STABILITY OF TRAVELLING WAVES TO KORTEWEG-DE VRIES TYPE
EQUATIONS WITH FRACTIONAL DISPERSION

KAITO KOKUBU

ABSTRACT. We study stability of travelling wave solutions to Korteweg—de Vries type equations
which has the fractional dispersion and integer-indices double power nonlinearities. It may
depend on parity combinations of the two indices and the strength of dispersion whether these
equations have a ground state solution. Therefore, we observe the stability phenomena on
travelling wave solutions from the perspective of the parities and the dispersion, and we give
the classification of phenomena on travelling wave solutions. In this paper, we focus on stable
travelling wave solutions.

1. INTRODUCTION

In this paper, we consider the stability of travelling wave solutions to Korteweg—de Vries type
equations

Bpu+ 8, f (u) — 9. D%u =0, (t,2) €R xR, (1.1)

where u = u(t, x) is a real-valued unknown function, o is a real number satisfying 1 < o < 2,
and the operator D7 is the Fourier multiplier with symbol |£]|7. The operator D? is also denoted
as (—02)°/2.

When o = 2 and f(s) = s*(s € R), the equation (1.1) coincides with the Korteweg-de
Vries equation, which describes physical dynamics of waves on shallow water (see, e.g. [13]).
When o = 1 and f(s) = s?, the equation (1.1) is the Benjamin—Ono equation, which physically
describes dynamics of internal waves in stratified fluids (see, e.g. [4,18]).

A travelling wave solution is a solution to (1.1) of form u(t,z) = ¢(xz — ct), where ¢ is a
positive constant representing the speed of the wave, and ¢ € H/?(R) is a nontrivial solution
to the stationary problem

DIg+cop—f(¢)=0, zeR (1.2)
We say that ¢ € H?/2(R) is a ground state solution to (1.2) if ¢ satisfies

Se(p) = inf{S.(v) : v € H?(R) \ {0}, v is a solution to (1.2)},

where the functional S, is the action functional corresponding to the equation (1.2) defined in
H??(R) as S.(v) = E(v) + ¢M(v) with the energy functional E and the mass functional M

defined as

1, 1
B() = 51027l — [ Flayda, M) = 3lolis
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where F(s) is the primitive function of the nonlinearity f(s). We remark that S, € C*(H°/?(R),R)*
and that v € H°/?(R) is a solution to (1.2) if and only if S’(v) = 0, where G’ denotes the Fréchet
derivative of a functional G' defined in H°/?(R). In this paper, we mainly consider travelling
wave solutions to (1.2) constructed by ground state solutions to (1.2).

Next, we define the stability and instability of travelling wave solutions. First, for » > 0 and
v € H/?(R), we set

Ue(v) ={u € H”/2(]R) : igﬂg |lu—ov(-— y)||§p,/2 <r}.
y

Let ¢ € H?/?(R) be a nontrivial solution to (1.2). We say that a travelling wave solution
o(x — ct) to (1.1) is stable if for any € > 0, there exists § > 0 such that if uy € U.(¢), then the
time-global solution u(t) € C([0,00), H?/?(R)) to (1.1) exists and satisfies that u(t) € U.(¢)
holds for all £ > 0. Otherwise, we say that a travelling wave solution ¢(x — ct) is unstable.

The stability and instability of travelling wave solutions to (1.1) with single power nonlin-
earities f(s) = s? (p € N, 2 < p < 00) have been studied well. In this case, it is known that
the stationary problem (1.2) has the unique positive and even ground state solution (existence:
Weinstein [20], uniqueness for 1 < ¢ < 2: Frank-Lenzmann [8]). By an abstract theory of the
stability and instability of travelling wave solutions developed by Bona—Souganidis—Strauss [5],
we can find that the travelling wave solution to (1.1) constructed with the positive ground state
solution to (1.2) is stable if p < 20 + 1, or unstable if p > 20 + 1 (for the stability results,
see also [20]). According to [5], travelling wave solutions are stable if 9d(c) > 0, or unstable
if 92d(c) < 0, where d(c) = S.(tb.) with 1. denoting a ground state solution for ¢ > 0. When
nonlinearities of (1.1) are single power ones, we can find the scaling property of the ground
state solution to (1.2) such that v.(z) = ¢"/®=Ye, (c'/7z). This property allows us to calculate
02d(c) easily so that we can see that 92d(c) > 0 holds if p < 20+ 1, or 92d(c) < 0if p > 20 + 1.
Here we remark that the exponent 20 +1 is the L?-critical one for the KdV type equation (1.1).
When o = 2 and p = 20 + 1 = 5, Martel-Merle [15] proved that the travelling wave solution to
(1.1) is unstable.

Meanwhile, it is difficult to analyze the stability of travelling wave solutions to the equation
(1.1) with generalized nonlinearities because we can hardly see the signature of 9*d(c) so that the
theory of [5] is not applicable. Therefore, the purpose of this study is to focus on the equation
(1.1) with specific nonlinearities and observe stability properties of travelling wave solutions.
In this paper, we consider equations (1.1) with integer-indices double power nonlinearities such
as

Ou~+ Oz (au? +u?) — 0, DIu =0, (t,z) € R xR, (1.3)
where a € {+1,—1} and p, ¢ € N satisfying 2 < p < ¢ < oco. The remarkable example of these
equations is the case that o = 2, p = 2, and ¢ = 3, where the equation (1.3) coincides with the
so-called Gardner equation, which is introduced by Miura-Gardner-Kruskal [16].

Throughout this paper, we assume the local well-posedness of the Cauchy problem associated
with (1.3) in the energy space H/?(R).

Assumption. Let 1 < o < 2. Then, for any ug € H7/?(R), there exists T = T(||uo]| gos2) > 0
and a unique solution u(t) € C([0,T), H/?(R)) to (1.3) with u(0) = wug which satisfy the

"n this paper, we mainly consider power type nonlinearities, which are good enough for the functional S, to
belong to C?(H?/?(R),R).
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following conservation laws:
E(u(t)) = E(uo), M(u(t)) = M(uo), tel0,T).

We remark that Molinet-Tanaka [17] showed that this assumption actually holds if 4/3 <
o < 2.
The stationary problem derived from (1.3) is the following:

Dl¢+cp—ap’ —p?=0, xeR (1.4)

The author studied the existence of ground state solutions to (1.4) with @ = —1 in a previous
paper [12] and found that existence properties of nontrivial solutions to (1.4) depend on parity
combinations of indices p and q. Here we state the results of the existence of ground state
solutions to (1.4) including the case a = +1.

Theorem 1.1. Let 1 <0 <2, pge N, 2<p<q<oo, and c > 0. Then the following
properties hold:

(I)  The case a = +1.
If q is odd, then there exists a positive ground state solution to (1.4).
(IT)  The case a = —1.
(1) If p is odd, then there exists a positive ground state solution to (1.4).
(2) Ifpis even and q is odd, then there exists a negative ground state solution to (1.4).

Remark 1.2. 1. Each ground state solution obtained in Theorem 1.1 can be taken as
an even function, and be decreasing in |z| if positive or increasing in |z| if negative.
Moreover, since p and ¢ are positive integers, we can see that any ground state solution
to (1.4), which is found in H?/2(R), belongs to H>(R). We will prove this in Section 2.

2. In Theorem 1.1, we only consider cases that we can find a ground state solution, while
there are other cases not appearing in the statement where we can find a nontrivial
solution which is (possibly) not ground state solutions. In addition, when we consider
case (II-2), we can show that there exists a positive solution to (1.4) and none of them
are ground state solutions. For details, see the author’s previous paper [12].

Hereafter, whenever we take a ground state solution to (1.4) or any stationary problem
appearing below, we always consider even one.

Now we state the stability result of travelling wave solutions to (1.3) constructed with ground
state solutions to (1.4) obtained in Theorem 1.1.

Theorem 1.3. Let 1 <0 <2, p,qg e N, and 2 < p < q < oco. Then the following properties
hold:

(I)  The case a = +1.

Assume that q is odd, and p < 20 + 1. Let ¢. be a positive ground state solution
to (1.4) for ¢ > 0. Then there exists co € (0,00) such that a travelling wave solution
de(x — ct) to (1.3) is stable for all c € (0, cp).

