14) implies (3.13).

3.3 Rough differential equations with bounded and globally
Lipschitz drift

Now we discuss RDEs in the framework of controlled path theory. We basically follow
[7, 1], but our RDE has a drift term. In this subsection, S is a metric space and we
assume 1

4
< β < α ≤ 1

3
and X ∈ GΩα(V) ⊂ GΩβ(V).

We set conditions on the coefficients of our RDE. Let σ : W → L(V ,W) be of C4
b

and let f : W ×S → W be a continuous map satisfying the following condition:

sup
y∈W,z∈S

|f(y, z)|W + sup
y,y′∈W,y ̸=y′,z∈S

|f(y, z)− f(y′, z)|W
|y − y′|W

<∞. (3.16)

The first and the second term above will be denoted by ‖f‖∞ and Lf , respectively.
For an S-valued continuous path ψ : [0, T ] → S, we consider the following RDE

driven by X with the initial value ξ ∈ W : For all t ∈ [0, T ],

Yt = ξ +

∫ t

0

f(Ys, ψs)ds+

∫ t

0

σ(Ys)dXs, Y †
t = σ(Yt), Y ††

t = ∇σ(Yt)Y †
t . (3.17)

For every (Y, Y †, Y ††) ∈ Qβ
X(W), the right hand side of this system of equations also

belongs to Qβ
X(W), due to Example 3.1 and Proposition 3.2. Therefore, (3.17) should be

understood as an equality in Qβ
X(W). (Following the preceding works [7, 1], we slightly

relax the Hölder topology of the space of CPs for quick proofs.)
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One should note that if (Y, Y †, Y ††) ∈ Qβ
X(W) solves (3.17), Y †

t = σ(Yt) and Y
††
t =

∇σ · σ(Yt), in particular, Y † and Y †† are completely determined by the first level part
Y . Precisely, ∇σ · σ(y) above stands for the element of L(V ⊗ V ,W) defined by

V ⊗ V 3 v ⊗ v′ 7→ ∇σ(y)〈σ(y)v, v′〉 ∈ W .

Here we state our main result in this section.

Proposition 3.3. Let the assumptions be as above. Then, for every X ∈ GΩα(V),
ξ ∈ W and ψ, there exists a unique global solution (Y, Y †, Y ††) ∈ Qβ

X(W) of RDE
(3.17). Moreover, it satisfies the following estimate: there exist positive constants c and
ν independent of X, ξ, ψ, σ, f such that

‖Y ‖β ≤ c{(K + 1)(|||X|||α + 1)}ν , X ∈ GΩα(V).

Here, we set K := ‖σ‖C4
b
∨ ‖f‖∞ ∨ Lf .

Proof. In this proof the norm of finite-dimensional spaces is denoted by | · |. Without
loss of generality we may assume T = 1. Let τ ∈ (0, 1] and ξ ∈ W . For simplicity, we
write η(y) := ∇σ · σ(y). We denote by ci > 0 and νi ∈ N (i = 1, 2, . . .) certain constants
independent of X, ξ, ξ̃, ψ, σ, f, τ and (s, t) ∈ 4τ .

We define Mξ
[0,τ ],M1

[0,τ ],M2
[0,τ ] : Q

β
X([0, τ ],W) → Qβ

X([0, τ ],W) by

M1
[0,τ ](Y, Y

†, Y ††) =
(∫ ·

0

σ(Ys)dXs, σ(Y ), ∇σ(Y )Y †
)
,

M2
[0,τ ](Y, Y

†, Y ††) =
(∫ ·

0

f(Ys, ψs)ds, 0, 0
)
,

Mξ
[0,τ ](Y, Y

†, Y ††) = (ξ, 0, 0) +M1
[0,τ ](Y, Y

†, Y ††) +M2
[0,τ ](Y, Y

†, Y ††). (3.18)

If (Y, Y †, Y ††) starts at (ξ, σ(ξ), η(ξ)), so does Mξ
[0,τ ](Y, Y

†, Y ††). A fixed point of Mξ
[0,τ ]

is a solution of RDE (3.17) on the interval [0, τ ].
We also set

Bξ
[0,τ ] = {(Y, Y †, Y ††) ∈ Qβ

X([0, τ ],W) | ‖(Y, Y †, Y ††)‖Qβ
X ,[0,τ ] ≤ 1,

Y0 = ξ, Y †
0 = σ(ξ), Y ††

0 = η(ξ)}.

This set is something like a ball of radius 1 centered at

t 7→
(
ξ + σ(ξ)X1

0,t + η(ξ)X2
0,t, σ(ξ) + η(ξ)X1

0,t, η(ξ)
)

(see Example 3.1). Since the initial point (Y0, Y
†
0 , Y

††
0 ) is fixed, ‖ · ‖Qβ

X ,[0,τ ] defines a

distance on this set.
For a while from now, we will work only on [0, τ ] and therefore omit [0, τ ] from the

subscript for notational simplicity. We will often write ϕ1
s,t := ϕt − ϕs for a usual path

ϕ that takes values in a vector space.
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Let ξ, ξ̃ ∈ W and pick (Y, Y †, Y ††) ∈ Bξ and (Ỹ , Ỹ †, Ỹ ††) ∈ B ξ̃ arbitrarily. For
simplicity we write ∆ := ‖(Y, Y †, Y ††) − (Ỹ , Ỹ †, Ỹ ††)‖Qβ

X
. One can show the following

estimates for all (s, t) ∈ 4τ by repeatedly using (3.1) and (3.2):

‖Y ††‖∞ ≤ |η(ξ)|+ sup
s≤τ

|Y ††
s − Y ††

0 | ≤ K2 + ‖Y ††‖βτβ ≤ K2 + 1, (3.19)

‖Y †† − Ỹ ††‖∞ ≤ |η(ξ)− η(ξ̃)|+ ‖Y †† − Ỹ ††‖βτβ ≤ 2K2|ξ − ξ̃|+∆, (3.20)

|Y †,1
s,t | ≤ |Y ††

s X1
s,t|+ |Y ♯♯

s,t|
≤ (K2 + 1)‖X1‖α(t− s)α + ‖Y ♯♯‖2β(t− s)2β

≤ (K2 + 1)(‖X1‖α + 1)(t− s)α, (3.21)

|Y †,1
s,t − Ỹ †,1

s,t | ≤ |(Y ††
s − Ỹ ††

s )X1
s,t|+ |Y ♯♯

s,t − Ỹ ♯♯
s,t|

≤ (2K2|ξ − ξ̃|+∆)‖X1‖α(t− s)α + ‖Y ♯♯ − Ỹ ♯♯‖2β(t− s)2β

≤
{
2K2‖X1‖α|ξ − ξ̃|+ (‖X1‖α + 1)∆

}
(t− s)α, (3.22)

‖Y †‖∞ ≤ |σ(ξ)|+ sup
s≤τ

|Y †,1
0,s |

≤ K + (K2 + 1)(‖X1‖α + 1) ≤ 2(K2 + 1)(‖X1‖α + 1), (3.23)

‖Y † − Ỹ †‖∞ ≤ |σ(ξ)− σ(ξ̃)|+ sup
s≤τ

|Y †,1
0,s − Ỹ †,1

0,s |

≤ (K + 2K2‖X1‖α)|ξ − ξ̃|+ (‖X1‖α + 1)∆. (3.24)

From these, we also have

|Y 1
s,t| ≤ |Y †

s X
1
s,t|+ |Y ††

s X2
s,t|+ |Y ♯

s,t|
≤ 2(K2 + 1)(‖X1‖α + 1)‖X1‖α(t− s)α

+ (K2 + 1)‖X2‖2α(t− s)2α + ‖Y ♯‖3β(t− s)3β

≤ 4(K2 + 1)(|||X|||2α + 1)(t− s)α, (3.25)

|Y 1
s,t − Ỹ 1

s,t| ≤ |(Y †
s − Ỹ †

s )X
1
s,t|+ |(Y ††

s − Ỹ ††
s )X2

s,t|+ |Y ♯
s,t − Ỹ ♯

s,t|
≤ ‖Y † − Ỹ †‖∞‖X1‖α(t− s)α

+ ‖Y †† − Ỹ ††‖∞‖X2‖2α(t− s)2α + ‖Y ♯ − Ỹ ♯‖3β(t− s)3β

≤
{
(K + 2K2‖X1‖α)|ξ − ξ̃|‖X1‖α + (1 + ‖X1‖α)∆‖X1‖α

+ 2K2|ξ − ξ̃|‖X2‖2α +∆‖X2‖2α +∆
}
(t− s)α

≤ 2
{
(K2 + 1)(|||X|||2α + 1)|ξ − ξ̃|+ (|||X|||2α + 1)∆

}
(t− s)α. (3.26)

Note that Y † and Y are in fact α-Hölder continuous. Hence, if τ is small, the β-Hölder
seminorms of Y †, Y † − Ỹ †, Y and Y − Ỹ can be made very small. From (3.26) we can
easily see that

‖Y − Ỹ ‖∞ ≤ |Y0 − Ỹ0|+ sup
s≤τ

|Y 1
0,s − Ỹ 1

0,s|
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≤ {1 + 2(K2 + 1)(|||X|||2α + 1)τα}|ξ − ξ̃|+ 2(|||X|||2α + 1)∆τα. (3.27)

Next we calculate (σ(Y ), σ(Y )†, σ(Y )††), whose explicit form was provided in the
third item of Example 3.1. We can easily see from (3.19), (3.21), (3.23) and (3.25) that

|σ(Y )††t − σ(Y )††s |
≤ |∇σ(Yt)Y ††

t −∇σ(Ys)Y ††
s |+ |∇2σ(Yt)〈Y †

t •, Y
†
t ?〉 − ∇2σ(Ys)〈Y †

s •, Y †
s ?〉|

≤ ‖∇2σ‖∞|Y 1
s,t|‖Y ††‖∞ + ‖∇σ‖∞|Y ††,1

s,t |
+ ‖∇3σ‖∞|Y 1

s,t|‖Y †‖2∞ + 2‖∇2σ‖∞|Y †,1
s,t |‖Y †‖∞

≤ c1(K + 1)7(|||X|||α + 1)4(t− s)β. (3.28)

From the explicit form of σ(Y )♯♯s,t in (3.8), we have

|σ(Y )♯♯s,t| ≤ |∇σ(Ys)〈Y ♯♯
s,t〉|

+ |∇2σ(Ys)〈Y ††
s X2

s,t + Y ♯
s,t, Y

†
s 〉|

+ |∇2σ(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t + Y ♯

s,t, Y
††
s X1

s,t + Y ♯♯
s,t〉|

+
∣∣∣∫ 1

0

dθ(1− θ)∇3σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

†
t 〉
∣∣∣

≤ c2(K + 1)7(|||X|||α + 1)5(t− s)2β, (3.29)

where we have used (3.19), (3.21), (3.23) and (3.25) again. Similarly, we see from (3.6)
that

|σ(Y )♯s,t| ≤ |∇σ(Ys)Y ♯
s,t|+ |∇2σ(Ys)〈Y †

s X
1
s,t, Y

††
s X2

s,t〉|

+
1

2
|∇2σ(Ys)〈Y ††

s X2
s,t, Y

††
s X2

s,t〉|

+ |∇2σ(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t, Y

♯
s,t〉|+

1

2
|∇2σ(Ys)〈Y ♯

s,t, Y
♯
s,t〉|

+
1

2

∣∣∣∫ 1

0

dθ(1− θ)2∇3σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

1
s,t〉

∣∣∣
≤ c3(K + 1)7(|||X|||α + 1)6(t− s)3β, (3.30)

where we have used (3.19), (3.21), (3.23) and (3.25) again. It immediately follows from
(3.28)–(3.30) that

‖(σ(Y ), σ(Y )†, σ(Y )††)‖Qβ
X
≤ c4(K + 1)7(|||X|||α + 1)6. (3.31)

We will check that Mξ maps Bξ to itself if τ is small enough. As before, we simply
write ∇σ(y)〈y′〉 for ∇σ(y)〈y′, •〉 = ∇y′σ(y) ∈ L(V ,W) when y, y′ ∈ W . It immediately
follows from Example 3.1 that

‖M2(Y, Y †, Y ††)‖Qβ
X
≤

∥∥∥∫ ·

0

f(Ys, ψs)ds
∥∥∥
3β

≤ Kτ 1−3β ≤ Kτα−β. (3.32)
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We estimate the norm of M1. The ††-component of M1 satisfies

|∇σ(Yt)Y †
t −∇σ(Ys)Y †

s | ≤ |∇σ(Yt)||Y †
t − Y †

s |+ |∇σ(Yt)−∇σ(Ys)||Y †
s |

≤ K{|Y †,1
s,t |+ |Y 1

s,t|‖Y †‖∞}
≤ 9(K + 1)5(|||X|||α + 1)3(t− s)α, (3.33)

where we have used (3.21), (3.23) and (3.25). The ]]-component of M1 reads:

σ(Yt)− σ(Ys)−∇σ(Ys)〈Y †
s X

1
s,t〉

= {σ(Yt)− σ(Ys)−∇σ(Ys)〈Y 1
s,t〉}+∇σ(Ys)〈Y 1

s,t − Y †
s X

1
s,t〉

=

∫ 1

0

dθ(1− θ)∇2σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t〉+∇σ(Ys)〈Y ††

s X2
s,t + Y ♯

s,t〉. (3.34)

This implies that

|σ(Yt)− σ(Ys)−∇σ(Ys)〈Y †
s X

1
s,t〉| ≤ 9(K + 1)5(|||X|||α + 1)4(t− s)2α, (3.35)

where we have used (3.25) and (3.21).
By (3.14) in Proposition 3.2, we can estimate the ]-component of M1 as follows:∣∣∣∫ t

s

σ(Yu)dXu − σ(Ys)X
1
s,t − σ(Y )†sX

2
s,t

∣∣∣
≤ |σ(Y )††s X

3
s,t|+

∣∣∣∫ t

s

σ(Yu)dXu − {σ(Ys)X1
s,t + σ(Y )†sX

2
s,t + σ(Y )††s X

3
s,t}

∣∣∣
≤ {|∇σ(Ys)〈Y ††

s 〈•, ?〉, ∗〉|+ |∇2σ(Ys)〈Y †
s •, Y †

s ?, ∗〉|}|X3
s,t|

+ κβ(t− s)4β{‖σ(Y )♯‖3β‖X1‖β + ‖σ(Y )♯♯‖2β‖X2‖2β + ‖σ(Y )††‖β‖X3‖3β}
≤ c5(K + 1)7(|||X|||α + 1)7(t− s)3α, (3.36)

where we have also used (3.19), (3.23), (3.29) and (3.30).
Combining (3.33)–(3.35), we obtain

‖M1(Y, Y †, Y ††)‖Qβ
X
≤ (c5 ∨ 9)

{
(K + 1)4(|||X|||α + 1)2τα−β

+ (K + 1)5(|||X|||α + 1)4τ 2(α−β) + (K + 1)7(|||X|||α + 1)7τ 3(α−β)
}
.