(IT)  The case a = —1.
(1)  Assume that p is odd and g < 20 + 1. Let ¢. be a positive ground state solution to
(1.4) for ¢ > 0. Then there exists ¢; € (0,00) such that a travelling wave solution
de(x — ct) to (1.3) is stable for all c € (¢, 00).
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(2) Assume that p is even, q is odd, and q < 20 + 1. Let ¢. be a negative ground state
solution to (1.4) for ¢ > 0. Then there ezists co € (0,00) such that a travelling
wave solution ¢.(x — ct) to (1.3) is stable for all ¢ € (cg,0).

Remark 1.4. We can find many examples of indices combinations p and ¢ satisfying the
assumption of case (I) in Theorem 1.3. Meanwhile, we have only one combination of indices
which satisfies the assumption of case (II-j). For instance, the combination p = 3, ¢ = 4 is the
only one satisfying the assumption of case (II-1) under 3/2 < ¢ < 2. In case (II-2), we can
only find the combination p =2, ¢ =3 under 1 < o < 2.

Plan for the paper. We prove Theorem 1.1 in Section 2. In Section 3, we consider sufficient
conditions for the stability of travelling wave solutions. In section 4, we prove that the sufficient
conditions given in Section 3 hold true.

Notation. For a function u, .#u and @ denote the Fourier transform of u defined as

1 )
Ful&) =1 :——/u:cemgd:c.
© =) = o= [ u(o
For s > 0 and u,v € H*(R), we define an inner product as
(u,v)gs == (Diu, Div)p2 + (u,v)r2.

Let || - ||gs denote the norm of H*(R) naturally defined by the inner product. Moreover,
we let (f,v) denote a dual product between H~°/2(R) and H°/?(R). For £ € R, we put

(€) = (1+ ).

To simplify the notation, we often use the same letter for constants in different estimates

such as A, B, and C. Any subsequence appearing below will be denoted by original characters.

2. GROUND STATE SOLUTIONS

As mentioned in Section 1, the existence of ground state solutions to (1.4) for case (II-j)
(j = 1,2) has been studied by the author. In this section, we will complete the proof of
Theorem 1.1.

2.1. Existence. Here we observe the existence of ground state solutions to (1.4). In this
subsection, we always assume one of the three conditions of (I), (II-1), or (II-2) in Theorem
1.1, and assume that ¢ > 0.
We let G, denote the set of ground state solutions to (1.4). The action functional S, corre-
sponding to (1.4) is written as
1

1
Se(v) :—||v||2 0/2—L vp+1dx——/vq+1 dx
Wz = 55T ), g+1 )

for v € H?/2(R), where Hv”?{a/2 = | DI?0]1%, + ¢|[v]|2.. We define the Nehari functional K,

derived from the action functional S, as

Kele) = (S.00).0) = ol —a [ o7¥do = [ ot
¢ R

R
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We remark that K .(v) = 0 holds for any nontrivial solution to (1.4). Moreover, we set
d(c) = inf{S.(v) : v € H7*(R) \ {0}, K.(v) =0},
M. = {v € H*(R)\ {0} : Kc(v) =0, S.(v) = d(c)}.

Lemma 2.1. If M. # 0, then G. = M, holds.

Proof. First, we show that M. C G.. Let ¢ € M,.. Then we see that K.(¢) = 0. Now we
consider the following function:

(0,00) 2 X = K (\p) = A2||v||§{g/2 — a Pt /Rqapﬂ dx — NIt /R ¢ da. (2.1)

We show that

aAKc()‘qb)L\:l = <K<,:(¢)7¢> <0. (22)
If ¢ is odd, it is clear that fR ¢ dz > 0. In the case where a = —1 and p is odd, we obtain it
from K .(¢) = 0 that

0< [6lEs+ [ @Hdo= [ o d. 23)
¢ R R

Considering the graph of the function (2.1), we can conclude (2.2). Therefore, by the Lagrange
multiplier theorem, there exists p € R such that S/(¢) = pK/(¢). Then we have

which implies p = 0 and then S.(¢) = 0. Furthermore, from the definition of M., it holds
that S.(¢) = d(c) < S.(v) for any nontrivial solution v € H/?(R) to (1.4), which means that
¢ € Ge.

Next, we show that G. C M,. Since M, # ), we can take some v € M,. Here we let ¢ € G.,.
Then, since v € G, as shown above, we see that S.(¢) < S.(v) = d(c). By K.(¢) = 0, we have
d(c) < S.(¢). Therefore, we obtain S.(¢) = d(c), which means that ¢ € M..

Hence, the proof is completed. O

Thanks to Lemma 2.1, in order to prove the existence of ground state solutions to (1.4), we
shall show that M, # (). We prove this in what follows.
Here we introduce some auxiliary functionals. For v € H?/?(R), we put

1

]C(U) = SC(U) - mKC(’U)
1 1 9 1 1 bl
=(-—-— ,—a| —m— —— , 2.4
(2 Q+1)Hv”Hg/ a<p+1 CJ+1>/RU o (24)
1
Je(v) = Se(v) — ch(U)
1 1 ) 1 1 1
— - 2 - — d . 2
(2 p+1)”v”H5/ +(p+1 qH)/m” ! (25)

We can easily see that
d(c) = inf{S.(v) : v € H*(R) \ {0}, K.(v) =0}
= inf{I.(v) : v € H*(R)\ {0}, K.(v) =0}
= inf{J,(v) : v € H/*(R)\ {0}, K.(v) = 0}. (2.6)
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Lemma 2.2. (i) Assume condition (1) or (1I-2) in Theorem 1.1. Then J.(v) > d(c) holds
for all v € H/*(R) satisfying K.(v) < 0.
(ii)  Assume condition (1I-1) in Theorem 1.1. Then I.(v) > d(c) holds for all v € H/?(R)
satisfying K.(v) < 0.

Proof. (i) Let v € H?/?(R) satisfying K.(v) < 0. We note that v # 0 and that [, v?™ dz > 0
as ¢ is odd. Then, considering the graph of the function (0,00) 3 A — K .(Av), we find some
Ao € (0,1) such that K.(Aov) = 0. By (2.6), we obtain d(c) < J.(Agv) < J.(v).

(ii) In this case, the functional I, is written as

1 1 1 1
I.(v) = (— — —) vl + <— — —) /v”“ dx.
2 qg+1 He p+1 q+1/) J

Furthermore, similarly to (2.3), we can see that [, v?™'dz > 0 holds for all v € H?/?(R)
satisfying K.(v) < 0. Then we can prove the statement with almost the same way as (i). O

Lemma 2.3. [t holds that d(c) > 0.

Proof. We shall show that there exists some C' > 0 such that I.(v) > C or J.(v) > C hold for
all v € H/2(R) \{0} satisfying K.(v) = 0.
Here we let v € H°/2(R) \ {0} satisfy K.(v) = 0. By the Sobolev embedding, we see that

0=K.(v) = ||v||§{g/2 — a/Rvp+1 dx — /quH dx

> ol {1 = C (ol + w12k ) }

with some constant C' > 0. Then we see that 1 < C’(||v||’;1_gl/2 + ||v||ggl/2) Noting that p < ¢, we
have
Culloghe, i ol e > 1
-1
Collollf oy A fl0ll e < 1.
Here we set Cop = min{cfz/(p_l), 02_2/((1_1)} so that we obtain ||U||Za/z > () for all v €

H?/2(R) \ {0} satisfying K.(v) = 0.
In cases (I) and (II-2) in Theorem 1.1, noting that [; v9*!dx > 0, we have

/1 ) 1 1 ™
Jc(U> = (5 — m) H’U”Hg/z + (m - m) /RU dx

1 1 1 1
> - — — 20 > P Ca
> (357 e > (5 55 )

for all v € H/?(R) satisfying K (v) = 0.
We can see that it holds under the condition (II-1) in Theorem 1.1 with a similar discussion

that
1 1
Lv)> (= - —

holds for all v € H?/2(R) satisfying K.(v) = 0. O

To prove that M, # (), we need two more lemmas.
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Lemma 2.4. Let (v,), be a bounded sequence in H?/?(R). Assume that there exists some
r € (2,00) such that inf,cy ||vn|lLr > 0. Then there ezists (z,), C R such that, up to a
subsequence, there exists some vg € H7/?(R)\ {0} such that v, (- + z,) — vo weakly in H?/?(R).

The similar statement for a sequence in H'(R) was proved by Lieb [14]. For the proof,
see [12, Appendix A].

Lemma 2.5 (Brezis—Lieb [6]). Let r € (1,00) and (v,), be a bounded sequence in L"(R).
Assume that v,(x) — v(x) a.e. in R with some measurable function v. Then it holds that

v e L'(R) and that
lim </ \vn\Td:c—/\vn—v\rdx> :/|v|7"da:.

Now we prove that M, # 0 holds.
Proof. Let (v,), C H/?(R) satisfy S.(v,) — d(c) and K.(v,) — 0. Then we have
I.(v,) — d(c), (2.7)
Je(vn) = d(c),

1 1 1 1 1
- p+1 - - q+1 _ L
! (2 p+ 1) /RU” o (2 q+ 1> /RU” dw = Se(vn) = 5 Kelvn) = d(e). (29)

We can see it from (2.7) or (2.8) that (v,), is bounded in H°/2(R). Moreover, by (2.9), we have
inf,cg ||vp]|zr+1 > 0. Then, by Lemma 2.4, there exists (z,), C R and vy € H?/?(R) \ {0} such
that v, (- + 2,) — v weakly in H?/2(R), up to a subsequence. Here we put w, = v,(- + z,).
Then we may assume that w,(x) — vo(x) a.e. in R due to the weak convergence and the Rellich
compact embedding. Therefore, applying Lemma 2.5 to the sequence (w,,),, we have

I(wy) — I(w, — vo) = I.(vg), (2.10)
Je(wy,) — Je(wn, —vo) = Je(vo), (2.11)
K. (wy,) — K.(w, —v9) = K.(vp). (2.12)

In cases (I) and (II-2) in Theorem 1.1, we obtain it from (2.8) and (2.11) that

lim J.(w, —vo) = lim J.(w,) — Je(vo)
n—o0 n—oo

< nh_)n;o Jo(wy) = nh_)IIC}O Jo(vn) = d(c),

which implies that J.(w, — vo) < d(c) holds for n € N sufficiently large. Then, by Lemma 2.2
(i), we have K.(w, —vg) > 0 for large n € N. Moreover, by (2.12), we see that

K. (v9) = lim K.(w,)— lim K.(w, —v) < 0. (2.13)
n—oo n—oo
Therefore, using Lemma 2.2 (i) again, we have

d(c) < Je(vo) < liminf J.(w,) = lim J.(v,) = d(c),
n—oo

n—o0
that is, J.(vg) = d(c). Combining this with Lemma 2.2 (i), we obtain K.(vy) > 0. This and
(2.13) yield that K.(vg) = 0. Thus, we conclude that vy € M..
In case (II-1), we can similarly conclude that M. # ) using (2.10) instead of (2.11).
Hence, the proof is accomplished. [l
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Here we observe solutions to the stationary problems (1.4) further.
Lemma 2.6. Let ¢ € H°/?(R) be a nontrivial solution to (1.4). Then ¢ € H*®(R) holds.

Proof. Let ¢ € H°/?(R) be a nontrivial solution to (1.4). Then, taking the Fourier transform,
we obtain

A 1
36 = g 097 + 0]
First, by the Sobolev embedding, we have
) €17
De — |[1£le — F [adP? + 1
D20l = el dlie = | e 7 oo + 01

<1 Z @) 2 + 117 167 || 2
= [lol720 + 1911724
< C (10l + 18ll%0/2) -

which implies that ¢ € H?(R) < H'(R). Moreover, since p,q € N, we see that ||¢"[|z <
Cll¢||5 for v € {p,q}. Then, we have

1D = (el 2 = || L
e B

< (117 [@*] |2 + N1E]-7 [0 ]2
< Pl + N6
< C (gl + 18ll5) -

which implies that ¢ € H°™}(R). Inductively, we can obtain ¢ € H°™(R) for all j € N, which
completes the proof. 0

F lad” + ¢

2.2. Evenness, positivity, and negativity. In this subsection, we observe properties of
ground state solutions to (1.4).

First, we recall the symmetric decreasing rearrangement of a nonnegative function. Let
v € H°/?(R). Then the following inequality holds:

IDI[0llz2 < D720l e, (2.14)

which implies that |v| € H?/?(R). Moreover, we can define the symmetric decreasing rearrange-
ment of |v| with |v|* denoting it, and obtain

1D 0l |2 < 1Dl 22, (2.15)

We can prove these inequalities similarly to [3, Lemma 8.15]. In addition, we note that ||v*||» =
||v||z+ holds for any nonnegative function v € L?(R) and any v € [1, 00).

Lemma 2.7. Assume condition (1) or (II-1) in Theorem 1.1. Let ¢ € G.. Then |¢|* € G, holds.
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Proof. First, we prove this lemma under condition (I) in Theorem 1.1. Let ¢ € G.. Then ¢
satisfies that S.(¢) = d(c) and K.(¢) = 0. By (2.14) and (2.15), we have

1 1
S.161%) = 3O g =~ [ Qoo = — [ oyt aa
/ 6177 do

1 9 a T o+l B
§H¢HH5/2—p+1/R¢+dx q+1/¢+dx_s<¢)_d(c>, (2.16)

2 J—
2||¢H ‘7/2 +1

IA

and similarly,

K(|o]") < Ke(¢) =0, (2.17)
Je(|o]") < Je(0) = d(c). (2.18)
By (2.18) and Lemma 2.2, we obtain K.(|¢|*) > 0. This and (2.17) give that K.(|¢[*) =
Therefore, by (2.16) and the definition of d(c), we see that S.(|¢|*) = d(c), which implies that
|¢|* € Mc = gc-

Under condition (II-1) in Theorem 1.1, we can prove this lemma in the similar way above by
using

L(|o") < Le(¢) = d(c)
instead of (2.18). O

As a consequence of Lemma 2.7, the stationary problem (1.4) has an even and nonnegative
ground state solution in cases (I) or (II-1) in Theorem 1.1.

In case (II-2) in Theorem 1.1, we can see the existence of an even and nonpositive ground
state solution to (1.4).

Lemma 2.8. Assume condition (11-2) in Theorem 1.1. Let ¢ € G.. Then —|¢|* € G. holds.

Proof. Since p is even, and ¢ is odd, we see that

o *p+1d - _ *p+1d - _ p+1d
/R( o)™ da /R(|¢>I )P de /R|¢| z,

—|p|™) ! dyp = *\at+l gy — 0+ o — o+l o
/R( [¢")"" du /R(Icél) x /R|¢! x /Reb x

Then, similarly to Lemma 2.7, we obtain

1 1 1
Sc<—r¢\*>=§|||¢|*Hi,g/2—p— (ol y do = — [ (01" do

1

< Sl — / 6P+ d / 6]+ da

S bl + —— [ ¢ de — —— [ ¢ de = Se(¢) = d(c),

_||¢||/+ /¢ /Rqs v = S.(6) = d(c)

Ko(=[o[") < Ke(¢) =0,
Je(=lol") < Je(9) = d(o).

Therefore, we can obtain K.(—|¢[*) = 0 and S.(—|¢|*) = d(c) with similar way to Lemma 2.7,
and conclude that —|¢|* € M, = G.. O
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At the end of this subsection, we consider the positivity or negativity of ground state solu-
tions. First, for v > 0, we define a function NJ: R — R as

0' . _ g-1 ]'
M= [ = ) @

It is known that N7 is positive, even, and strictly decreasing in |z|. For details, see e.g. [8,

Appendix A].

Lemma 2.9. Assume conditions (1) or (1I-1) in Theorem 1.1. Let ¢ € H?/%(R) be a nonnegative
solution to (1.4). Then ¢ is strictly positive.

Proof. Let ¢ € H°/?(R) be a nonnegative solution to (1.4). By Lemma 2.6, we see that
¢ € C*(R) N L>(R).
Here we set

A= sup (ag” ' (z) + ¢ (2)) + 1.

zeR
Then, we see that A > 0 and

— (ag? (y) + ¢ (y) > 1 (2.19)

holds for all y € R. Now adding A¢ to both sides of (1.4) and using the function N7 with
v = c+ A, we obtain

d(z) = (NZpx * (Ao — (ad” + ¢7))) (z \/—/Nch/\ z—1y)(A—(ag? " (y) + 06" ' (y)))o(y) dy.

(2.20)
Suppose that there exists some xy € R such that ¢(z9) = 0. By (2.20), we obtain

/NGA YA = (ad" " (y) + ¢ (1)) b (y) dy = 0.

Since N7, > 0 in R, we see it from (2.19) that ¢ = 0 in R, which contradicts that ¢ is
nontrivial.
Hence, the proof is completed. O

With almost the same method as Lemma 2.9, we can show the following statement.