From this and (3.32) we can estimate Mξ(Y, Y †, Y ††). If

τα−β ≤
[
4(c5 ∨ 9)(K + 1)4(|||X|||α + 1)3

]−1
,

then we have

‖Mξ(Y, Y †, Y ††)‖Qβ
X
≤ ‖M1(Y, Y †, Y ††)‖Qβ

X
+ ‖M2(Y, Y †, Y ††)‖Qβ

X
≤ 1,

which is equivalent to Mξ(Bξ) ⊂ Bξ.
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Now we will prove that Mξ is a contraction on Bξ if we take τ smaller. We can
easily see from (3.27) that

‖M2(Y, Y †, Y ††)−M2(Ỹ , Ỹ †, Ỹ ††)‖Qβ
X

≤
∥∥∥∫ ·

0

{f(Ys, ψs)− f(Ỹs, ψs)}ds
∥∥∥
3β

≤ K‖Y − Ỹ ‖∞τ 1−3β

≤ K[{1 + 2(K2 + 1)(|||X|||2α + 1)τα}|ξ − ξ̃|+ 2(|||X|||2α + 1)∆τα]τα−β

≤ 3(K2 + 1)(|||X|||2α + 1)|ξ − ξ̃|+ 2K(|||X|||2α + 1)τ 2α−β∆. (3.37)

We will estimate the difference of M1. To do so, we will first show that there are
constants c6 > 0 and ν1 ∈ N such that

‖(σ(Y ), σ(Y )†, σ(Y )††)− (σ(Ỹ ), σ(Ỹ )†, σ(Ỹ )††)‖Qβ
X

≤ c6(K + 1)ν1(|||X|||α + 1)ν1(|ξ − ξ̃|+∆) (3.38)

holds for all (Y, Y †, Y ††) ∈ Bξ and (Ỹ , Ỹ †, Ỹ ††) ∈ B ξ̃.
We can estimate the difference of the ††-components as follows:

|{σ(Y )††t − σ(Y )††s } − {σ(Ỹ )††t − σ(Ỹ )††s }|
≤ |{∇σ(Yt)Y ††

t −∇σ(Ys)Y ††
s } − {∇σ(Ỹt)Ỹ ††

t −∇σ(Ỹs)Ỹ ††
s }|

+ |{∇2σ(Yt)〈Y †
t •, Y

†
t ?〉 − ∇2σ(Ys)〈Y †

s •, Y †
s ?〉}

− {∇2σ(Ỹt)〈Ỹ †
t •, Ỹ

†
t ?〉 − ∇2σ(Ỹs)〈Ỹ †

s •, Ỹ †
s ?〉}|

≤
∣∣∣∣∫ 1

0

dθ{∇2σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
††
t 〉 − ∇2σ(Ỹs + θỸ 1

s,t)〈Ỹ 1
s,t, Ỹ

††
t 〉}

∣∣∣∣
+ |∇σ(Ys)〈Y ††,1

s,t 〉 − ∇σ(Ỹs)〈Ỹ ††,1
s,t 〉|

+

∣∣∣∣∫ 1

0

dθ{∇3σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
†
t •, Y

†
t ?〉 − ∇3σ(Ỹs + θỸ 1

s,t)〈Ỹ 1
s,t, Ỹ

†
t •, Ỹ

†
t ?〉}

∣∣∣∣
+ |∇2σ(Ys)〈Y †,1

s,t •, Y
†
t ?〉 − ∇2σ(Ỹs)〈Ỹ †,1

s,t •, Ỹ
†
t ?〉|

+ |∇2σ(Ys)〈Y †
s •, Y

†,1
s,t ?〉 − ∇2σ(Ỹs)〈Ỹ †

s •, Ỹ
†,1
s,t ?〉|

≤ c7(K + 1)ν2(|||X|||α + 1)ν2(|ξ − ξ̃|+∆)}(t− s)β, (3.39)

where we have used (3.19)–(3.27) many times.
Using (3.8), we can estimate the difference of the ]]-components in a similar way as

follows:

|σ(Y )♯♯s,t − σ(Ỹ )♯♯s,t|
≤ |∇σ(Ys)〈Y ♯♯

s,t〉 − ∇σ(Ỹs)〈Ỹ ♯♯
s,t〉|

+ |∇2σ(Ys)〈Y ††
s X2

s,t + Y ♯
s,t, Y

†
s 〉 − ∇2σ(Ỹs)〈Ỹ ††

s X2
s,t + Ỹ ♯

s,t, Ỹ
†
s 〉|
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+ |∇2σ(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t + Y ♯

s,t, Y
††
s X1

s,t + Y ♯♯
s,t〉

− ∇2σ(Ỹs)〈Ỹ †
s X

1
s,t + Ỹ ††

s X2
s,t + Ỹ ♯

s,t, Ỹ
††
s X1

s,t + Ỹ ♯♯
s,t〉|

+
∣∣∣∫ 1

0

dθ(1− θ){∇3σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

†
t 〉 − ∇3σ(Ỹs + θỸ 1

s,t)〈Ỹ 1
s,t, Ỹ

1
s,t, Ỹ

†
t 〉}

∣∣∣
≤ c8(K + 1)ν3(|||X|||α + 1)ν3(|ξ − ξ̃|+∆)(t− s)2β, (3.40)

where we have used (3.19)–(3.27) again. Note that ∇5σ is not involved in the above
estimation.

Similarly, we see from (3.6) that

|σ(Y )♯s,t − σ(Ỹ )♯s,t|
≤ |∇σ(Ys)Y ♯

s,t −∇σ(Ỹs)Ỹ ♯
s,t|

+ |∇2σ(Ys)〈Y †
s X

1
s,t, Y

††
s X2

s,t〉 − ∇2σ(Ỹs)〈Ỹ †
s X

1
s,t, Ỹ

††
s X2

s,t〉|

+
1

2
|∇2σ(Ys)〈Y ††

s X2
s,t, Y

††
s X2

s,t〉 − ∇2σ(Ỹs)〈Ỹ ††
s X2

s,t, Ỹ
††
s X2

s,t〉|

+ |∇2σ(Ys)〈Y †
s X

1
s,t + Y ††

s X2
s,t, Y

♯
s,t〉 − ∇2σ(Ỹs)〈Ỹ †

s X
1
s,t + Ỹ ††

s X2
s,t, Ỹ

♯
s,t〉|

+
1

2
|∇2σ(Ys)〈Y ♯

s,t, Y
♯
s,t〉 − ∇2σ(Ỹs)〈Ỹ ♯

s,t, Ỹ
♯
s,t〉|

+
1

2

∣∣∣∫ 1

0

dθ(1− θ)2{∇3σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t, Y

1
s,t〉 − ∇3σ(Ỹs + θỸ 1

s,t)〈Ỹ 1
s,t, Ỹ

1
s,t, Ỹ

1
s,t〉}

∣∣∣
≤ c9(K + 1)ν4(|||X|||α + 1)ν4(|ξ − ξ̃|+∆)(t− s)3β, (3.41)

where we have used (3.19)–(3.27) again. Note that ∇5σ is not involved in the above
estimation. Combining (3.39)–(3.41), we obtain (3.38).

We estimate the difference of M1’s. Let us first calculate the ††-component.

|{∇σ(Yt)Y †
t −∇σ(Ys)Y †

s |} − {∇σ(Ỹt)Ỹ †
t −∇σ(Ỹs)Ỹ †

s }|

≤
∣∣∣∣∫ 1

0

dθ{∇2σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
†
t 〉} − ∇2σ(Ỹs + θỸ 1

s,t)〈Ỹ 1
s,t, Ỹ

†
t 〉
∣∣∣∣

+ |∇σ(Ys)〈Y †,1
s,t 〉 − ∇σ(Ỹs)〈Ỹ †,1

s,t 〉|
≤ c10(K + 1)ν5(|||X|||α + 1)ν5(|ξ − ξ̃|+∆)(t− s)α. (3.42)

Note that the right hand side of (3.42) has (t− s)α, not (t− s)β.
Recall the explicit expression of the ]]-component of M1 in (3.34). Using it, we can

estimate the difference as follows:

|{σ(Yt)− σ(Ys)−∇σ(Ys)〈Y †
s X

1
s,t〉} − {σ(Ỹt)− σ(Ỹs)−∇σ(Ỹs)〈Ỹ †

s X
1
s,t〉}|

≤
∣∣∣∣∫ 1

0

dθ(1− θ){∇2σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t〉 − ∇2σ(Ỹs + θỸ 1

s,t)〈Ỹ 1
s,t, Ỹ

1
s,t〉}

∣∣∣∣
+ |∇σ(Ys)〈Y ††

s X2
s,t + Y ♯

s,t〉 − ∇σ(Ỹs)〈Ỹ ††
s X2

s,t + Ỹ ♯
s,t〉|
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≤ c11(K + 1)ν6(|||X|||α + 1)ν6(|ξ − ξ̃|+∆)(t− s)2α. (3.43)

Note that the right hand side of (3.43) has (t− s)2α, not (t− s)2β.
We now turn to ]-component. Since the rough path integration is linear when the

driving RP is fixed, our calculation is quite similar to that in (3.36).∣∣∣∫ t

s

{σ(Yu)− σ(Ỹu)}dXu − {σ(Ys)− σ(Ỹs)}X1
s,t − {σ(Y )†s − σ(Ỹ )†s}X2

s,t

∣∣∣
≤ |{σ(Y )††s − σ(Ỹ )††s }X3

s,t|

+
∣∣∣∫ t

s

{σ(Yu)− σ(Ỹu)}dXu

−
[
{σ(Ys)− σ(Ỹs)}X1

s,t + {σ(Y )†s − σ(Ỹ )†s}X2
s,t + {σ(Y )††s − σ(Ỹ )††s }X3

s,t}
]∣∣∣

≤ |∇σ(Ys)〈Y ††
s 〈•, ?〉, ∗〉 − ∇σ(Ỹs)〈Ỹ ††

s 〈•, ?〉, ∗〉| · |X3
s,t|

+ |∇2σ(Ys)〈Y †
s •, Y †

s ?, ∗〉 − ∇2σ(Ỹs)〈Ỹ †
s •, Ỹ †

s ?, ∗〉| · |X3
s,t|

+ κβ(t− s)4β{‖Y ♯ − Ỹ ♯‖3β‖X1‖β + ‖Y ♯♯ − Ỹ ♯♯‖2β‖X2‖2β + ‖Y †† − Ỹ ††‖β‖X3‖3β}
≤ c12(K + 1)ν7(|||X|||α + 1)ν7(|ξ − ξ̃|+∆)(t− s)3α. (3.44)

Note that the right hand side of (3.44) has (t − s)3α, not (t − s)3β. Combining (3.42)–
(3.44), we easily obtain

‖M1(Y, Y †, Y ††)−M1(Ỹ , Ỹ †, Ỹ ††)‖Qβ
X

≤ c13(K + 1)ν8(|||X|||α + 1)ν8(|ξ − ξ̃|+∆)τα−β. (3.45)

From (3.45) and (3.37) we can estimate Mξ(Y, Y †, Y ††). There are constants c14 ≥ 4
and ν9 ≥ 2 such that if

τ ≤ λ with λ := [c14(K + 1)ν9(|||X|||α + 1)ν9 ]−1/(α−β) ∈ (0, 1), (3.46)

then we have Mξ(Bξ) ⊂ Bξ for every ξ and

‖Mξ(Y, Y †, Y ††)−Mξ(Ỹ , Ỹ †, Ỹ ††)‖Qβ
X
≤ 1

2
(|ξ − ξ̃|+∆). (3.47)

In particular, Mξ is a contraction on Bξ = Bξ
[0,τ ] for every ξ and therefore has a unique

fixed point in this ball. Thus, we have obtained a local solution of RDE (3.17) on [0, λ].
Note that λ is determined by |||X|||α and K, but independent of ξ and ψ.

Next, we do the same thing on the second interval [λ, (2λ) ∧ 1] with the initial
condition ξ at t = 0 being replaced by Yλ at t = λ. Since all the estimates above is
independent of ξ and ψ, (Ys, Y

†
s , Y

††
s )s∈[λ,(2λ)∧1] satisfies the same estimates as those for

(Ys, Y
†
s , Y

††
s )s∈[0,λ]. By concatenating them as in the fourth item of Example 3.1, we

obtain a solution on [0, (2λ) ∧ 1].
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We can continue this procedure to obtain a global (Ys, Y
†
s , Y

††
s )s∈[0,1]. There are (at

most) bλ−1c+1 subintervals, where b·c stands for the integer part. Except (perhaps) the
last one, the length of each interval equals λ. On each subinterval, (Y, Y †, Y ††) satisfies
the same estimates. In particular, Inequality (3.25) implies that β-Hölder norm of Y on
each subinterval is dominated by 1. By Hölder’s inequality for finite sums, we can easily
see that

‖Y ‖β,[0,1] ≤ (bλ−1c+ 1)1−β ≤ c15{(K + 1)(|||X|||α + 1)}ν10 ,

which is the desired estimate for a global solution.
We now check that any solution (Y, Y †, Y ††) = (Y, σ(Y ),∇σ · σ(Y )) of RDE (3.17)

defined on [0, τ ′] (0 < τ ′ ≤ 1) actually belongs to Qα
X([0, τ

′],W). By the estimate (3.13),
we have∣∣∣∫ t

s

σ(Yu)dXu − (σ(Ys)X
1
s,t + σ(Y )†sX

2
s,t + σ(Y )††s X

3
s,t)

∣∣∣
W

≤ Cβ(t− s)4β,

where the constants Cβ > 0 depends only on β-Hölder RP norm of X and β-Hölder
seminorm of (Y, Y †, Y ††). Since X is α-Hölder RP and σ(Y )† = ∇σ · σ(Y ), the above
inequality implies that Y ♯ is of 3α-Hölder. Likewise, Y is α-Hölder continuous and so
are Y ††. We can compute Y ♯♯ in a similar way as before as follows:

Y †
t − Y †

s − Y ††
s X1

s,t

= σ(Yt)− σ(Ys)−∇σ(Ys)〈Y 1
s,t〉+∇σ(Ys)〈Y 1

s,t − σ(Ys)X
1
s,t〉

=

∫ 1

0

dθ∇2σ(Ys + θY 1
s,t)〈Y 1

s,t, Y
1
s,t〉+∇σ(Ys)〈Y ††

s X2
s,t + Y ♯

s,t〉.

The right hand side is dominated by a constant multiple of (t− s)2α, which implies that
Y ♯♯ is of 2α-Hölder. Thus, we have seen that any solution is actually α-Hölder CP.

Finally, we show the uniqueness of solution. The uniqueness is a time-local issue, so
it suffices to prove that any two solutions, (Y, σ(Y ),∇σ ·σ(Y )) and (Ỹ , σ(Ỹ ),∇σ ·σ(Ỹ )),
of RDE (3.17) must coincide near t = 0. Since they are α-Hölder CPs and β < α, they
both belong to Bξ

[0,τ ′] for sufficiently small τ ′ > 0. Recall that we already know that

there is only one fixed point of Mξ
[0,τ ′] in this ball. Hence, these two local solutions must

be identically equal on [0, τ ′].

Remark 3.4. (i) By examining the proof of Proposition 3.3, one naturally realize the
following: Just to prove the existence of a unique global solution RDE (3.17) for any
given ψ, X and ξ, it suffices to assume that σ is of C4

b and f satisfies that

sup
y∈W,t∈[0,T ]

|f(y, ψt)|W + sup
y,y′∈W,y ̸=y′,t∈[0,T ]

|f(y, ψt)− f(y′, ψt)|W
|y − y′|W

<∞.

(ii) By a standard cut-off argument, it immediately follows from (i) above that if σ is of
C4 and f is locally Lipschitz continuous in the following sense

sup
|y|∨|y′|≤N,y ̸=y′,t∈[0,T ]

|f(y, ψt)− f(y′, ψt)|W
|y − y′|W

<∞, N ∈ N,
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then RDE (3.17) has a unique local solution for any given ψ, X and ξ. Hence, a unique
solution exists up to either the explosion time or the time horizon T .

Together with RDE (3.17), we also consider the following RDE on [0, T ] with the
same X, σ and ξ:

Ỹt = ξ +

∫ t

0

f̃(Ỹs, ψ̃s)ds+

∫ t

0

σ(Ỹs)dXs, Ỹ †
t = σ(Ỹt), Ỹ ††

t = ∇σ(Ỹt)Ỹ †
t . (3.48)

We assume that f̃ : W × S → W is also continous and satisfies Condition (3.16). Let
ψ̃ : [0, T ] → S be another continuous path in S.

Proposition 3.5. Let σ, f, f̃ , ξ be as above. For X ∈ GΩα(V), ξ ∈ W and ψ, ψ̃, denote
by (Y, σ(Y ),∇σ · σ(Y )) and (Ỹ , σ(Ỹ ),∇σ · σ(Ỹ )) the unique solutions of RDEs (3.17)
and (3.48) on [0, T ], respectively. For a bounded, globally Lipschitz map g : W → W,
set

Mt := (Yt − Ỹt)−
∫ t

0

{g(Ys)− g(Ỹs)}ds−
∫ t

0

{σ(Ys)− σ(Ỹs)}dXs, t ∈ [0, T ]. (3.49)

Then, M ∈ C1(W) and the following estimate holds for every β ∈ (1
4
, α): there exist

positive constants c and ν such that

‖Y − Ỹ ‖β ≤ c exp
[
c(K ′ + 1)ν(|||X|||α + 1)ν

]
‖M‖3β. (3.50)

Here, we set K ′ = max{‖σ‖C4
b
, ‖f‖∞, Lf , ‖f̃‖∞, Lf̃ , ‖g‖∞, Lg} and the constants c and

ν are independent of X, ξ, ψ, ψ̃, σ, f, f̃ , g,M .

Proof. Without loss of generality we assume T = 1. For simplicity we write (Y, Y †, Y ††)
and (Ỹ , Ỹ †, Ỹ ††) for (Y, σ(Y ),∇σ · σ(Y )) and (Ỹ , σ(Ỹ ),∇σ · σ(Ỹ )), respectively. It is
easy to see that M ∈ C1(W). Hence, (3.49) is in fact an equality in Qβ

X(W) with the
†-parts and ††-parts being clearly equal.

We set λ′ := [c14(K
′ + 1)ν9(|||X|||α + 1)ν9 ]−1/(α−β) by just replacing K by K ′ in (3.46).

Set sj := jλ′ for 0 ≤ j ≤ b1/λ′c and sN := 1 with N := b1/λ′c + 1. Then, on each

subinterval [sj−1, sj], (Y, Y
†, Y ††) ∈ B

ξj
[sj−1,sj ]

, (Ỹ , Ỹ †, Ỹ ††) ∈ B
ξ̃j
[sj−1,sj ]

and the estimates

in the proof of Proposition 3.3 are available (with K being replaced by K ′). Here, we
set ξj := Ysj and ξ̃j := Ỹsj . From (3.47) we have for all j that∥∥∥∫ ·

sj−1

{g(Ys)− g(Ỹs)}ds−
∫ ·

sj−1

{σ(Ys)− σ(Ỹs)}dXs

∥∥∥
Qβ

X ,[sj−1,sj ]

≤ 1

2
|ξj−1 − ξ̃j−1|+

1

2
‖(Y, Y †, Y ††)− (Ỹ , Ỹ †, Ỹ ††)‖Qβ

X ,[sj−1,sj ]
.

Taking the seminorms of both sides of (3.49) on each subinterval, we can easily see that

‖(Y, Y †, Y ††)− (Ỹ , Ỹ †, Ỹ ††)‖Qβ
X ,[sj−1,sj ]

≤ 2‖M‖3β + |ξj−1 − ξ̃j−1|. (3.51)
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Plugging (3.51) into (3.26) , we obtain for all j that

|Y 1
s,t − Ỹ 1

s,t| ≤ 2
{
(K ′ + 1)2(|||X|||2α + 1)|ξj−1 − ξ̃j−1|
+ (|||X|||2α + 1)(2‖M‖3β + |ξj−1 − ξ̃j−1|)

}
(t− s)α

≤ |ξj−1 − ξ̃j−1|+ ‖M‖3β, (s, t) ∈ 4[sj−1,sj ] (3.52)

and in particular
|ξj − ξ̃j| ≤ 2|ξj−1 − ξ̃j−1|+ ‖M‖3β.

We have also used that t− s ≤ λ′ in (3.52). By mathematical induction, we have

|ξj − ξ̃j| ≤ (1 + 21 + · · ·+ 2j−1)‖M‖3β = (2j − 1)‖M‖3β, 1 ≤ j ≤ N.

Then, it follows from (3.52) that

‖Y 1 − Ỹ 1‖β,[sj−1,sj ] ≤ 2
{
(K ′ + 1)2(|||X|||2α + 1)|ξj−1 − ξ̃j−1|
+ (|||X|||2α + 1)(2‖M‖3β + |ξj−1 − ξ̃j−1|)

}
(λ′)α−β

≤ 2N‖M‖3β, 1 ≤ j ≤ N. (3.53)

By Hölder’s inequality for finite sums and the trivial inequality N1−β2N ≤ 22N , we see
that

‖Y 1 − Ỹ 1‖β,[0,1] ≤ N1−β2N‖M‖3β
≤ exp[2N(log 2)]‖M‖3β
≤ exp[2(b1/λ′c+ 1)(log 2)]‖M‖3β. (3.54)

By adjusting the positive constants c and ν, we can easily obtain (3.50) from (3.54).

4 Driving rough path of rough slow-fast system

In this section we construct the driving RP of our slow-fast system of RDEs. Unlike the
second level case in the previous works [13, 8], this part is not so easy. We use (a very
special case of) the anisotropic RP theory developed in [6], in particular, an anisotropic
version of Lyons’ extension theorem.

4.1 Anisotropic rough paths

We write V1 = Rd and V2 = Re and set V := V1 ⊕ V2 = Rd+e. Denote by πi : V →
Vi (i = 1, 2) the natural projection onto the ith component. Then, V⊗2 = ⊕i,j=1,2Vi⊗Vj

and V⊗3 = ⊕i,j,k=1,2Vi ⊗Vj ⊗Vk. Denote by πij : V⊗2 → Vi ⊗Vj (i, j = 1, 2) the natural
projection onto the (i, j)th component. Similarly, πijk : V⊗3 → Vi⊗Vj⊗Vk (i, j, k = 1, 2)
is defined.
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For a continuous map (Ξ1,Ξ2, B3) : 4T → V ⊕ V⊗2 ⊕ V⊗3
1 , we write B1 := π1〈Ξ1〉,

W 1 := π2〈Ξ1〉, B2 := π11〈Ξ2〉, W 2 := π22〈Ξ2〉, I[B,W ] := π12〈Ξ2〉 and I[W,B] :=
π21〈Ξ2〉.

Let α ∈ (1
4
, 1
3
] and γ ∈ (1

3
, 1
2
] with 2α + γ > 1. We say that a continuous map

(Ξ1,Ξ2, B3) : 4T → V ⊕ V⊗2 ⊕ V⊗3
1

is an anisotropic rough path (ARP) of roughness (α, γ) if it satisfies the following two
conditions:

(1) (Hölder regularity)

max{‖B1‖α, ‖B2‖2α, ‖B3‖3α, ‖W 1‖γ, ‖W 2‖2γ, ‖I[B,W ]‖α+γ, ‖I[W,B]‖α+γ} <∞.

(2) (Chen’s relation) For all 0 ≤ s ≤ u ≤ t ≤ T , it holds that

Ξ1
s,t = Ξ1

s,u + Ξ1
u,t, Ξ2

s,t = Ξ2
s,u + Ξ2

u,t + Ξ1
s,u ⊗ Ξ1

u,t,

B3
s,t = B3

s,u +B3
u,t +B1

s,u ⊗ B2
u,t +B2

s,u ⊗ B1
u,t.

We denote by Ω̂α,γ(V) the set of all ARP of roughness (α, γ). This set naturally becomes
a complete metric space equipped with the Hölder norms. For z = (b, w) ∈ C1

0(V), we
can define its natural lift Ŝ(z) ∈ Ω̂α,γ(V) by using the Riemann-Stieltjes integration in a

similar way as in the usual RP theory (for instance, π21〈Ŝ(z)s,t〉 :=
∫ t

s

∫ u2

s
dwu1 ⊗ dbu2).

We define GΩ̂α,γ(V) to be the closure of {Ŝ(z) | z = (b, w) ∈ C1
0(V)}, which is a complete

separable metric space by definition. An element of GΩ̂α,γ(V) is called a geometric ARP
of roughness (α, γ) .