Lemma 2.10. Assume condition (1I-2) in Theorem 1.1. Let ¢ € H?/*(R) be a nonpositive
solution to (1.4). Then ¢ is strictly negative.

3. SUFFICIENT CONDITIONS FOR THE STABILITY OF TRAVELLING WAVE SOLUTIONS

In this section, we consider sufficient conditions for Theorem 1.3 following the method by
Grillakis—Shatah—Strauss [10].

For ¢ > 0, we let ¢, € H?/?(R) be a ground state solution to (1.4) obtained in Theorem 1.1.
According to Theorem 3.5 of [10], the following statement (A) is sufficient for travelling wave
solutions to be stable:

(A) There exist Co > 0 and 9 > 0 such that
E(u) = E(¢e) 2 Co inf lu = ¢e(- = y)lljer2
holds for all u € U, (¢.) satisfying M (u) = M ().
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We can show that statement (A) holds if we assume the following statement:

(B) There exists Cy > 0 which satisfies the following statement:
(2 (¢e)v,v) = Cillv]lFe e
holds for all v € H?/(R) satisfying (v, ¢.)r2 = (v, 0pde)r2 = 0.

Proof that (B) = (A). First, with the idea of Cipolatti [7, Lemma 3.4], we can see that there
exists £; > 0 such that, for all € € (0,¢;) and u € U.(¢,.), there exists g € R such that

Ju = el = Dl = min = 6l = ) o (3.)
Here we put v = u(- + §) — ¢e. Then, by the Taylor expansion, we have
S.(u) = S.(u(- + 7)) = S.(v + 8)
= 5.(60) + (S1(0u). ) + 5026000, 0) + ooy,

M(¢e) = M(u) = M(u(- +y)) = M(¢c +v)
= M(¢c) + (M'(6c),v) + O(|[v]l o 2)-
Therefore, we have it from S.(¢.) = 0 that
Se(u) = Se(¢e) = <5"(¢c)v v) + o([[vll7/2) (3:2)
and
(M'(gc),v) = O(|[v3gar2)- (3:3)

Next, since ||¢e(-+y)||z2 = ||del| L2 holds for all y € R, we can see that (¢, 0x¢c)r2 = 0. From
this, we can decompose v as v = k¢, + [0,¢, + w with some k,I € R and some w € H/?(R)
which satisfies (w, ¢.)r2 = (w, 9p¢c)r2z = 0. Then, we have

<M/(¢C>7 U> = (‘bc’ koo + 10,0 + w)L2 = kH(bcH%? (34)

Combining (3.3) and (3.4) yields k = O(|v||%,,2)-
In addition, we can see that (v, 9,¢.) g2 = 0. Indeed, we put
9y) = l[u = e(- = Yll5ors = 1l Fore = 2w, Ge- = 9))gror2 + el iorzs v €R.
Since ||@e(- +y) || gor2 = || el gros2 holds for all y € R, we have (¢, OpPe) oz = 0. This and (3.1)
give
0=0y9() = 2(u, 0ude(- — §))gror2 = 2(u(- + 9), O2¢c) pros2
= 2(V + @, 0Oc) pros2 = 2(v, 02 Pe) o2

Moreover, we see that

(U, ax¢c)HG/2 - l||ax¢0||§{o/2 + (w, 8:6¢C)H0/2-

Therefore, we obtain

10e@ellFrere < Nwllsror2l|00@ellrrove,
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that is, |I[||0x¢c| gros2 < ||w]| gos2. Then we have

[0l gror2 < R[N @ell morz + [0l oz + 1wl prara
< |kl el ore + 2llwll sz = 2l|wllror2 + O(|0l3702),

which implies
1
1||UH§{J/2 + O([[v]F0r2) < lwllo o (3.5)

Next, since Si(¢c(- +y)) = 0 for all y € R, we can see that 9,{Sy(dc(- +y))}|, o =
S"(¢e)0r¢p. = 0. This yields that

(S2(pe)w, w) = (S¢(gc)v,v) — 2k(S! (Pe)v, Pc) + k*(SC (dc) be, Oc)
= (S2(8c)v,v) + O(|[v]l37/2)- (3.6)

Since statement (B) is assumed, there exists C; > 0 such that

(Se (bc)w, w) > Cillwll - (3.7)
Then, we obtain it from M (u) = M(¢.), (3.2), (3.6), (3.7), and (3.5) that
(82 (¢c)v, v) + o([[0][3ar2)

(82 (¢e)w, w) + o([[v]|70/2)

E(U) - E(¢c) = Sc(“) - Sc(qbc) >

1
> — w52 + o([|v]130/2)

2
Ch
> 1ol + o(llollFo/2)-

Finally, since u € U.(¢.) and v = u — ¢.(- — 7), we take g9 € (0,e1) so small that

Cy
E(u) = B(¢e) = —|[vll30/2
16
holds. Then, taking Cy = (/16 completes the proof. O

Due to the discussion above, we shall show that statement (B) holds so that travelling wave
solutions are stable. Actually, the statement (B) holds conditionally on ¢ > 0 as follows:

Proposition 3.1. (I) Assume condition (1) in Theorem 1.3. Let ¢. be a positive ground
state solutions to (1.4) for ¢ > 0. Then there ezists co € (0,00) such that the statement
(B) holds for all ¢ € (0, ¢p).

(I) (1) Assume condition (I1I-1) in Theorem 1.3. Let ¢. be a positive ground state solution
to (1.4) for ¢ > 0. Then there exists ¢; € (0,00) such that the statement (B) holds
for all ¢ € (¢1,00).

(2)  Assume condition (11-2) in Theorem 1.3. Let ¢. be a negative ground state solutions
to (1.4) for ¢ > 0. Then there exists ¢; € (0,00) such that the statement (B) holds
for all ¢ € (g, 00).
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4. PROOF OF PROPOSITION 3.1

In this section, we consider the proof of Proposition 3.1. The method of the proof is inspired
by Fukuizumi [9].

First, we give a formal observation of solutions to (1.4). Let ¢ € H/?(R) be a solution to
(1.4). Then we put

o(x) = PV ) (4.1)
so that & solves
ng; +¢—ad? —c¢p? =0, z€eR, (4.2)
where a = (¢ — p)/(p — 1). Similarly, putting
d(z) = MG w), (4.3)
we see that gz; solves
ngvﬁ to—ac PP —¢7=0, z€R, (4.4)

where § = (¢ —p)/(¢ — 1). Then, letting ¢ — 40 in (4.2) or ¢ — +oo in (4.4), the following
equation appears:

DIy +y¢—4" =0, zeR, (4.5)

where r € {p,q}. This equation has been observed well, and it is known that there exists a
unique, positive and even ground state solution (up to translation) belonging to H*°(R). For
details, see Frank-Lenzmann [8].

Here we observe properties of ground state solutions to (4.5). We define the functional S}

as
1

r+1

which is the action functional corresponding to (4.5). Moreover, we define the Nehari functional
K" derived from S)" as

KO (0) = (8% (1), 0) = [0llyose — / o de.

T 1 T o
S?’ (v) = §HUH12LI(,/2 — /v Hde, veH /Z(R),
R

Let ¢, € H?/?(R) be the positive ground state solution to (4.5). Then we can see it in a
similar way to the discussion in Section 2.1 that the following characterization holds:

Sy (1) = nf{S)"(v) s v € H2(R) \ {0}, K{"(v) =0},

Suppose that r is an odd integer and put xi, = —;,. Then we see that x;, is a negative
ground state solution to (4.5). Indeed, it is clear that SY"(x1,) = SV (¢1,) and K" (x1,) = 0
hold. Otherwise, if r is an even integer, we see that

KO (w) = [[w]%ss — /

Wt dr = ||Jw||3. +/ lw[™ dz >0
R R

holds for any nonpositive function w € H°/?(R). This means that there exist no negative
solutions to (4.5).
One of the key lemmas to prove Proposition 3.1 is the following.
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Lemma 4.1. Let 1 <o <2, r €N, and 2 <r < oco. Moreover, let ¢, be the positive ground
state solution to (4.5). Then there exists Coy > 0 such that

(YY" (1,0)0,0) > Col[v]| 02
holds for all v € H/*(R) satisfying (v,1,)2 = (v, 0pt1,) 12 = 0.

Remark 4.2. If r is odd, we can replace 1; , appearing in Lemma 4.1 with the negative ground
state solution xi .

Next, we observe the convergence properties of ground state solutions to (1.4).