In fact, there is a canonical continuous injection GΩ̂α,γ(V) ↪→ GΩα(V). We will

explain it in what follows. Let (Ξ1,Ξ2, B3) ∈ Ω̂α,γ(V). For (i, j, k) ∈ {1, 2}3 with
(i, j, k) 6= (1, 1, 1) and (s, t) ∈ 4T , we define

Ξ
3,[ijk]
s,t := lim

|P|↘0

N∑
l=1

πijk
〈
Ξ1
s,tl−1

⊗ Ξ2
tl−1,tl

+ Ξ2
s,tl−1

⊗ Ξ1
tl−1,tl

〉
, (4.1)

where P := {s = t0 < t1 < · · · < tN = t} is a partition of [s, t]. As we will see, the limit

on the right hand side exists. We set Ξ3
s,t by πijk〈Ξ3

s,t〉 = Ξ
3,[ijk]
s,t if (i, j, k) 6= (1, 1, 1) and

π111〈Ξ3
s,t〉 = B3

s,t. We can easily see that if (Ξ1,Ξ2, B3) = Ŝ(z) for some z = (b, w) ∈
C1
0(V), then (Ξ1,Ξ2,Ξ3) = S3(z), i.e. the natural third-level lift of z.
The following two propositions are key results in constructing our random RP. They

are actually a special case of an anisotropic version of Lyons’ extension thereom (see [6,
Theorem 2.6]). Since our situation is quite simple, we will provide direct proofs below.

Proposition 4.1. For every (Ξ1,Ξ2, B3) ∈ Ω̂α,γ(V), Ξ3,[ijk]
s,t in (4.1) is well-defined. If

max{‖B1‖α, ‖B2‖2α, ‖B3‖3α, ‖W 1‖γ, ‖W 2‖2γ, ‖I[B,W ]‖α+γ, ‖I[W,B]‖α+γ} ≤M (4.2)
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holds for a constant M > 0, then there is a constant C = Cα,γ > 0 such that

‖Ξ3,[ijk]‖δ ≤ CM2 where δ := (6− i− j − k)α + (i+ j + k − 3)γ. (4.3)

Moreover, (s, t) 7→ (Ξ1
s,t,Ξ

2
s,t,Ξ

3
s,t) satisfies Chen’s relation. In particular, (Ξ1,Ξ2,Ξ3) ∈

Ωα(V).

Proof. Pick any (s, t) ∈ 4T with s < t. For P = {s = t0 < t1 < · · · < tN = t}, we set

As,t(P) :=
N∑
l=1

(
Ξ1
s,tl−1

⊗ Ξ2
tl−1,tl

+ Ξ2
s,tl−1

⊗ Ξ1
tl−1,tl

)
.

We throw away tm (1 ≤ m ≤ N − 1) from P . By Chen’s relation, we have

As,t(P)− As,t(P \ {tm}) = Ξ1
tm−1,tm

⊗ Ξ2
tm,tm+1

+ Ξ2
tm−1,tm

⊗ Ξ1
tm,tm+1

. (4.4)

We only prove the case (i, j, k) = (1, 2, 1) for brevity. (The other cases can be done
in the same way.) For P given as above, we can find m (1 ≤ m ≤ N − 1) such that
tm+1 − tm−1 ≤ 2(t− s)/(N − 1). Then, we see that

|π121〈As,t(P)〉 − π121〈As,t(P \ {tm})〉|
≤ |B1

tm−1,tm
⊗ I[W,B]tm,tm+1 |+ |I[B,W ]tm−1,tm ⊗ B1

tm,tm+1
|

≤M2(tm+1 − tm−1)
2α+γ

≤M2

(
2

N − 1

)2α+γ

(t− s)2α+γ. (4.5)

Repeating the above estimate, we have

|π121〈As,t(P)〉| ≤M222α+γζ(2α + γ)(t− s)2α+γ. (4.6)

Here, we have used 2α + γ > 1. Hence, if Ξ
3,[121]
s,t := lim|P|↘0 π121〈As,t(P)〉 exists, it has

the desired Hölder regularity.
Now we show that {π121〈As,t(P)〉}P is Cauchy in P as |P| ↘ 0. First, consider the

case Q ⊃ P , that is, Q is a refinement of P . On each subinterval [tl−1, tl] (1 ≤ l ≤ N),
we throw away points of Q ∩ [tl−1, tl] one by one in the same way as above. Then, we
see from (4.5) that

|π121〈As,t(Q)〉 − π121〈As,t(P)〉| ≤M222α+γζ(2α + γ)
N∑
l=1

(tl − tl−1)
2α+γ

≤M222α+γζ(2α + γ)T |P|2α+γ−1.

For general P and Q, note that P ∪Q is a refinement of both P and Q. Hence, we have

|π121〈As,t(Q)〉 − π121〈As,t(P)〉|
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≤ |π121〈As,t(Q)〉 − π121〈As,t(P ∪Q)〉|+ |π121〈As,t(P ∪Q)〉 − π121〈As,t(P)〉|
≤ 2M222α+γζ(2α + γ)T (|P| ∨ |Q|)2α+γ−1.

This estimate implies the desired Cauchy condition.
Next, we show Chen’s relation. Pick 0 ≤ s < u < t ≤ T arbitrarily. Let P and Q

be a partition of [s, u] and [u, t], respectively. Then, P ∪ Q is a partition of [s, t] and
|P ∪ Q| = |P| ∨ |Q|. By Chen’s relation for (Ξ1,Ξ2), we have

As,t(P ∪Q) = As,u(P) + Au,t(Q) + Ξ1
s,u ⊗ Ξ2

u,t + Ξ2
s,u ⊗ Ξ1

u,t.

Applying π121 to both sides and letting |P ∪ Q| ↘ 0, we have

Ξ
3,[121]
s,t = Ξ3,[121]

s,u + Ξ
3,[121]
u,t +B1

s,u ⊗ I[W,B]u,t + I[B,W ]s,u ⊗ B1
u,t.

From this and the Hölder estimates, we can also show that 4 3 (s, t) 7→ Ξ
3,[121]
s,t ∈

V1 ⊗ V2 ⊗ V1 is continuous.

We write (Ξ1,Ξ2,Ξ3) = Ext(Ξ1,Ξ2, B3). As we have just seen, Ext is an injection
from Ω̂α,γ(V) to Ωα(V). Below we will check that this injection is locally Lipschitz

continuous, i.e. Lipschitz continous on every bounded subset of Ω̂α,γ(V).

Proposition 4.2. Let (Ξ1,Ξ2, B3), (Ξ̃1, Ξ̃2, B̃3) ∈ Ω̂α,γ(V). Suppose that (4.2) holds for
both (Ξ1,Ξ2, B3) and (Ξ̃1, Ξ̃2, B̃3) with a common constant M > 0 and

max{‖B1 − B̃1‖α, ‖B2 − B̃2‖2α, ‖B3 − B̃3‖3α, ‖W 1 − W̃ 1‖γ, ‖W 2 − W̃ 2‖2γ,
‖I[B,W ]− I[B̃, W̃ ]‖α+γ, ‖I[W,B]− I[W̃ , B̃]‖α+γ} ≤ ε

holds for a constant ε > 0, then there is a constant C ′ = C ′(M,α, γ) > 0 (independent
of ε) such that

‖Ξ3,[ijk] − Ξ̃3,[ijk]‖δ ≤ C ′ε where δ := (6− i− j − k)α + (i+ j + k − 3)γ. (4.7)

In particular, Ext : GΩ̂α,γ(V) ↪→ GΩα(V) is locally Lipschitz continuous.

Proof. We use the same notation as in the proof of Proposition 4.1. We see from (4.4)
that

{As,t(P)− Ãs,t(P)} − {As,t(P \ {tm})− Ãs,t(P \ {tm})}
= {Ξ1

tm−1,tm
⊗ Ξ2

tm,tm+1
− Ξ̃1

tm−1,tm
⊗ Ξ̃2

tm,tm+1
}

+ {Ξ2
tm−1,tm

⊗ Ξ1
tm,tm+1

− Ξ̃2
tm−1,tm

⊗ Ξ̃1
tm,tm+1

}.

If m (1 ≤ m ≤ N − 1) is such that tm+1 − tm−1 ≤ 2(t− s)/(N − 1), then

|π121〈As,t(P)− Ãs,t(P)〉 − π121〈As,t(P \ {tm})− Ãs,t(P \ {tm})〉|
= |B1

tm−1,tm
⊗ I[W,B]tm,tm+1 − B̃1

tm−1,tm
⊗ I[W̃ , B̃]tm,tm+1 |
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+ |I[B,W ]tm−1,tm ⊗ B1
tm,tm+1

− I[B̃, W̃ ]tm−1,tm ⊗ B̃1
tm,tm+1

|
≤ 4Mε(tm+1 − tm−1)

2α+γ

≤ 4Mε

(
2

N − 1

)2α+γ

(t− s)2α+γ.

Using the same argument as in the proof of Proposition 4.1, we have

|π121〈As,t(P)− π121〈Ãs,t(P)〉| ≤ 4Mε22α+γζ(2α + γ)(t− s)2α+γ.

Letting |P| ↘ 0, we obtain (4.7) for (i, j, k) = (1, 2, 1). (The other cases can be shown in
the same way.) Thus, we have proved the local Lipschitz continuity of Ext : Ω̂α,γ(V) →
Ωα(V). Combining this with Ext ◦ Ŝ = S3, we see that Ext(GΩ̂α,γ(V)) ⊂ GΩα(V).

4.2 An anisotropic version of Kolmogorov’s continuity crite-
rion for random rough paths

In this subsection, we prove a Kolmogorov-type continuity criterion for random ARPs
of second level. A standard version of this criterion in the RP setting is found in [3,
Theorem 3.1]. We will slightly modify the proof of that theorem.

Let (Q,R, I) = {(Qs,t, Rs,t, Is,t)}(s,t)∈△T
be an R3-valued (two-parameter) stochastic

process defined on a certain probability space (Ω,F ,P) with the following two properties:

• Chen’s relation in a probabilistic sense, that is, for every 0 ≤ s ≤ u ≤ t ≤ T ,

P (Qs,t = Qs,u +Qu,t, Rs,t = Rs,u +Ru,t, Is,t = Is,u + Iu,t +Qs,uRu,t) = 1. (4.8)

• An Lq-version, q ∈ [2,∞), of the Hölder condition with exponent β1, β2 ∈ (0, 1],
that is, there exists C > 0 such that for every (s, t) ∈ 4T

‖Qs,t‖Lq ≤ C(t− s)β1 , ‖Rs,t‖Lq ≤ C(t− s)β2 , ‖Is,t‖Lq/2 ≤ C(t− s)β1+β2 . (4.9)

Proposition 4.3. Let (Q,R, I) be as above and let q ∈ [2,∞) and β1, β2 ∈ (1/q, 1]. As-
sume that (4.8) and (4.9) hold. Then, there exists a continuous modification of (Q,R, I)
(denoted by the same symbol again) with the following two properties:

• Chen’s relation holds almost surely, that is,

P(Qs,t = Qs,u +Qu,t, Rs,t = Rs,u +Ru,t, Is,t = Is,u + Iu,t +Qs,uRu,t

for all 0 ≤ s ≤ u ≤ t ≤ T ) = 1 (4.10)

• For every α1 ∈ (0, β1−1/q) and α2 ∈ (0, β2−1/q), there exist non-negative random
variables MQ,MR ∈ Lq and M I ∈ Lq/2 such that

P(|Qs,t| ≤MQ(t− s)α1 , |Rs,t| ≤MR(t− s)α2 ,

|Is,t| ≤M I(t− s)α1+α2 for all (s, t) ∈ 4T ) = 1. (4.11)
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Proof. Without loss of generality, we may assume T = 1. Set Dn = {k2−n | 0 ≤ k ≤ 2n}
for n ∈ N0 and set D = ∪∞

n=0Dn. By (4.8) there exists Ω1 ∈ F with P(Ω1) = 1 on which

Qs,t = Qs,u +Qu,t, Rs,t = Rs,u +Ru,t, Is,t = Is,u + Iu,t +Qs,uRu,t

holds for all (s, u, t) ∈ D3 with s ≤ u ≤ t. In particular, it holds on Ω1 that Qs,s =
Rs,s = Is,s = 0 for all s ∈ D. From here we will work on Ω1.

We set
KQ

n = sup
1≤i≤2n

|Q(i−1)2−n,i2−n |, n ∈ N0. (4.12)

We also set KR
n and KI

n in the same way. Next, define MQ, MR and M I by

MQ := 2
∞∑
n=0

2nα1KQ
n , MR := 2

∞∑
n=0

2nα2KR
n , M I :=MQMR + 2

∞∑
n=0

2n(α1+α2)KI
n.

We can easily show

E[|KQ
n |q] ≤

2n∑
i=1

E[|Q(i−1)2−n,i2−n |q] ≤ 2nCq(2−n)β1q ≤ Cq(2−n)β1q−1

and, similarly, E[|KR
n |q] ≤ Cq(2−n)β2q−1 and E[|KI

n|q/2] ≤ Cq/2(2−n)(β1+β2)q/2−1.
Then, we have

‖MQ‖Lq ≤ 2
∞∑
n=0

2nα1‖KQ
n ‖Lq ≤ 2C

∞∑
n=0

(2−n)−α1+β1−1/q <∞,

where we have used β1 − 1/q > α1. In the same way, we have ‖MR‖Lq < ∞. From

Schwarz’ inequality, ‖MQMR‖Lq/2 ≤ ‖MQ‖1/2Lq ‖MR‖1/2Lq < ∞ immediately follows. By a
similar argument as above we also have

‖M I −MQMR‖Lq/2 ≤ 2
∞∑
n=0

2n(α1+α2)‖KI
n‖Lq/2 ≤ 2C

∞∑
n=0

(2−n)−α1−α2+β1+β2−2/q <∞.

Thus, we have shown ‖M I‖Lq/2 <∞.
Take any (s, t) ∈ D2 with s < t. Then, there uniquely exists m ∈ N0 such that

2−(m+1) < t − s ≤ 2−m. Moreover, there exists a partition {s = τ0 < τ1 · · · < τN = t}
with τi ∈ D (0 ≤ i ≤ N) such that (1) (τi−1, τi) ∈ Dn × Dn for some n ≥ m + 1
(1 ≤ i ≤ N) and (2) at most two of [τi−1, τi]’s have length 2−n for every n ≥ m+ 1.

Then we have

|Qs,t| ≤ max
1≤i≤N

|Qs,τi | ≤
N∑
i=1

|Qτi−1,τi | ≤ 2
∞∑

n=m+1

KQ
n
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and
|Qs,t|

(t− s)α1
≤ 2α1(m+1)2

∞∑
n=m+1

KQ
n ≤ 2

∞∑
n=m+1

2α1nKQ
n ≤MQ.

In the same way, we have |Rs,t|/(t− s)α2 ≤MR, too.
Next we estimate Is,t. By Chen’s relation, we have

Is,t =
N∑
i=1

(Iτi−1,τi +Qs,τi−1
Rτi−1,τi) (4.13)

and therefore

|Is,t| ≤
N∑
i=1

|Iτi−1,τi |+ max
1≤i≤N

|Qs,τi |
N∑
i=1

|Rτi−1,τi |

≤ 2
∞∑

n=m+1

KI
n +

(
2

∞∑
n=m+1

KQ
n

)(
2

∞∑
n=m+1

KR
n

)
.

Repeating a similar argument as above, we can easily see that

|Is,t|
(t− s)α1+α2

≤ 2
∞∑

n=m+1

2(α1+α2)nKI
n +

(
2

∞∑
n=m+1

2α1nKQ
n

)(
2

∞∑
n=m+1

2α2nKR
n

)
≤M I .

From here, we construct a continuous modification. Set

Ω2 = {ω ∈ Ω1 |MQ(ω) ∨MR(ω) ∨M I(ω) <∞}.

Clearly, P(Ω2) = 1. For ω ∈ Ω2, (Q(ω), R(ω), I(ω)) satisfies Chen’s relation on 41 ∩D2

and the following estimates:

|Qs,t(ω)| ≤MQ(ω)(t− s)α1 , |Rs,t(ω)| ≤MR(ω)(t− s)α2 ,

|Is,t(ω)| ≤M I(ω)(t− s)α1+α2 for every (s, t) ∈ 41 ∩D2. (4.14)

This implies that the map

41 ∩D2 3 (s, t) 7→ (Qs,t(ω), Rs,t(ω), Is,t(ω)) ∈ R3

is uniformly continuous. Since 41 ∩D2 is dense in 41, this map extends to a uniformly
continuous map from41 to R3, which is denoted by (Q̃(ω), R̃(ω), Ĩ(ω)). More concretely,
we take a sequence {(sn, tn)}n∈N ⊂ 41 ∩D2 which converges to (s, t) ∈ 41 and define

(Q̃s,t(ω), R̃s,t(ω), Ĩs,t(ω)) = lim
n→∞

(Qsn,tn(ω), Rsn,tn(ω), Isn,tn(ω)).

Of course, the limit does not depend on the choice of {(sn, tn)}. Obviously, this extended
map satisfies Chen’s relation and the inequalities in (4.14) for every (s, t) ∈ 41.
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Finally, we prove that (Q̃, R̃, Ĩ) is a modification of (Q,R, I). Pick any (s, t) ∈ 4
and take a sequence {(sn, tn)}n∈N ⊂ 41 ∩ D2 which converges to (s, t) ∈ 41. We
have just seen that (Qsn,tn , Rsn,tn , Isn,tn) converges to (Q̃s,t, R̃s,t, Ĩs,t) a.s. as n → ∞.
On the other hand, it follows from (4.8) and (4.9) that (Qsn,tn , Rsn,tn , Isn,tn) converges
to (Qs,t, Rs,t, Is,t) in L1 as n → ∞. Thus, we have shown that (Q̃s,t, R̃s,t, Ĩs,t) =
(Qs,t, Rs,t, Is,t) holds a.s. for every fixed (s, t) ∈ 41.

Next we estimate the difference of two R3-valued (two-parameter) stochastic pro-
cesses (Q,R, I) = {(Qs,t, Rs,t, Is,t)}(s,t)∈△T

and (Q̂, R̂, Î) = {(Q̂s,t, R̂s,t, Îs,t)}(s,t)∈△T
.

Proposition 4.4. Let q ∈ [2,∞) and β1, β2 ∈ (1/q, 1]. Assume that both (Q,R, I)
and (Q̂, R̂, Î) satisfy (4.8)–(4.9) with a common constant C > 0. (Their continuous
modifications as in Proposition 4.3 are denoted by the same symbols again.) Assume
further that

‖Qs,t − Q̂s,t‖Lq ≤ ε(t− s)β1 , ‖Rs,t − R̂s,t‖Lq ≤ ε(t− s)β2 ,

‖Is,t − Îs,t‖Lq/2 ≤ ε(t− s)β1+β2 for all (s, t) ∈ 4T . (4.15)

holds for a constant ε > 0. Then, for every α1 ∈ (0, β1 − 1/q) and α2 ∈ (0, β2 − 1/q),
there exists a constant C ′ > 0 such that∥∥‖Q− Q̂‖α1

∥∥
Lq +

∥∥‖R− R̂‖α2

∥∥
Lq +

∥∥‖I − Î‖α1+α2

∥∥
Lq/2 ≤ C ′ε. (4.16)

Here, C ′ depends on q, β1, β2, α1, α2, C, T , but not on ε.

Proof. We assume T = 1 again. We argue in the same way and use the same symbols
as in the proof of Proposition 4.3.

By replacing Q by Q − Q̂ in (4.12), we set KQ−Q̂
n . We set KR−R̂

n and KI−Î
n in a

similar way. Then, we have

E[|KQ−Q̂
n |q] ≤

2n∑
i=1

E[|Q(i−1)2−n,i2−n − Q̂(i−1)2−n,i2−n |q] ≤ εq(2−n)β1q−1. (4.17)

We also have E[|KR−R̂
n |q] ≤ εq(2−n)β2q−1 and E[|KI−Î

n |q/2] ≤ εq/2(2−n)(β1+β2)q/2−1.
Take any (s, t) ∈ D2 with s < t and let {s = τ0 < τ1 · · · < τN = t} be the partition

as in the proof of Proposition 4.3. From (4.17) we can easily see that

|Qs,t − Q̂s,t| ≤ max
1≤i≤N

|Qs,τi − Q̂s,τi | ≤
N∑
i=1

|Qτi−1,τi − Q̂τi−1,τi | ≤ 2
∞∑

n=m+1

KQ−Q̂
n

and
|Qs,t − Q̂s,t|
(t− s)α1

≤ 2α1(m+1)2
∞∑

n=m+1

KQ−Q̂
n ≤ 2

∞∑
n=m+1

2α1nKQ−Q̂
n
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and therefore

∥∥‖Q− Q̂‖α1

∥∥
Lq ≤ 2

∞∑
n=1

2α1n‖KQ−Q̂
n ‖Lq ≤ 2ε

∞∑
n=m+1

(2−n)−α1+β1−1/q = C ′
1ε,

where we set C ′
1 := 2

∑∞
n=0(2

−n)−α1+β1−1/q < ∞. In essentially the same way, we can

also show
∥∥‖R− R̂‖α2

∥∥
Lq ≤ C ′

2ε for some constant C ′
2 > 0.

Next we turn to the I-component. Since both I and Î satisfy (4.13), we see that

|Is,t − Îs,t| ≤
N∑
i=1

|Iτi−1,τi − Îτi−1,τi |

+ max
1≤i≤N

|Qs,τi − Q̂s,τi |
N∑
i=1

|Rτi−1,τi |

+ max
1≤i≤N

|Q̂s,τi |
N∑
i=1

|Rτi−1,τi − R̂τi−1,τi |.

≤ 2
∞∑

n=m+1

KI−Î
n +

(
2

∞∑
n=m+1

KQ−Q̂
n

)(
2

∞∑
n=m+1

KR
n

)
+
(
2

∞∑
n=m+1

KQ
n

)(
2

∞∑
n=m+1

KR−R̂
n

)
.

By using a similar argument as above, we can easily see from the above estimate that∥∥‖I− Î‖α1+α2

∥∥
Lq/2 ≤ C ′

3ε holds for some constant C ′
3 > 0. This completes the proof.

4.3 Lemmas for the geometric property of random anisotropic
rough paths

The Kolmogorov-type continuity criterion alone is not sufficient for proving the geometric
property of random ARPs which drives our slow-fast system. In this subsection we will
provide a few lemmas for that purpose.

Let w = (wt)t∈[0,T ] be a one-dimensional Brownian motion defined on a probability
space (Ω,F ,P). For m ∈ N, w(m) = (w(m)t)t∈[0,T ] be the mth dyadic piecewise linear
approximation of w, that is the piecewise linear approximation associated with the
partition {kT2−m | 0 ≤ k ≤ 2m} of [0, T ]. Let g ∈ Cα

0 (R) with α ∈ (0, 1). (Note that g
is not random). We set, for (s, t) ∈ 4T ,

I[g, w]s,t =

∫ t

s

(gu − gs)d
Iwu, (4.18)

I[g, w(m)]s,t =

∫ t

s

(gu − gs)dw(m)u. (4.19)
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Here, the integral in (4.18) is an Itô integral, while that in (4.19) is a (random) Riemann-
Stieltjes integral.

Lemma 4.5. For every q ∈ [1,∞) and α ∈ (0, 1), there exists a constant C = Cq,α > 0
such that∥∥I[g, w]s,t∥∥Lq ∨ sup

m∈N

∥∥I[g, w(m)]s,t
∥∥
Lq ≤ C(t− s)α+

1
2‖g‖α, (s, t) ∈ 4T , g ∈ Cα

0 (R).

Here, C does not depend on (s, t) or g.

Proof. In this proof, Cj (0 ≤ j ≤ 4) are certain positive constants which depend on q
and α only. Without loss of generality we may assume T = 1.

By Burkholder’s inequality we have

E [|I[g, w]s,t|q] ≤ C0

(∫ t

s

|gu − gs|2du
) q

2

≤ C0‖g‖qα(2α + 1)−q/2(t− s)(2α+1)q/2,

which is the desired estimate for I[g, w].
We calculate I[g, w(m)] for given m ∈ N. We write tmk := k2−m (0 ≤ k ≤ 2m) and

∆m
k w := wtmk

− wtmk−1
for simplicity. Note that the law of ∆m

k w/2
m/2 is the standard

normal distribution. We will write g1s,t = gt − gs as usual. Set

[g]mk := 2m
∫ tmk

tmk−1

gudu, m ∈ N, 1 ≤ k ≤ 2m.

First, consider the case that s and t belong to the same subinterval, that is, there
exists k such that s, t ∈ [tmk−1, t

m
k ]. Then, we can easily see that

|I[g, w(m)]s,t| =
∣∣∣∣∫ t

s

g1s,u
∆m

k w

2−m
du

∣∣∣∣
≤ ‖g‖α

(t− s)α+1

α + 1

∣∣∣∣∆m
k w

2−m

∣∣∣∣ ≤ ‖g‖α
(t− s)α+

1
2

α + 1

∣∣∣∣∆m
k w

2−m/2

∣∣∣∣
and therefore ∥∥I[g, w(m)]s,t

∥∥
Lq ≤ C1‖g‖α(t− s)α+

1
2 (4.20)

for some constant C1 > 0.
Next, consider the case s ∈ [tmk−1, t

m
k ] and t ∈ [tml , t

m
l+1] for some k, l with k ≤ l. By

Chen’s relation we have

I[g, w(m)]s,t = I[g, w(m)]s,tmk + I[g, w(m)]tmk ,tml
+ I[g, w(m)]tml ,t

+ g1s,tmk w(m)1tmk ,tml
+ g1s,tmk w(m)1tml ,t + g1tmk ,tml

w(m)1tml ,t

=: A1 + · · ·+ A6. (4.21)
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Note that A1 and A3 were already estimated in (4.20). Since w(m)1tmk ,tml
= w1

tmk ,tml
, we

see that ‖A4‖Lq ≤ C2‖g‖α(t− s)α+1/2. Since w(m)1tml ,t = [∆m
l+1w/2

m/2] · [(t− tml )/2
m/2],

the variance of w(m)1tml ,t is dominated by t − tml . Then, in the same way as above, we

see that ‖A5‖Lq + ‖A6‖Lq ≤ C3‖g‖α(t− s)α+1/2.
Finally, we estimate A2. We may assume k < l, here. We can easily see that

A2 =
l∑

j=k+1

[g· − gtmk ]
m
j (∆

m
j w) =

∫ tml

tmk

l∑
j=k+1

[g· − gtmk ]
m
j 1[tmj−1,t

m
j ](u) dwu.