Lemma 4.3. (I) Assume condition (1) in Theorem 1.1. Let ¢. be a positive ground state
solution to (1.4) for ¢ > 0, and ¢, be a function given by the scaling (4.1). Moreover,
let 1, be the positive ground state solution to (4.5) with r = p. Then it holds that
be — 11, strongly in H/*(R) as ¢ — 40.

(IT) (1) Assume condition (I1I-1) in Theorem 1.1. Let ¢. be a positive ground state solution
to (1.4) for ¢ > 0, and b be a function given by the scaling (4.3). Moreover, let
Y 4 be the positive ground state solution to (4.5) with r = q. Then it holds that
be — V14 strongly in H7?(R) as ¢ — +oc.
(2)  Assume condition (11-2) in Theorem 1.1. Let ¢. be a negative ground state solution
to (1.4) for ¢ > 0, and b be a function given by the scaling (4.3). Moreover, let
Y14 be the positive ground state solution to (4.5) with r = q, and x14 = —14.
Then, it holds that . — X14 Strongly in H7/?(R) as ¢ — +00.

We will give the proofs of Lemmas 4.1 and 4.3 later in this section. Here we prove Proposition
3.1 by applying these lemmas.

Proof of Proposition 3.1. First, We consider case (I).
We define the action functional S, corresponding to (4.2) as

- 1 1 c®
8.(0) = = [|0]30e — —— [ w7 da—

/vq+1 dr, wve H?*(R).
R
Moreover, for v € H?/?(R) and ¢ > 0, we put

(Lev,o) = (82(00)00) = ol =p [ 20 do =g [ o742 de,

<LCU)U> = <5’g(q~56)v,v) = ||UH§{G/2 _p/ ézc)_llﬁ dx — CQQ/ Q;g_lv2 dz,
R R
(L470,0) = (S (W g)o ) = ol —p [ 0,'4% do.
R
Then we can see that (L., v) = ¢t @-D-17([ 5 ) with the scaling v(z) = /@ D5(cH7z).

Now we prove this proposition with contradiction. Suppose that the statement is failed.
Then we can take sequences (c,), C (0,00) and (v,), C H°/?(R) which satisfy the following
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conditions:

¢, — 0 asn — oo;

|vn|| gos2 = 1 for all n € R; (4.6)
lirn_>sup<icnvn,vn) <0; (4.7)
(Un, B, )12 = (U, O, )12 = O for all n € R. (4.8)
By Lemma 4.3, we see that
e, — U1, in H?(R). (4.9)
Additionally, by (4.6), we can see that
v, — vy weakly in H/?(R) (4.10)

with some vy € H?/?(R), up to a subsequence. By (4.8), (4.9), and (4.10), we obtain (v, 1 )12 =
0. Moreover, we can see that

Db, — D1y, strongly in H7/%(R). (4.11)
Indeed, since ¢ > 1, we have
10x6c, = Oatp1 plliz-arz < CIE) ™2 F (06, — Outiryllz
< CIE T (e — rplle2
< IO F (b, — trplle
< Ollde, = Yrpllaeor:

with some constant C' > 0 independent of n. This estimate and (4.9) imply (4.11). By (4.11),
we have

(U07 aacwl,p)L2 = <axw1,p7 U0> = JL%(OIQEOVN Un) = Jggo(vna axqgcn)LQ = 0.

Therefore, we can apply Lemma 4.1 to vy so that we have

CollvolFe2 < (LY"v0,v0). (4.12)
Furthermore, by (4.9) and (4.10), we see that
/&Zn_lvfb dx —>/¢¥7plvg dx (4.13)
R R
for v € (1,00). Combining (4.7), and (4.13), we obtain
(L9, v0) = ||voll2ere — p /[R g da < nggf<z6nvn,vn> < 0. (4.14)
Then (4.12) and (4.14) yield that vy = 0.
However, (4.6) gives
llvoll oz < liminf ||vy|| gos2 = 1. (4.15)
n—oo

Then (4.7), (4.13), and (4.15) imply that

n— 00 Lp

0 > liminf(L,, v, v,) > 1 —p/ Yt de = 1,
R

which is impossible. Hence, the proof for case (I) is accomplished.
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In case (II-j) (7 = 1,2), we put

(Lev,o) = (8Ge)v.0) = olfyers = acp [ 12 da g [ dr7te? o,
R R

so that we see that (Lov,v) = ¢'+2/(@D=1o([ 5 ) holds for v € H?/%(R), where S, is the
action functional corresponding to stationary problem (4.4) defined as

S, — L ™’ P+l 1 e+l g
) = 3+ Sl — [ e

and ¥ is a function given by the scaling v(x) = ¢'/(¢=Y#(c/?x). Then we can prove Proposition
3.1 for case (II-j) similarly to case (I). O

4.1. Proof of Lemma 4.1. First, we observe the regularity of ground state solutions (4.5).

Lemma 4.4. Let ¢y, € H7/2(R) be the positive ground state solution to (4.5). Then x0,1;, €
H?/%(R) holds.

Here we consider the case that 1 < o < 2.
Lemma 4.5. Let 1 < o <2 and f € H°/%(R). Moreover, assume that ¢ € H*1(R) satisfies
Do+ =f in H?R). (4.16)
If vf € H'=/2(R), then 20, € H?/?(R) holds.

Proof. In this proof, we let @ denote the Fourier transform of u. Here we remark that there
exists some C' > 0 such that C(£)7 < 1+ [£]7 < C(£)7 holds for £ € R.
First, rewriting (4.16), we have

. 1 .
o= (4.17)
Then a direct calculation yields
F20,0)] = i0:F [0:0)] = —0{ &} = =) — £0ed. (4.18)
Moreover, we have
1 olgl”?¢ - 1 ;
9) =— + O f. 4.19
AT =T T (419
Additionally, it is clear that
Flwf] = idef. (4.20)

Then, by (4.17), (4.18), (4.19), and (4.20), we have
()2 F w0uw]] < € (€721 + (€)1 + () F 1))

Since we assume that f € H°/2(R) and xf € H'=°/?(R), we obtain (¢)7/2.%[z0,v] € L*(R),
which means x9,¢ € H/%(R). O

Now we prove Lemma 4.4 for 1 < o < 2.
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Proof. According to Lemma 4.5, it suffices to show that z¢}, € H'=7/?(R).

When o = 2, it is known that ¢, and x0,;, decay exponentially as |z| — +o00. Then we
can see that x4}, € H'"7/%(R).

Now we consider the case 1 < ¢ < 2. First, we remark that, for 1 < ¢ < 2, it holds that

C

< - -
|7vb1,r(x)| + |$3x¢1,7«($)| — 14+ |x|1+g

(4.21)

for all z € R with some constant C' > 0, which is observed by Kenig-Martel-Robibiano [11]
and Frank-Lenzmann [8] with the method of Amick—Toland [2].

Similarly to the proof of Lemma 2.6, we can see that 4], € H'(R), which implies that
Ui, € HoP(R)

Moreover, we can see that |z||i1, ()] = O(|z|~"+Vr+1) as |z| — +oo. From this, it is
sufficient for z¢){ . to be in L*(R) that

1
— 1 I1<——=—<=r>——
(0+ r+ 2 " T2 t1)
which holds true under r > 2 and 1 < o < 2.
Next, since 29}, € C'(R), we see that

0, {20} (@)}] < [a o (@) + rltbas () 2D (t,) ()] = O(fa] 7+7)

as |z| — +oo. Then, similarly above, we obtain 8, {z¢f,} € L*(R). Hence, we sece that
zf, € HY(R) < H'™7/%(R) and that the statement follows from Lemma 4.5. O

We cannot prove Lemma 4.4 for 0 = 1 in the same way as the case 1 < ¢ < 2 since the
differentiability of (4.18) is failed. For the case o = 1, we observe decay estimate of the second
derivative of the ground state solution 1)y, with the idea of Amick-Toland [2].

Differentiating x0,1, , with respect to x, we obtain

ax{xam¢1,r} - a:vd)l,r + xaiqu)l,r-

Therefore, in order to prove Lemma 4.4, it suffices to show that 29,11, € L*(R) and 29?1, . €
L?*(R). The first integrability follows from the decay estimate (4.21). Now we prove the second
integrability.

Lemma 4.6. There exists some C' > 0 such that

C
2
|ax¢1,7"<x)| < ‘x’prg

holds for all |z| > 1.