Noting that |[g· − gtmk ]
m
j | ≤ ‖g‖α(tml − tmk )

α, we see from Burkholder’s inequality that

E[|A2|q]
1
q ≤ C4

∫ tml

tmk

∣∣∣∣∣
l∑

j=k+1

[g· − gtmk ]
m
j 1[tmj−1,t

m
j ](u)

∣∣∣∣∣
2

du

 1
2

≤ C4‖g‖α(tml − tmk )
α+1/2,

which completes the proof of the lemma.

Lemma 4.6. For every q ∈ [1,∞), α ∈ (0, 1) and κ ∈ (0, α), there exists a sequence of
positive numbers {εm}m∈N converging to 0 as m→ ∞ such that∥∥I[g, w(m)]s,t − I[g, w]s,t

∥∥
Lq ≤ εm‖g‖α(t− s)α+

1
2
−κ

for all m ∈ N, (s, t) ∈ 4T and g ∈ Cα
0 (R). Here, {εm} does not depend on (s, t) or g.

Proof. We assume T = 1 again and use the same notation as in the proof of Lemma 4.5.
We will estimate I[g, w(m)]− I[g, w] for given m ∈ N. Below, Ci (1 ≤ i ≤ 4) are certain
positive constants which depends only on q, α, κ.

First, consider the case that s and t belong to the same subinterval, that is, there
exists k such that s, t ∈ [tmk−1, t

m
k ]. Then, we see from (4.20) that∥∥I[g, w(m)]s,t − I[g, w]s,t

∥∥
Lq ≤

∥∥I[g, w(m)]s,t
∥∥
Lq +

∥∥I[g, w]s,t∥∥Lq

≤ C1‖g‖α(t− s)α+
1
2

≤ C1(2
−m)κ‖g‖α(t− s)α+

1
2
−κ. (4.22)

Next, consider the case s ∈ [tmk−1, t
m
k ] and t ∈ [tml , t

m
l+1] with k ≤ l. By Chen’s relation

we have

I[g, w(m)]s,t − I[g, w]s,t = {I[g, w(m)]s,tmk − I[g, w]s,tmk }
+ {I[g, w(m)]tmk ,tml

− I[g, w]tmk ,tml
}

+ {I[g, w(m)]tml ,t − I[g, w]tml ,t}
+ g1s,tmk {w(m)1tmk ,tml

− w1
tmk ,tml

}
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+ g1s,tmk {w(m)1tml ,t − w1
tml ,t}

+ g1tmk ,tml
{w(m)1tml ,t − w1

tml ,t} =: B1 + · · ·+B6. (4.23)

Note that B4 = 0 and B1 and B3 were already estimated in (4.22). We can easily check
that

‖B6‖Lq ≤ ‖g‖α(tml − tmk )
α{‖w(m)1tml ,t‖Lq + ‖w1

tml ,t‖Lq}

≤ C2‖g‖α(tml − tmk )
α(t− tml )

1
2

≤ C2(2
−m)κ‖g‖α(t− s)α+

1
2
−κ.

Obviously, B5 satisfies the same estimate, too.
It remains to estimate B2 when k < l. First, we should note that

B2 =

∫ tml

tmk

[
l∑

j=k+1

[g· − gtmk ]
m
j 1[tmj−1,t

m
j ](u)− (gu − gtmk )

]
dwu.

The absolute value of the integrand is dominated by ‖g‖α(2−m)α. By Burkholder’s
inequality, we have

‖B2‖Lq ≤ C3‖g‖α(2−m)α(tml − tmk )
1
2 ≤ C3(2

−m)κ‖g‖α(t− s)α+
1
2
−κ

since 0 < κ < α and t− s ≥ 2−m.
Hence, taking εm := C4(2

−m)κ for a suitable constant C4 > 0, we finish the proof of
the lemma.

Lemma 4.7. Let α ∈ (0, 1) and {gm}m∈N ⊂ Cα
0 (R) be a sequence which converges to

g ∈ Cα
0 (R) as m→ ∞ in the α-Hölder norm. Then, for every q ∈ [1,∞) and κ ∈ (0, α),

there exists a sequence of positive numbers {ε̃m}m∈N converging to 0 as m → ∞ such
that ∥∥I[gm, w(m)]s,t − I[g, w]s,t

∥∥
Lq ≤ C ′ε̃m(t− s)α+

1
2
−κ, (s, t) ∈ 4T , m ∈ N.

Here, we set C ′ := ‖g‖α ∨ supm≥1 ‖gm‖α and {ε̃m} does not depend on (s, t), g, {gm}.

Proof. We may assume T = 1 as before. The left hand side of the desired estimate is
dominated by ∥∥I[gm − g, w(m)]s,t

∥∥
Lq +

∥∥I[g, w(m)]s,t − I[g, w]s,t
∥∥
Lq .

By Lemma 4.5, the first term is dominated by C‖gm − g‖α(t− s)α+1/2. By Lemma 4.6,

the second term is dominated by εm‖g‖α(t − s)α+
1
2
−κ. By setting ε̃m := 2C + εm, we

complete the proof.
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4.4 Construction of driving rough path

Let 1
4
< α0 ≤ 1

3
and (Ω,F ,P) be a probability space. Let w = (wt)0≤t≤T be a standard

e-dimensional Brownian motion and let B = {(B1
s,t, B

2
s,t, B

3
s,t)}0≤s≤t≤T be an GΩα(Rd)-

valued random variable (i.e., random RP) defined on (Ω,F ,P) for every α ∈ (1/4, α0).
We assume that w and B are independent. As for the integrability of B, Assumption
(A) is assumed, that is, |||B|||α has moments of all orders. Let {Ft}0≤t≤T be a filtration
satisfying the usual condition as well as the following two conditions: (i) w is an {Ft}-BM
and (ii) t 7→ (B1

0,t, B
2
0,t, B

3
0,t) is {Ft}-adapted. We setW = (W 1,W 2) as the Stratonovich-

type Brownian RP, that is,

W 1
s,t = wt − ws, W 2

s,t =

∫ t

s

(wu − ws)⊗ ◦dwu, (s, t) ∈ 4T ,

where ◦dw stands for the Stratonovich integral. It is well-known that W ∈ GΩγ(Re) a.s.
and that |||W |||γ has moments of all orders for every γ ∈ (1/3, 1/2).

We set

I[B,W ]s,t :=

∫ t

s

B1
s,u ⊗ dIwu,

I[W,B]s,t := W 1
s,t ⊗ B1

s,t −
∫ t

s

(dIwu)⊗ B1
s,u.

for every (s, t) ∈ 4T . Here, d
Iwu stands for the Itô integration. We can easily see that

I[B,W ]s,t = I[B,W ]s,u + I[B,W ]u,t +B1
s,u ⊗W 1

u,t,

I[W,B]s,t = I[W,B]s,u + I[W,B]u,t +W 1
s,u ⊗ B1

u,t

hold a.s. for each fixed 0 ≤ s ≤ u ≤ t ≤ T .

Lemma 4.8. Let the situation be as above.
(1) For every (s, t) ∈ 4T , we have

I[B,W ]s,t = lim
|P|↘0

N∑
i=1

B1
s,ti−1

⊗W 1
ti−1,ti

, I[W,B]s,t = lim
|P|↘0

N∑
i=1

W 1
s,ti−1

⊗ B1
ti−1,ti

.

Here, the limits are in L2(P) and P = {s = t0 < t1 < · · · < tN = t} is a partition of
[s, t].
(2) For every α ∈ (1

4
, α0) and q ∈ [1,∞), there exists a positive constant C > 0 inde-

pendent of (s, t) such that∥∥I[B,W ]s,t
∥∥
Lq ∨

∥∥I[W,B]s,t
∥∥
Lq ≤ C(t− s)α+

1
2 , (s, t) ∈ 4T .

Proof. We can take any k ∈ J1, dK and l ∈ J1, eK and compute each (k, l)-component.
Hence, it is enough to prove the lemma for d = e = 1.
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We prove the first assertion. The left one is almost obvious from the definition of Itô
integral. For the right one, note that

N∑
i=1

B1
s,ti−1

W 1
ti−1,ti

+
N∑
i=1

W 1
s,ti−1

B1
ti−1,ti

= W 1
s,tB

1
s,t −

N∑
i=1

W 1
ti−1,ti

B1
ti−1,ti

.

By the independence, it holds for i < j that

E[W 1
ti−1,ti

B1
ti−1,ti

W 1
tj−1,tj

B1
tj−1,tj

] = E[B1
ti−1,ti

B1
tj−1,tj

]E[W 1
ti−1,ti

]E[W 1
tj−1,tj

] = 0.

This implies that

E

∣∣∣∣∣
N∑
i=1

W 1
ti−1,ti

B1
ti−1,ti

∣∣∣∣∣
2
 =

N∑
i=1

E[(W 1
ti−1,ti

B1
ti−1,ti

)2]

≤
N∑
i=1

E[(W 1
ti−1,ti

)4]1/2E[(B1
ti−1,ti

)4]1/2

≤ c1

N∑
i=1

(ti − ti−1)
1+2α ≤ c2|P|2α.

Here, we used Assumption (A) and c1 and c2 are certain positive constants. The right
hand side tends to zero as |P| ↘ 0. Thus, we have shown (1).

From Burkholder’s inequality and Assumption (A), the second assertion immediately
follows.

In what follows, we assume α ∈ (1
4
, α0) and γ ∈ (1

3
, 1
2
) with 2α + γ > 1. By

Proposition 4.3 and Lemma 4.8 (2), a continuous modification of I[B,W ] and hence that
of I[W,B] exist, which will be denoted by the same symbols. Moreover, ‖I[B,W ]‖α+γ

and ‖I[W,B]‖α+γ have moments of all orders. Thus, we have seen that (Ξ1,Ξ2, B3) ∈
Ω̂α,γ(V), a.s.

Definition 4.9. We write

Ξ1
s,t :=

(
B1

s,t

W 1
s,t

)
, Ξ2

s,t :=

(
B2

s,t I[B,W ]s,t
I[W,B]s,t W 2

s,t

)
and set (Ξ1,Ξ2,Ξ3) := Ext(Ξ1,Ξ2, B3). (We also write Ξ = (Ξ1,Ξ2,Ξ3) for simplicity.)
As we will see below, (Ξ1,Ξ2, B3) ∈ GΩ̂α,γ(V) a.s. Therefore, due to Proposition 4.2,
Ξ = (Ξ1,Ξ2,Ξ3) ∈ GΩα(V) a.s.

This random RP Ξ is the driving RP of our slow-fast system of RDEs. As we have
seen in Proposition 4.1, ‖Ξ3,[ijk]‖δ, where δ := (6− i− j − k)α + (i+ j + k − 3)γ, have
moments of all orders.
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We write the components of Ξ3 as follows: Ξ3,[111] = B3 and Ξ3,[222] = W 3. For
(i, j, k) 6= (1, 1, 1), (2, 2, 2), we write Ξ3,[121] = I[B,W,B], Ξ3,[221] = I[W,W,B], etc.
Except when (i, j, k) = (1, 1, 1), the Hölder regularity of Ξ3,[ijk] is larger than 1. Hence,
although these seven components are involved in the Riemann-type sum for a RP integral
along Ξ, they actually make no contribution to the RP integral.

It remains to show that the random anisotropic RP (Ξ1,Ξ2, B3) is geometric.

Lemma 4.10. Let the notation be as above. Then, (Ξ1,Ξ2, B3) ∈ GΩ̂α,γ(V), a.s.

Proof. Clearly, (Ξ1,Ξ2, B3) is a functional of B = (B1, B2, B3) and w. Since B and w
are independent, we may write P = PB×PW and E = EB×EW . By Fubini’s theorem, it
is enough to show that, for every fixed realization of B, (Ξ1,Ξ2, B3) ∈ GΩ̂α,γ(V), PW -a.s.
Hence, we will assume below that B is an arbitrary (non-random) element of GΩα(V1).
For simplicity, we assume T = 1 again.

Let {b(m)}m∈N ⊂ C1
0(V1) be a sequence such that limm→∞ S3(b(m)) = B in GΩα(V1).

For the mth dyadic approximation w(m), we write (W (m)1,W (m)2) for S3(w(m)). It
is well-known that for every γ ∈ (1/3, 1/2) and q ∈ [1,∞), there are constants c1, c2 > 0
and r ∈ (0, 1) such that

EW [‖W i‖q/iiγ ] ∨ EW [‖W (m)i‖q/iiγ ] ≤ c1, EW [‖W i −W (m)i‖q/iiγ ] ≤ c2r
m

holds for all m ∈ N and i = 1, 2. Here, c1, c2, r are independent of m.
By Lemma 4.5, 4.7 and Proposition 4.4, we have

lim
m→∞

EW [‖I[b(m), w(m)]− I[b, w]‖α+γ−2κ] = 0

for every sufficiently small κ > 0. From this we can easily see that

lim
m→∞

EW [‖I[w(m), b(m)]− I[w, b]‖α+γ−2κ] = 0.

Hence, a subsequence of {Ŝ(b(m), w(m))}m∈N converges to (Ξ1,Ξ2, B3) in Ω̂α−κ,γ−κ(V)
and hence (Ξ1,Ξ2, B3) ∈ GΩ̂α−κ,γ−κ(V), PW -a.s. Noting that α − κ and γ − κ can be
arbitrarily close to α0 and 1/2, respectively, we complete the proof.

In our construction of the random RP Ξ, Itô integration is used. So, it is not a priori
obvious whether Ξ can be obtained via the piecewise linear approximation. At least, in
the case of fractional Brownian motion with Hurst parameter H ∈ (1/4, 1/3], we can
prove it.

Remark 4.11. Let bH = (bHt )t∈[0,T ] and w = (wt)t∈[0,T ] be a d-dimensional fractional
Brownian motion with Hurst parameter H ∈ (1/4, 1/3] and an e-dimensional Brownian
motion, respectively, which are assumed to be independent. Their mth dyadic piecewise
linear approximation (m ∈ N) are denoted by bH(m) and w(m), respectively.

According to [4, Theorem 15.42 and Proposition 15.5], the following limits of three
sequences of random RPs exist a.s and in Lp (1 ≤ p <∞):
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(i) limm→∞ S3((b
H(m), w(m))) in GΩα(V1 ⊕ V2) with α ∈ (1/4, H).

(ii) limm→∞ S3(b
H(m)) in GΩα(V1) with α ∈ (1/4, H).

(iii) limm→∞ S2(w(m)) in GΩγ(V2) with γ ∈ (1/3, 1/2).

(Concerning the lift of Gaussian processes of this kind, a recent work [5] should also be
referred to.)

We call BH = limm→∞ bH(m) the fractional Brownian RP, i.e. a canonical lift of bH .
In this case we may take α0 = H. We can show that the mixed RP Ξ as in Definition 4.9
(with B being replaced by BH) coincides with limm→∞ S3((b

H(m), w(m))) as expected.
We will check this in the next paragraph.

Obviously from (ii) and (iii) above, 5 (out of 7) components of Ŝ((bH(m), w(m))) ∈
GΩ̂α,γ(V) converge a.s. In essentially the same way as in the proof of Lemma 4.10,

lim
m→∞

EW
[
‖I[bH,j(m), wk(m)]− I[bH,j , wk]‖α+γ

]
= 0

and therefore
lim

m→∞
EW

[
‖I[wk(m), bH,j(m)]− I[wk, bH,j]‖α+γ

]
= 0

hold for almost all fixed bH , where the superscripts j (1 ≤ j ≤ d) and k (1 ≤ k ≤ e)
stands for the coordinates of V1 = Rd and V2 = Re, respectively. If we take a subsequence
which may depend on bH , we have limm→∞ Ŝ((bH(m), w(m))) = (Ξ1,Ξ2, (BH)3) for
almost all w. Since Ext ◦ Ŝ = S3 and Ext is continuous, we have

(Ξ1,Ξ2,Ξ3) = Ext((Ξ1,Ξ2, (BH)3)) = lim
m→∞

S3((b
H(m), w(m))) for a.a. w.

Note that the right hand side above converges even if we do not take subsequence. Hence,
we have (Ξ1,Ξ2,Ξ3) = limm→∞ S3((b

H(m), w(m))) for almost all (bH , w) by Fubini’s
theorem.

5 Slow-fast system of rough differential equations

In this section we define the slow-fast system (2.1) of RDEs precisely and study its
deterministic and probabilistic aspects. In this and the next sections, we always assume
that σ and h are of C4

b and f and g are locally Lipschitz continuous. The regularity
parameters satisfy that 1

4
< β < α < α0 ≤ 1

3
and 1

3
< γ < 1

2
with 2α + γ > 1.

These assumptions guarantee that our slow-fast system of RDEs has a unique time-local
solution up to the explosion time. As before, we write V1 = Rd, V2 = Re and V = V1⊕V2.

5.1 Deterministic aspects

First, we discuss deterministic aspects of our slow-fast system of RDEs. As in Definition
4.9, let (Ξ1,Ξ2, B3) ∈ GΩ̂α,γ(V) and write Ξ = Ext(Ξ1,Ξ2, B3). We will often write
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Ξ := (Ξ1,Ξ2,Ξ3) ∈ GΩα(V). This is the driving RP of our slow-fast system. For a CP
(Z,Z†, Z††) ∈ Qβ

Ξ(Rm+n) with respect to Ξ ∈ GΩα(V), we often write Z = (X,Y ).
Respecting the direct sum decomposition Rm+n = Rm ⊕ Rn, a generic element of

Rm+n is denoted by z = (x, y). The (partial) gradient operators with respect to z, x and
y are denoted by ∇z, ∇x and ∇y, respectively. Hence, ∇z = (∇x,∇y) at least formally
when it acts on nice functions on Rm+n. We will write the canonical projections as
ρ1〈z〉 = x and ρ2〈z〉 = y. We set

Fε(x, y) =

(
f(x, y)

ε−1g(x, y)

)
, Σε(x, y) =

(
σ(x) O
O ε−1/2h(x, y)

)
.

Then, Fε : Rm+n → Rm+n and Σε : Rm+n → L(V1 ⊕ V2,Rm+n). In this subsection,
ε ∈ (0, 1] is arbitrary but fixed.

The precise definition of the slow-fast system (2.1) of RDEs (in the deterministic
sense) is given as follows:

Zε
t = z0 +

∫ t

0

Fε(Z
ε
s)ds+

∫ t

0

Σε(Z
ε
s)dΞs, (5.1)

(Zε)†t = Σε(Z
ε
t ), (Zε)††t = (∇zΣε · Σε)(Z

ε
t ), t ∈ [0, T ].

(Note that (Zε)† and (Zε)†† take value in L(V ,Rm+n) and L(V⊗V ,Rm+n), respectively.)
We consider this RDE in the β-Hölder topology.

Let (Zε,Σε(Z
ε), (∇zΣε · Σε)(Z

ε)) be a (necessarily unique) solution of RDE (5.1)
on a certain time interval [0, τ ], where τ ∈ (0, T ]. Then, the summand of the modifies
Riemann sum that approximates the RP integral on the right hand side of (5.1) is given
by

Ks,t := Σε(Z
ε
s)Ξ

1
s,t + {Σε(Z

ε)}†sΞ2
s,t + {Σε(Z

ε)}††s Ξ3
s,t, (s, t) ∈ 4[0,τ ]. (5.2)

Here,

{Σε(Z
ε)}†s = (∇zΣε · Σε)(Z

ε
s) = ∇zΣε(Z

ε
s)〈Σε(Z

ε
s)•, ?〉 ∈ L(V⊗2,Rm+n),

{Σε(Z
ε)}††s = ∇zΣε(Z

ε
s)
〈
(∇zΣε · Σε)(Z

ε
s)〈•, ?〉, ∗

〉
+∇2

zΣε(Z
ε
s)〈Σε(Z

ε
s)•,Σε(Z

ε
s)?, ∗〉 ∈ L(V⊗3,Rm+n).

Here, we used the third item of Example 3.1, again.

Remark 5.1. For the rest of this section, we use the following notation. Let τ ∈
(0, T ] and let X be a Euclidean space. If a continuous map η : 4[0,τ ] → X belongs to
Cδ
(2)([0, τ ],X ) for δ > 0, we simply write O((t− s)δ) for ηs,t. It should be noted:

• When we use this “big O” symbol, we do not assume that t− s is small.

• When η depends on a driving RP Ξ or (Ξ1,Ξ2, B3), ‖η‖δ,[0,τ ] may depend on the RP
(and the parameter ε). In other words, this symbol only means RP-wise estimates.
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Remark 5.2. An element of a direct sum space is denoted by both a “column vector”
and a“row vector.” These are not precisely distinguished.

Lemma 5.3. Let 0 < τ ≤ T and let the situation be as above. Suppose that

(Zε,Σε(Z
ε), (∇zΣε · Σε)(Z

ε)) ∈ Qβ
Ξ([0, τ ],R

m+n),

is a unique solution of RDE (5.1) on [0, τ ] and write Zε = (Xε, Y ε).
Then, (Xε, σ(Xε), (∇xσε · σε)(Xε)) belongs to Qβ

B([0, τ ],Rm) and is a unique local
solution of the following RDE driven by B = (B1, B2, B3) on [0, τ ]:

Xε
t = x0 +

∫ t

0

f(Xε
s , Y

ε
s )ds+

∫ t

0

σ(Xε
s )dBs, (5.3)

(Xε)†t = σ(Xε
t ), (Xε)††t = (∇xσ · σ)(Xε

t ), t ∈ [0, τ ].

Recall that an RDE of this type was introduced in (3.17) and discussed in Subsection
3.3.

Proof. By Proposition 3.2, we have

Xε
t −Xε

s = O((t− s)1) + ρ1〈Ks,t〉, (s, t) ∈ 4[0,τ ] (5.4)

since 4β > 1.
It is clear that

ρ1〈Σε(Z
ε
s)Ξ

1
s,t〉 = σ(Xε

s )B
1
s,t. (5.5)

Note that the Rm-component of Σε(z) equals σ(ρ1〈z〉) ◦ π1 = σ(x) ◦ π1. In particular,
∇yρ1〈Σε(z)〉 vanishes. By standard calculation for block matrices, we see that

ρ1
〈
∇zΣε(Z

ε
s)〈Σε(Z

ε
s)•, ?〉

〉
= ∇z[ρ1〈Σε(Z

ε
s)〉]〈Σε(Z

ε
s)•, ?〉

= (∇xσ)(X
ε
s )〈ρ1〈Σε(Z

ε
s)•〉, π1?〉

= (∇xσ)(X
ε
s )〈σ(Xε

s )π1•, π1?〉

and therefore

ρ1〈{Σε(Z
ε)}†sΞ2

s,t〉 = (∇xσ)(X
ε
s )〈σ(Xε

s )•′, ?′〉|(•′,⋆′)=B2
s,t

= (∇xσ · σ)(Xε
s )〈B2

s,t〉. (5.6)

Set (Xε)† = σ(Xε) and (Xε)†† = (∇xσ · σ)(Xε). Then, we can easily see from (5.4)–
(5.6) that Xε

t − Xε
s = (Xε)†sB

1
s,t + (Xε)††s B

2
s,t + O((t − s)3β). We can also easily check

that (Xε)†t − (Xε)†s = (Xε)††s 〈B1
s,t, ∗〉 + O((t− s)2β). Hence, (Xε, (Xε)†, (Xε)††) is a CP

with respect to B = (B1, B2, B3). It should be noted that (Xε)†† = {σ(Xε)}†.
By cumbersome but similar calculations for block matrices as above, we also have

ρ1〈{Σε(Z
ε)}††s Ξ3

s,t〉 = ∇xσ(X
ε
s )
〈
(∇xσ · σ)(Xε

s )〈•′, ?′〉, ∗′
〉
|(•′,⋆′,∗′)=B3

s,t

+∇2
xσ(X

ε
s )〈σ(Xε

s )•′, σ(Xε
s )?

′, ∗′〉|(•′,⋆′,∗′)=B3
s,t
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= {σ(Xε)}††s 〈B3
s,t〉. (5.7)

Hence, we have

ρ1〈Ks,t〉 = σ(Xε
s )B

1
s,t + {σ(Xε)}†s〈B2

s,t〉+ {σ(Xε)}††s 〈B3
s,t〉

and therefore

ρ1

〈∫ t

s

Σε(Z
ε
u)dΞu

〉
=

∫ t

s

σ(Xε
u)dBu.

This completes the proof of the lemma.

As for the slow component of Ks,t, we can easily see the following lemma, in which
∇xh(x, y) ·σ(x) is a shorthand for the linear map from V1⊗V2 to Rn defined by ξ⊗η 7→
∇xh(x, y)〈σ(x)ξ, η〉. Note that 2α + γ > 1 and that the third term on the right hand
side of (5.8) is (formally) the same as the Itô-Stratonovich correction term. (In the

probabilistic part of this paper, W 2 and W
2
will be the second level of the Stratonovich-

type and the Itô-type Brownian RP, respectively.)

Lemma 5.4. Let the assumptions be the same as in Lemma 5.3 above. Then, we have

ρ2〈Ks,t〉 = ε−1/2h(Xε
s , Y

ε
s )W

1
s,t + ε−1/2∇xh(X

ε
s , Y

ε
s ) · σ(Xε

s )〈I[B,W ]s,t〉
+ ε−1(∇yh · h)(Xε

s , Y
ε
s )〈W 2

s,t〉+O((t− s)2α+γ)

= ε−1/2h(Xε
s , Y

ε
s )W

1
s,t + ε−1/2∇xh(X

ε
s , Y

ε
s ) · σ(Xε

s )〈I[B,W ]s,t〉

+ ε−1(∇yh · h)(Xε
s , Y

ε
s )〈W

2

s,t〉
+ 1

2
ε−1Trace

[
(∇yh · h)(Xε

s , Y
ε
s )〈•, ?〉

]
(t− s) +O((t− s)2α+γ) (5.8)

for all (s, t) ∈ 4[0,τ ]. Here, we set W
2

s,t := W 2
s,t − t−s

2

∑e
k=1 ek ⊗ ek for the canonical

orthonormal basis {ek}ek=1 of V2 = Re.