Proof. We consider the following function:
I [ (y+s)e®
G == ——d
1($,y) 7T/0 x2+(y+3)2 S

for x € R and y > 0, which is introduced by Amick-Toland [1,2]. We can see that the function
G is harmonic in {(z,y) € R* : y > 0} and that [, Gi(z,y)dz = 1 holds for any y > 0.
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Moreover, for |x| > 1/2 and y > 0, we can see that

C
|0,G1 (7, y)| < mGl(x,y), (4.22)
9 C
0:G1 (2, y)| < Gl y). (4.23)

As a consequence of Amick-Toland’s discussion in [1,2], we can write the positive ground
state solution v, as

o0

b1 (2) = (Ga(-,0) %47, () = / Gulz — £,0)65, (1) dt.

[e.o]

Since ¢4, € C°(R), we obtain

2 () / Gy (x — £, 0)02{ (1)} dt. (4.24)

Let x > 1. Then we split the right hand side of (4.24) as

Ozt (2 / Gi(zr —t,0)0{¥1,(t)} dt + :Gl(w—tao)af{wir(t)}dt=:11(33)+[2(37)-

Now we evaluate [,. Doing integration by parts twice, we obtain

I(@) =rGi (5.0) et (5) s (5) +0:G1 (5.0) vt (5 / PG (x — 1,07 (1) dt.

Then, by (4.21), (4.22), and (4.23), we have
/2 —¢
|Il<$)’ <C <I2I2(T 1) +$ 3,2 +/ wd;lx ) >
NS x
<C( 2r+3)+x 2w1r( ))
< Cz % (4.25)
Next, we consider I,. A direct calculation yields
| Gile = £ 00U )@ (0 at
x/2
By the decay estimate (4.21), we have

| L(x)] < r(r—1)

—+r

[ Grte = 1000 0300 dt\ .
z/2

[e.o]

G — 1, 0097 2(t) (01,0 ())? dt‘ < CfCQ(Tl)&?ﬁ/ Gi(z —t,0)dt = Ca~ =),
x/2 —00
Moreover, we see that

/ Gi(z —t, 0097, (1) 0frr (1) dt‘ < C:c—2<r—1>y\8§w1,ry|m/ Gi(x —t,0)dx
/2 —o0
S CJT_Q(T_l).
Therefore, we obtain that
|Iy(z)] < Cx™2r=1), (4.26)

Finally, (4.25) and (4.26) yield that
|02, (2)] < Cx™27D < Cp™2



STABLE TRAVELLING WAVES TO KDV TYPE EQUATIONS 19

holds for z > 1.
Since 11, is an even function, we conclude the desired estimate. O

By Lemma 4.6, it holds for |z| > 1 that
|Z)3(9§1/}1’,,(:)3)‘ < C|JZ|_1,

which implies that 292t . € L?*(R). Hence, the proof of Lemma 4.4 for o = 1 is completed.
Now we proceed the proof of Lemma 4.1. First, we claim an abstract lemma.

Lemma 4.7. Let X be a Hilbert space over R, S, K € C*(X,R), and f € X*, where X* is the
dual space of X. Let p € X \ {0} satisfy K(¢) =0 and
S(1) =min{S(v) : v € X \ {0}, K(v) = 0}.
Moreover, assume the following five conditions:
(C1) There exists vy € X such that

(S'(1),n1) =0, (K'(),v1) #0.
(C2) There exists vy € X such that

S"()va=—f, (K'(¥),v2) #0,  (f,v2) >0
and that
(5" (W)v2,v) = (S" (W), vo)

holds for all v € X.
(C3) The functional X > v+ (S"(Y)v,v) € R is weakly lower semicontiuous.
(C4) Let (v,)n C X satisfy that ||v,||x = 1 for alln € R and that v, = 0 weakly in X. Then

it holds that

lim inf(S" (1)) v, v,) > 0.

n—oo

(C5) (f,v) =0 holds for all v € ker S” ().
Then there exists Cq > 0 such that

(" (W), v) = Csllvllx

holds for all v € W satisfying (f,v) = 0, where W is a closed subspace of X satisfying that
W Nker S”(¢) = {0}.

Now we prove Lemma 4.7. Hereafter, we let (-,-) denote a dual product between X* and X
until the proof is accomplished.

Lemma 4.8. Let S, K € C*(X,R) and assume (C1). Then (S”())v,v) > 0 holds for allv € X
satisfying (K'(¢),v) = 0.
Proof. Let 2 C R? be a suitable neighborhood of (0,0) € R? and put
f(s,t) =S¢+ sv+tuvy)
g(s,t) = K(¢ + sv + tvy)
for (s,t) € 2. We can see that f,g € C*(Q2) and that
9(0,0) = K(¥) =0, 9,9(0,0) = (K'(¥),v1) #0.
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Then, by applying the implicit function theorem, there exists v € C?*(—d,d) which satisfies
7(0) = 0 and g(s,7(s)) =0 for s € (-9, ) with some constant § > 0. Therefore, we can obtain

859(07 0) + atg(oa 0)’7,(0) = 07

which gives

)= 2000 __ (K(0).0)
99(0,0) — (K'(¢), v)

Here we put h(s) = f(s,v(s )) = S(¢ + sv + yv1). Since 1 + sv + y(s)vy # 0 and K (¢ + sv +

~v(s)v1) = 0 hold for s € (—4,0), we see that h attains its local minimum at s = 0. Therefore,

=0.

we have
0 < A"(0) = 82£(0,0) + 20,0, f(0,0)7'(0) + 97 £(0,0)7'(0)* + 2. £(0,0)7"(0)
= (5"(¥)v,v) + 7" (0)(S"(¥), v1) = (S"(¢)v,v).
This completes the proof. U

Lemma 4.9. Let S, K € C*(X,R) and assume (C1) and (C2). Then (S"(¥)v,v) > 0 holds for
allv € X satisfying (f,v) =

Proof. Let v € X satisfy (f,v) =0 and set
(K@),
<K/(77Z))7 U2>
so that (K'(¢),v + kve) = 0 holds. Then, by Lemma 4.8 and (C2), we have
V) (v + Kvg), v + Kvg)
V)v,v) + K(S" ()v2, v) + 5(S" (V)v, v2) + K7 (S" (¥) 2, va)
¢)U, U> - 2"£<f7 U> - ’{2<f7 U2>
)

This completes the proof. O
Now we proceed the proof of Lemma 4.7

Proof of Lemma 4.7. We prove this lemma with contradiction.
Suppose that the statement is failed. Then there exists a sequence (v,),, C X which satisfies
that ||v,||lx =1, v, € W, and (f,v,) = 0 for all n € N, and that

lim sup{S” (¢)) v, v,) < 0. (4.27)

n—o0

Since (vy,), is bounded in X and W is closed, up to a subsequence, we obtain v,, — vy weakly
in X with some vy € W, which gives (f,vy) = 0. By (C3) and (4.27), we have

0< <S”(’¢)U07 UO) < lim inf@”(d’)vm Un> <0,

that is, (S”(¥)vg,vo) = 0. Moreover, we can see that vy # 0 from (C4). Therefore, by Lemma
4.9, we obtain

(S"(¥)vo, vo) = 0 = min{(S"(¥)v,v) : v € X\ {0}, (f,v) = 0}.
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Then, there exists a Lagrange multiplier © € R such that S”(¢)vg = pf. Using S”(¢Y)vy = —f
n (C2), we see that S”(¢)(vo + pve) = 0, which implies that there exists w € ker S” (1)) which
satisfies vg = —pwvy + w. By (C5), we obtain

0= <f7U0> = <f7 ) —|—UJ> - _M<fav2>‘

Combining this with (f,v2) > 0, we see that u = 0, which gives vg = w. This means that
0 # vy € W Nker §”(y) = {0}, which is impossible.
Hence, the proof is completed. U

Finally, we prove Lemma 4.1 by applying Lemma 4.7.

Proof. First, we show that the functionals S{"" and K" satisfy the condition (C1)-(C5) with
X = H?(R) and f = M'(¢1,) = ¥,

(C1): We can take v; = #y,. Indeed, since 9, solves (4.5), we immediately see that
((SY™Y (), 1) = KY"(1h1,,) = 0. Moreover, considering the graph of the function (0, 00) 3
A= K" (Mipy,), we see that

(YT (h1,0), 1) = 3AK$’T()\1P1,T)‘/\:1 < 0.
(C2): We introduce the following stationary problem:
Divp+cp—yY" =0, zeR, (4.28)

where ¢ > 0. Here we put

1 1
Se7(v) = —||U|| net T f v d,
KT (v) = ((827) (v), v),
which are the action functional and the Nehari functional corresponding to (4.28), respectively.
Let )., be the positive ground state solution to (4.28). Then, we can see that

Yer(r) = MV (). (4.29)

Differentiating this with respect to ¢, we obtain
1 1
acl/}c,r‘czl - —¢1,r + _xax¢1,r-
r—1 o

Then 09|, € H*/*(R) follows from Lemma 4.4. Now we put vy = 0.¢.,|,_, and show that
vo satisfies the conditions in (C2).
Since (S%7) (¢2") = 0 for all ¢ > 0, we have

(SO T) (wc T) (SB’T>”(¢C,T>80¢C,T‘ + ¢C,7"
Then we obtain (Sg’r)/,(¢17r)vg = —11,.
Next, using (4.29), we have
(wc 7’) - (r=1)= 1/UM<77ZJ1 7")

Then we obtain
2 1
r—1 o

(M (Y1), 09) = 0 M (Yer)] ooy = <

Therefore, if r < 20 + 1, then (M'(¢)y,),v2) > 0.
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Additionally, since K" (t.,) = 0 holds for all ¢ > 0, we have

0= achr(wc,r)’C:l = <(K§)’r)/(¢1ﬁ)av2> + ||¢1,7"”%27

which gives that ((K}") (11,), v2) # 0.
Finally, by the definition of the dual product, we see that

((SYTY! (4hy, )02, v) :/Dg/zngg/%d:c—l—/vgvda:—r/z/}’l",rlvgvdx
R R R

= ((S")" (1r)v, v2)
holds for any v € H?/?(R).

Therefore, the function vy satisfies the conditions in (C2).
(C3): Let (v,), € H7/?(R) satisfy v, — v weakly in H°/?(R) with some v € H?/?(R). Since
Y1,-(x) = 0 as |z] — +oo, we can see that
Vit de — | ¢ da. (4.30)
R R
This convergence and the Fatou lemma yield that

((SP7)" (@1, )v, 0 < lim inf((SP7)" (@1,0)Vn, ),

which implies the weak lower semicontinuity.

(C4): We can easily see that (C4) holds from (4.30).

(C5): First, it is known that ker(S)")"(¢1,) = span{d,1,} holds. For details, see Frank-
Lenzmann [8].

Since M (¢1,(- +y)) = M(¢1,) holds for all y € R, we have

0= 3yM(w1,r(' + y))’y:o = <M’(w1,r), aﬂ/fl,r> = (1/11,r, axiﬂl,r)ﬂ-

Then (M’(t1,),v) = 0 holds for all v € ker(S}")" (¥y,).
Next we introduce a suitable subspace W of H/%(R). We put

W= {ve H?R) : (v,0,11,)12 = 0}
={ve H*R) : (v,w)2 = 0 for all w € ker(Sy,)" (¢1.,)}.
Then we can see that W is a subspace of H?/?(R) and satisfies W N ker(S)")"(¢1,,) = {0}.
Therefore, by Lemma 4.7, there exists C'y > 0 such that
(YY" (¥1,0)0,0) > Col[v]| ey (4.31)

holds for all v € W satisfying (M'(¢1,),v) = 0. Namely, (4.31) holds for all v € H/*(R)

satisfying (v,v1,)r2 = (v, 0pt1 )12 = 0.
Hence, the proof is accomplished. [l

4.2. Proof of Lemma 4.3. In this subsection, we prove the convergence properties of ground
state solutions to (1.4).

First, we consider case (I), where a = +1 and ¢ is odd. Here we define the Nehari functional
f(c derived from ,S~’C as

Ro(v) = (3(0), 0) = [[o]%ere — / # e — o]t
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for v € H°/?(R). Similarly to (2.5), we put
1 -

) - —Kc<v)

p+1

(— o i Mol (g = ) Dol
Then we can see that the following characterizations are equivalent:
Se(¢e) = inf{S(v) : v € HAR) \ {0}, K.(v) =0},
= inf{J.(v) : v € H/*(R) \ {0}, K.(v) =0},
= inf{J.(v) : v € H/*R)\ {0}, K.(v) <0}, (4.32)

O)z

where ¢, is a positive ground state solution to (1.4) and ¢~C is a function obtained by the scaling
(4.1). Similar characterizations of the ground state solution hold for the stationary problem
(4.5). Namely, we put

) ) 1 o 11
IO (0) = SO (v) — —— KO7() = (— - ) 1ol

r+1 2 r+1
Then, we can see that
Sy (W1,) = it {87 (v) v € H2(R)\ {0}, K" (v) =0},
= inf{J;"(v) : v € H(R) \ {0}, K\ (v) =0},
= inf{J)"(v) : v € H*R)\ {0}, K}"(v) < 0}, (4.33)

where 1y, is the positive ground state solution to (4.5) and r € {p,q}. The first and second
equalities in (4.32) and (4.33) immediately holds. The third equalities in (4.32) and (4.33) can
be shown via a similar discussion in Lemma 2.2.

Lemma 4.10. Assume condition (1) in Theorem 1.1. Then there exist My > 0 and ¢ € (0, 00)
such that ||@c|| gor2 < My for all ¢ € (0,¢).

Proof. By K" (¢1,) = 0, we see that

Rolbrp) = [1,]20re — / W dr — |7 = e L < 0

holds for all ¢ > 0. Combining this with (4.32), we obtain
~ o~ ~ 1 1 1
Je(@Pe) < Je = \s— 7 20 N———— q+1‘ 4.34
@) < 3 = (5= o7 ) Wb+ (537 = g ) Wl (430

Since the right hand side of (4.34) converges to J{”(11,) as ¢ — +0, there exist My > 0 and
¢ € (0,00) such that J.(¢.) < My holds for all ¢ € (0,¢;). Finally, by the definition of J., we
find some constant C' > 0 independent of ¢ such that

16cllor2 < CJelde) < CMo.
Then, replacing (C'M,)*/? with M; concludes the proof. O

Lemma 4.11. Assume condition (I) in Theorem 1.1. Then, for any pu > 1, there exists
&y € (0, ] such that K" (u¢.) < 0 holds for all c € (0,é).
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Proof. Let i > 1 be arbitrary. By K.(¢.) = 0, the Sobolev embedding, and Lemma 4.10, we
see that

e ade) = 16l = ™ [ 20

(= D)|BelBesn + Bl
Gelors {1t = 1) = Cur e el |
< el {7 = 1) — M e

holds for ¢ € (0,¢) with some constant C' > 0. Then, taking é& € (0,¢] so small that
K)P(u¢.) < 0 holds for ¢ € (0, &). O

IN

Lemma 4.12. Assume condition (1) in Theorem 1.1. Then the following hold:
: : Opray _ 70p .
(i) 61_1350 JP(9e) = P (Y1),
.. . pr e _
() lm KI7(3) = 0.

Proof. (i) First, (4.34) implies limsup,_, .o Jo(¢e) < J)P(11,).
Let ;o> 1. By (4.33) and Lemma 4.11, we have

TP (W) < I (nde) < p*Je(9e)
for ¢ > 0 sufficiently small. By the arbitrary of p > 1, we obtain

K1) < liminf Jo(6).

Thus, we conclude that lim,_, o Je(¢o) = JVP(¢1,).

Since we can write
- 1 1
0, o 1
JP (W) = Je(v) — ¢ (m - m) [ol|%5i,
we obtain

Jug J760) = Jimm, Je(90) = i (1)
(ii) By f(c(&c) = 0, we have
KY7(0e) = el T
Since the family {¢,}eso is also bounded in LI (R), we can conclude that lim._, o K%(¢,) =
0. -

To prove Lemma 4.3, we recall a compactness lemma obtained by Strauss [19].

Lemma 4.13 (Strauss [19]). Assume that P, Q: R — R are continuous functions satisfying
P(s)
Q(s)
Moreover, let (uy,), be a sequence of measurable functions defined in R which satisfies

Sup/R 1Q(uy)|dr < 0

neN

— 0 as|s| » oo and |s| — 0.
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and assume that P(u,(x)) — v(z) a.e. in R with some measurable function v: R — R, and
that u,(xz) — 0 as |z| — oo uniformly with respect to n € N. Then it holds that P(u,) — v in
L'(R).

Lemma 4.14. Let (u,), C H?/?(R) be a sequence of nonnegative and even function which
decrease in |z|. If (uy,), is bounded in H/*(R), then there exists C' > 0 which is independent
of n € R and satisfies

sup uy (z) < Cla| ™/
neN

forall x € R.