Proof. We only check the first equality since the second one is obvious. The components
of Ξ3 involved in ρ2〈Ks,t〉 are I[B,B,W ]s,t, I[B,W,W ]s,t, I[W,B,W ]s,t and W

3
s,t, all of

which are O((t− s)2α+γ). The rest is trivial.

5.2 Probabilistic aspects

In what follows we work under (A) and assume that 1/4 < β < α < α0(≤ 1/3). For the
rest of this section, Ξ is as in Definition 4.9. The precise meaning of the random RDE
in our main theorem is RDE (5.1) driven by this Ξ.

We extend the time interval of the filtration {Ft} by setting Ft = Ft∧T for t ≥ 0.
Denote by R̂m+n := Rm+n ∪ {∞} the one-point compactification of Rm+n. If a global
solution (Zε

t )t∈[0,T ] exists, then we set Zε
t = Zε

t∧T for t ≥ 0. Otherwise, denote by
(Zε

t )t∈[0,uε), 0 < uε ≤ T , be a maximal local solution and set Zε
t = ∞ for t ∈ [uε,∞).

Either way, (Zε
t ) is constant in t on [T,∞), a.s.

Define τ εN = inf{t ≥ 0 | |Zε
t | ≥ N} for each N ∈ N and τ ε∞ = limN→∞ τ εN . (As usual

inf ∅ := ∞.) These are {Ft}-stopping times. Then, the following are equivalent:
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• A global solution (Zε
t )t∈[0,T ] of RDE (5.1) exists.

• (Zε
t )t∈[0,T ) defined as above is bounded in Rm+n.

• τ εN = ∞ for some N .

• τ ε∞ > T .

It should be noted that while a solution of RDE (5.1) moves in a bounded set, its
trajectory is uniformly continuous in t (because its Hölder norm is bounded). Hence, if
(Zε

t )t∈[0,s), 0 < s ≤ T , is bounded, then (Zε
t )t∈[0,s] solves RDE (5.1).

On the other hand, if no global solution exists, then we have uε = τ ε∞ ∈ (0, T ] and
lim supt↗τε∞

|Zt| = ∞. Moreover, limt↗τε∞ |Zt| = ∞ because of the uniform continuity

mentioned above. Therefore, (Zε
t )t≥0 is a continuous process that takes values in R̂m+n.

Proposition 5.5. Let the notation be as above and assume (A). Then, for every ε ∈
(0, 1], Y ε satisfies the following Itô SDE up to the explosion time of Zε = (Xε, Y ε):

Y ε
t = y0 +

1

ε

∫ t∧T

0

g̃(Xε
s , Y

ε
s )ds+

1√
ε

∫ t∧T

0

h(Xε
s , Y

ε
s )d

Iws, 0 ≤ t < τ ε∞.

Recall that g̃(x, y) was defined by (2.2), that is,

g̃(x, y) = g(x, y) + 1
2
Trace

[
(∇yh · h)(x, y)〈•, ?〉

]
.

Proof. The proof is very similar to the corresponding one in the case α0 ∈ (1/3, 1/2] in
[8, Proposition 4.7]. Hence, our argument here is a little bit sketchy.

Let P = {0 = t0 < t1 < · · · < tK = t} be a partition of [0, t] for 0 < t ≤ T . Recall
that the summand of the Riemann sum for the RP integral in RDE (5.1) was calculated
in the previous subsection.

First, we prove the lemma when h, σ are of C4
b and f, g are bounded and globally

Lipschitz continuous. In this case the solution never explodes, i.e. τ ε∞ = ∞, a.s. It is
easy to see that

lim
|P|↘0

K∑
i=1

h(Xε
ti−1

, Y ε
ti−1

)W 1
ti−1,ti

=

∫ t

0

h(Xε
s , Y

ε
s )d

Iws in L2(P)

and

lim
|P|↘0

K∑
i=1

Trace
[
(∇yh · h)(Xε

ti−1
, Y ε

ti−1
)〈•, ?〉

]
(ti − ti−1)

=

∫ t

0

Trace
[
(∇yh · h)(Xε

s , Y
ε
s )〈•, ?〉

]
ds, a.s.

Note that 1
2
Trace

[
(∇yh · h)(x, y)〈•, ?〉

]
= g̃(x, y)− g(x, y).
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If As,t = O((t − s)2α+γ), one can easily see that lim|P|↘0

∑K
i=1Ati−1,ti = 0, a.s. since

2α + γ > 1. By the same argument as in [8], we can prove

lim
|P|↘0

K∑
i=1

(∇yh · h)(Xε
ti−1

, Y ε
ti−1

)〈W 2

ti−1,ti
〉 = 0 in L2(P),

lim
|P|↘0

K∑
i=1

∇yh(X
ε
ti−1

, Y ε
ti−1

) · σ(Xε
ti−1

, Y ε
ti−1

)〈I[B,W ]ti−1,ti〉 = 0 in L2(P).

Note that W
2
is the second level of Brownian RP of Itô type. Combining these all, we

have shown that

Y ε
t = y0 +

1

ε

∫ t∧T

0

g̃(Xε
s , Y

ε
s )ds+

1√
ε

∫ t∧T

0

h(Xε
s , Y

ε
s )d

Iws, t ≥ 0 (5.9)

holds a.s. in this case.
From here only the standing assumption is assumed on the coefficients h, σ, f, g. Take

any sufficiently large N . Let φN : Rm+n → [0, 1] be a smooth function with compact
support such that φN ≡ 1 on the ball {z ∈ Rm+n | |z| ≤ N} and set ĥ := hφN . Also,
σ̂, f̂ , ĝ are defined in the same way. We replace the coefficients of RDE (5.1) by these
corresponding data with “hat” and denote a unique solution by Ẑε = (X̂ε, Ŷ ε). Then,
(5.9) holds with X̂ε, Ŷ ε, ĥ, ĝ in place of Xε, Y ε, h, g. By the uniqueness of the RDE, it
holds that Ẑε

t∧τεN
= Zε

t∧τεN
for all 0 ≤ t ≤ T . Therefore, we almost surely have

Y ε
t∧τεN∧T = Ŷ ε

t∧τεN∧T

= y0 +
1

ε

∫ t∧τεN∧T

0

(ĝ)∼(X̂ε
s , Ŷ

ε
s )ds+

1√
ε

∫ t∧τεN∧T

0

ĥ(X̂ε
s , Ŷ

ε
s )d

Iws,

= y0 +
1

ε

∫ t∧τεN∧T

0

g̃(Xε
s , Y

ε
s )ds+

1√
ε

∫ t∧τεN∧T

0

h(Xε
s , Y

ε
s )d

Iws, t ≥ 0. (5.10)

Since τ εN ↗ τ ε∞ as N → ∞ a.s. on the set {τ ε∞ ≤ T}, we finish the proof by letting
N → ∞.

In the same way as in the author’s previous work [8], we can show non-explosion of
the solution under the assumptions on the coefficients. Note that our assumptions on
the coefficients are stronger than the corresponding ones in [8].

Proposition 5.6. Assume (A) and (H1)–(H5). Then, the probability that Zε =
(Xε, Y ε) explodes on [0, T ] is zero. Moreover, we have

sup
0<ε≤1

E[‖Xε‖pβ,[0,T ]] <∞, 1 ≤ p <∞, (5.11)

sup
0<ε≤1

sup
0≤t≤T

E[|Y ε
t |2] <∞. (5.12)
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Proof. Thanks to Proposition 3.3, Lemma 5.3 and Proposition 5.5, the same proof as in
[8, Proposition 4.8] still works.

Now that Proposition 5.6 has been obtained, our arguments in what follows are very
similar to the level 2 case in the corresponding part of [8]. Therefore, in order to avoid
repetition, our proofs will be sketchy from here.

Now, we introduce a new parameter δ with 0 < ε < δ ≤ 1. (In spirit, 0 < ε� δ � 1.
Later, we will set δ := ε1/(6β) log ε−1.) We divide [0, T ] into subintervals of equal length δ
(except perhaps the last subinterval). For s ≥ 0, set s(δ) := bs/δcδ, which is the nearest
breaking point preceding or equal to s.

We set

Ŷ ε
t = y0 +

1

ε

∫ t

0

g̃(Xε
s(δ), Ŷ

ε
s )ds+

1√
ε

∫ t

0

h(Xε
s(δ), Ŷ

ε
s )d

Iws, t ∈ [0, T ]. (5.13)

Note that Ŷ ε’s dependence on δ is suppressed in the notation. This approximation
process satisfies the following two estimates. (The next two lemmas are basically the
same as or easier than [8, Lemma 5.1 and Lemma 5.2].)

Lemma 5.7. Under the same assumptions as in Proposition 5.6, we have the following:
For every δ and ε with 0 < ε < δ ≤ 1, the above process Ŷ ε does not explode and satisfies

sup
0<ε<δ≤1

sup
0≤t≤T

E[|Ŷ ε
t |2] <∞. (5.14)

Proof. The proof is essentially the same as that of Proposition 5.6. (In fact, this one is
easier because we already know Xε

s(δ) exists and satisfies the estimate (5.11).)

Lemma 5.8. Assume (A) and (H1)–(H6). Then, there exists a positive constant C
independent of δ such that

sup
ε∈(0,δ)

sup
0≤t≤T

E[|Y ε
t − Ŷ ε

t |2] ≤ Cδ2β.

Proof. We omit the proof since it is essentially the same as in [8, Lemma 5.2].

It is easy to see that, if we define

Mt =

∫ t

0

{f(Xε
s , Y

ε
s )− f(Xε

s(δ), Y
ε
s )}ds+

∫ t

0

{f(Xε
s(δ), Y

ε
s )− f(Xε

s(δ), Ŷ
ε
s )}ds (5.15)

+

∫ t

0

{f(Xε
s(δ), Ŷ

ε
s )− f̄(Xε

s(δ))}ds+
∫ t

0

{f̄(Xε
s(δ))− f̄(Xε

s ))}ds,

then

Xε
t − X̄t =

∫ t

0

f(Xε
s , Y

ε
s )ds+

∫ t

0

σ(Xε
s )dBs −

∫ t

0

f̄(X̄s)ds−
∫ t

0

σ(X̄s)dBs (5.16)
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=Mt +
(∫ t

0

{f̄(Xε
s )− f̄(X̄s)}ds+

∫ t

0

{σ(Xε
s )− σ(X̄s)}dBs

)
holds as an equality of CPs with respect to B. We will later apply Proposition 3.5 to
(5.16) after estimating ‖M‖3β.

Lemma 5.9. Assume the same condition as in Lemma 5.8. Then, there exists a positive
constant C independent of ε, δ such that

E
[∥∥∥∫ ·

0

{f(Xε
s , Y

ε
s )− f(Xε

s(δ), Y
ε
s )}ds

∥∥∥2

1
+
∥∥∥∫ ·

0

{f̄(Xε
s(δ))− f̄(Xε

s ))}ds
∥∥∥2

1

+
∥∥∥∫ ·

0

{f(Xε
s(δ), Y

ε
s )− f(Xε

s(δ), Ŷ
ε
s )}ds

∥∥∥2

1

]
≤ Cδ2β

for all 0 < ε < δ ≤ 1. Here, ‖ · ‖1 stands for the 1-Hölder (i.e. Lipschitz) norm.

Proof. Using the globally Lipschitz property of f , we can show this lemma in a straight-
forward way. The proof is easy and essentially the same as in [8, Lemma 5.3].

We can estimate the most difficult one among the four terms in the definition of M
as follows.

Lemma 5.10. Assume the same condition as in Lemma 5.8 and let 0 < γ < 1. Then,
there exists a positive constant C independent of ε, δ such that

E
[∥∥∥∫ ·

0

{f(Xε
s(δ), Ŷ

ε
s )− f̄(Xε

s(δ))}ds
∥∥∥2

γ

]
≤ C(δ2(1−γ) + δ−2γε)

for all 0 < ε < δ ≤ 1.

Proof. Essentially the same proof as in [8, Lemma 5.4] works in this case, too. However,
it should be noted that the proof is not easy. Both a careful approximation on each
subinterval and the Markov property of the frozen SDE must be used.

Now we prove our main theorem.

Proof of Theorem 2.1. Applying Proposition 3.5 to (5.15) and (5.16), we obtain that

‖Xε − X̄‖β ≤ C exp(C|||B|||να) ‖M‖3β

for certain positive constant C and ν which are independent of ε, δ. (Below, C and ν
may vary from line to line.) By Lemmas 5.9 and 5.10, we have

E[‖M‖23β] ≤ C(δ2β + δ2(1−3β) + δ−6βε).

Therefore, if we set δ := ε1/(6β) log ε−1 for example, then ‖M‖3β converges to 0 in L2-
sense as ε↘ 0. It immediately follows that ‖Xε − X̄‖pβ converges to 0 in probability as
ε↘ 0 for every p ∈ [1,∞).
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On the other hand, we see from Proposition 3.3 that

sup
0<ε≤1

E[‖Xε − X̄‖pβ] ≤ 2p−1 sup
0<ε≤1

E[‖Xε‖pβ] + 2p−1E[‖X̄‖pβ] ≤ C(E[|||B|||νpα ] + 1) <∞

for every p ∈ [1,∞). This implies that {‖Xε − X̄‖pβ}0<ε≤1 are uniformly integrable for

each fixed p. Hence, we have E[‖Xε − X̄‖pβ] → 0 as ε↘ 0. This completes the proof of
the main theorem.
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