Proof. Here we put M = sup,,cy ||un|| go/2. Without loss of generality, we may assume that
x > 0. Then, for all n € N, direct calculation yields that

e =2 [ w0 dy =2 [ (o) dy = 200 (o)
0 0
Therefore, we obtain
un () < 27227V |uy || 2 < Ca™ V3|t | goye < CMa—1/?
holds for all n € N. Replacing CM with C' concludes the proof. O
Finally, we give the proof of Lemma 4.3.

Proof. First, we remark that the minimizers of (4.33) coincide with the ground state solutions
to (4.5). We can see it with similar way to Section 2.1.
Let (¢,)n C (0, 00) satisfy ¢, — +0. By Lemma 4.12, we have

TP (Gen) = JPP (1), (4.35)
K7 (¢e,) — 0. (4.36)

Since (4.35) implies that (., ), is bounded in H?/?(R), up to a subsequence, there exists
vy € H?/2(R) such that ¢,, — vy weakly in H°/?(R). This yields that

TP (vo) < liminf JP7(¢e,) = J17 (11,). (4.37)

By the weak convergence, we can see that ¢, (r) — wvo(x) a.e. in R. Moreover, we put
P(s) == |s|P™!, Q(s) = s> + |s[P*2 for s € R. Applying Lemma 4.14 to the sequence (¢, )y,
we can verify that the functions P and @, and (¢,, ), satisfy the assumptions of Lemma 4.13.
Therefore, we see that ||¢e, ||zr1 — ||vo||z»r1. By this and ¢,, — vy weakly in H/?(R), we
obtain

K (v9) < liminf K77(6.,) = 0.

Combining this with (4.33) gives J{?(11,) < JP(vy). This and (4.37) yield JP*(11,) =
J?’p(v()), that iS, Hw:[’p“Ha/Z = HUOHHG‘/Q. Then, by (4{35), we obtain HgbanHg/Q — HUOHHO‘/Q.
Since ¢., — vo weakly in H?/?(R), we conclude that ¢., — vy strongly in H/?(R). Then, by
(4.35) and (4.36), we obtain

K1 (vo) = lim K{"(¢,) =0,

TP (o) = lim JPP(6e,) = J17 (¢1,) > 0.
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The second equality implies that o # 0 and that S"(vg) = S7(¢1,). Since KJ**(v) = 0,
we see that vy is a minimizer of S)” (¢ ), which means that v is a ground state solution to
(4.5). Moreover, since ¢., is positive and even for each n € N and that ¢, (x) — vo(x) a.e. in
R, we see that vy is nonnegative and even. Then, by Proposition 1.1 of [8], we see that v is
strictly positive. Since the positive and even ground state solution to (4.5) is unique, we obtain
vo = ¥1,,. Thus, we conclude that @., — 11, strongly in H%/?(R). O

Next, we consider case (II-1), where p is odd. The Nehari functional K., derived from S, is
given as

Y

Relvo) = (5000, 0) = ol = <P lollfths = [ 0¥t

Here we define similar functional I, to (2.4) as

L) = Su(v) — q%f(c(v)

%_qu1> [0]|20 /2 +c° <]ﬁ q+1> [l
Then, similarly to (4.32), we can see that

Se(e) = nf{S.(v) : v € H*(R)\ {0}, K.(v) =0},
= inf{I.(v) : v € H/*(R)\ {0}, K,(v) =0},
= inf{I,(v) : v € H/*[R) \ {0}, K.(v) <0}, (4.38)

where ¢, is a positive ground state solution to (1.4), and (50 is a function obtained by the scaling
(4.3).
To prove Lemma 4.3 in this case, it is sufficient to show the following statement:

Lemma 4.15. Assume condition (I1I-1) in Theorem 1.1. Let ¢. be a positive ground state
solution to (1.4) for ¢ > 0, and ¢. is a function obtained by the scaling (4.3). Moreover, let ¢y ,
be the positive ground state solution to (4.5) with r = q. Then, the following hold:

. . 0’ Y 0’ .
(i) ckinoo 1 () = J1 (Y1)
(i)  lim K)(¢.) = 0.
c——+o00
The method to prove this lemma is almost the same as that of Lemma 4.12, but the way to
obtain the boundedness of the family {¢.}.o in H°/? is slightly different.
Proof of Lemma 4.15. Let p > 1 be arbitrary. By K?’q(¢17q) =0, we have

PR (1) = [[1.g]20re + 177 P |20 — ! / @/)qH dx

< _‘Wl,q”%}vﬂ{(#q_l ) Cu® e ’BHQ/qu”Ha/z}

with some constant C' > 0. Then we can see that there exists ¢; € (0, 00) such that f(c(mpl?q) <
0 for ¢ € (¢1,00). Therefore, by (4.38), we obtain

180 < L) <00t { (5= 7 ) oy

qg+1

1
2 -5 (_+ p+1
|Ho/2+c (p+1 q_l_l)leqHHU/?}
(4.39)



STABLE TRAVELLING WAVES TO KDV TYPE EQUATIONS 27

The right hand side of (4.39) converges to u+1.J% (¢, ,) as ¢ — +o0o. Then the arbitrarity of
u > 1 gives
limsup Lo(¢.) < J{(t1). (4.40)

c——+00

Moreover, by (4.39), we can see that

16elFrore < CuT™ (Ih1ql5ere + <P lltbrallyse)

holds for ¢ > ¢;.
Next, since K.(¢.) = 0, we have

G = Wl — ™ [ 1Y da
R
= (= DGl P
e — -1 — bt -1
Gl { (1 = 1) = Cpt e P el )

b - - — — — 1)6
< —lGelgors § (117 = 1) = O (P gy L, 4 IO Dy | IR Y

IN

where § = (p — 1)/2. Then there exists & € [¢;,00) such that K(ud.) < 0 holds for ¢ > &.
Therefore, by (4.33), we obtain

nyq(wl,q) < Jf’q<,u(zc) < M2jc(é>

for ¢ > ¢o. Finally, since p > 1 is arbitrary, we see that
0,q < . . ¥ /Y
S () < liminf I.(o).

Combining this with (4.40), we conclude that lime_, o Lo(de) = J9(1h1q).
The rest of the proof is almost the same as in Lemma 4.12. O

Using Lemma 4.15, we can prove Lemma 4.3 similarly to case (I).
Now we consider case (II-2), where a = —1, p is even, and ¢ is odd. We claim the following
statement.

Lemma 4.16. Assume condition (11-2) in Theorem 1.1. Let ¢. be a negative ground state
solution to (1.4) for ¢ > 0, and ¢. is a function obtained by the scaling (4.3). Moreover, let ¢ ,

be the positive ground state solution to (4.5) with r = q, and X1, = —1,4. Then the following
hold:

() lim JP(0) = ()
(i) lim KY9(¢,) = 0.
=00
Proof. Now we put
10) = (5= o ) Mol + (57 = g ) Il
for v € H?/2(R). We can see that

I0) = $u(0) = =7 Relv) = S(0) = = KV(0)
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Then, we can see the following characterizations:
Se(@e) = mf{S(v) : v € H*(R)\ {0}, K.(v) =0}
— inf{I(v) : v € H*(R)\ {0}, K.(v) =0}
\
(

inf{I(v) : v e H/?(R)\ {0}, K.(v) <0}, (4.41)
ST (X1g) = 7 (r) = nf{S)(v) : v € H*(R) \ {0}, K;(v) =0}

= inf{J(v) : v € H*(R) \ {0}, K{(v) =0}

= inf{J(v) : v € H*(R)\ {0}, K{(v) <0}

— inf{I(v) : v € H7?(R) \ {0}, K)(v) =0}

— inf{I(v) : v € H7?(R) \ {0}, K)(v) < 0}. (4.42)

o O

Since K(x1,) = 0, we have
[v(c(xl,q) = C_B/Rx"’f:;l de = —c¢" /R?ﬁf:;l dr <0
for ¢ > 0. Combining this with (4.41) and (4.42), we obtain

TPUoe) < T(de) < T(1q) = JP (Y1),

which implies that limsup,_, . J(d.) < J(11,) and that the family {¢.}.o is bounded in
Ho2(R).
The rest of the proof is almost the same as in Lemmas 4.11 and 4.12. O

By Lemma 4.16, we can prove Lemma 4.3 for case (II-2) in a similar way to case (I).
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