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Abstract

We formulate an analogue of Tate conjecture on algebraic cycles, for the log ge-
ometry over a finite field. We show that the weight-monodromy conjecture follows
from this conjecture and from the semi-simplicity of the Frobenius action. This con-
jecture suggests the existence of the monodromy cycle which gives the monodromy
operator and an action of s[(2) on the cohomology, and which lives in the world of
log motives.
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Introduction

Let V be a projective smooth algebraic variety over a p-adic local field K. The monodromy
operator acts on the f-adic étale cohomology group H(V, Q) for each prime number
(£ p.

There are problems on the monodromy operator:

1. Weight-monodromy conjecture. In the case where the residue field is finite, this
conjecture gives a strong relation of the weight of the action of the Frobenius and the
action of the monodromy operator on the ¢-adic étale cohomology group.
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LOGARITHMIC TATE CONJECTURES OVER FINITE FIELDS

2. The monodromy operator often has properties which are independent of ¢. This
independence suggests that the monodromy operator is in fact an algebraic cycle in the
algebraic geometry over the residue field k£ of K. This subject was studied in C. Consani
([2]) (with Appendix by S. Bloch), C. Consani and M. Kim [3], and also in [10] Appendix.

These problems can be regarded as problems in logarithmic geometry over the residue
field k. Assume that V has a strictly semistable reduction X. Then X is regarded as a
log scheme over the standard log point s over k. By [13] Proposition 4.2, we have the
identification

Hg (Vie, Qo) = Hidge (Xs(10g), Qo)
with the log étale cohomology group ([12], [15]), where 3(log) is the log separable closure
of s. Furthermore, the action of Gal(K/K) on the left-hand-side is identified with the
action of the log fundamental group m%(s) = Gal(K'"¢/K) on the right-hand-side,
where K**™¢ C K denotes the maximal tame extension of K.

In this paper, assuming that k is a finite field, we formulate logarithmic analogues of
the Tate conjecture on algebraic cycles. Such a conjecture was formulated and discussed
in [9] Section 6 and in [10] Appendix without assuming the finiteness of &, but here in the
case where k is a finite field, we formulate a stronger log Tate conjecture 1.12 using a log
Tate curve over s. A log Tate curve is the reduction of a Tate elliptic curve over K, which
is regarded as a log scheme over s. Our method is based on the fact that all log Tate
curves over s are isogenous in the case where k is finite. Note that the above problems 1
and 2 may be reduced to the finite residue field case by specialization arguments.

The log Tate conjecture 1.12 says that if m > 2r, the map

Q@ & grm_TKO,lim(X X Em—2r> — lelgét(XE(log); QZ)(T)G

is surjective. Here E is the log Tate curve over s, X x E™2" means the fiber product over
s, Ko im is the inductive limit of the K-groups K for the log modifications of X x B2
gr™" is for the ~-filtration, G' = 7% (s), and (-)¢ is the part fixed by G.

We prove that if this log Tate conjecture is true and a certain semi-simplicity of the
Frobenius action is true, then the weight-monodromy conjecture is true.

In Conjecture 3.6, we formulate a finer version

Q® K<X7 m, T) i Hl?gét ()(5(10%)7 Qf)(r)a

of the log Tate conjecture 1.12, by using a subquotient K (X, m,r) of Q®gr™ " K jim (X X
E'm727").

The log Tate conjecture 3.6 suggests that there is a unique element of K (X x X, 2d, d—
1) with d = dim X which induces the monodromy operator on HZ'(V, Q) for every m and
¢ # p and gives an action of s[(2) on it. We call this conjectural element the monodromy
cycle. In 4.13, we give an interpretation of the monodromy cycle by using log motives.

The above all seem to tell that the log Tate curve over a finite field has a special
importance in arithmetic geometry.
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Kato was partially supported by NSF grants DMS 1601861 and DMS 2001182. C.
Nakayama was partially supported by JSPS Grants-in-Aid for Scientific Research (C)
16K05093 and (C) 21K03199. S. Usui was partially supported by JSPS Grants-in-Aid for
Scientific Research (C) 17K05200.
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1 Log Tate conjecture

1.1. Let k be a finitely generated field over the prime field.

The usual Tate conjecture is that for a projective smooth algebraic variety X over
k, the étale cohomology HZ (X ®y k,Qy)(r)¢, where G = Gal(k/k), is generated by the
classes of algebraic cycles on X of codimension r. It is known that HZ'(X @k, Q,)(r)¢ = 0
unless m = 2r.

1.2. Consider a log scheme s = Spec(k) which is endowed with a log structure M, such
that M,/OF = N.

By Hilbert 90, we have an exact sequence 0 — k* — M8P(s) — M8 /O (s) — 0, and
there is a section 7 of M, such that N = M,/OF ; 1 — m. Such a 7 is called a generator
of the log structure of s.

Let & = &(s) be the category of projective vertical log smooth fs log schemes over
s which have charts of the log structure Zariski locally. The reason why we put the last
condition on the log structure is explained in 1.5 below.

By the above remark on the existence of a section 7, s itself belongs to &.

For example, if K, k, and V with strictly semistable reduction X are as in Introduction,
that is, if there is a projective smooth regular flat scheme X over the valuation ring Ok of
K of strictly semistable reduction and X = X ®¢, k, then we can take Spec(k) with the
inverse image M of the natural log structure of Spec(Of) as our s, a prime element of
K gives a generator of the log structure of s, and X with the inverse image of the natural
log structure of X belongs to &.

Throughout this paper, X denotes an object of & unless otherwise stated.

For a prime number ¢ which is different from the characteristic of k, we denote

Hm(X)g = Hgbgét(XE(log)a Qﬂ)

1.3. In this situation, H™(X),(r)¢, where G = 7,%(s), need not be zero for m # 2r.
The following conjecture is well-known at least if X is the reduction of V' as in Intro-
duction.

Conjecture 1.4. H™(X),(r)% = 0 unless m > 2r.
Now we consider the case m > 2r.

1.5. Let
KO,lim(X) - hﬂ KO(X/)a
Xl
where X' ranges over all log modifications ([9] 2.3.6) of X.
The condition that X has charts of the log structure Zariski locally ensures that X has

sufficiently many log modifications to get a nice Ko ym(X) as is explained in [9] Sections
2.2-24.

First, the case m = 2r is formulated in the similar style to the classical case.

Q
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Conjecture 1.6. The Chern class map
Q¢ @ gr" Koim(X) — H? (X)(r)"
18 surjective.

This conjecture was discussed in [9] Section 6.
For general m > 2r, we have

Conjecture 1.7. Let m > 2r. Then the following holds.
(1) The map
Qr @ g™ " Kotim(X x G2 — H™(X)e(r)®

18 surjective.
(2) The Chern class map

QZ (9 ngKH2r7m,lim(X) — Hm (X)E(T)G

is surjective. Here KH denotes the homotopy K-theory ([21]) and K H; jim(X) is defined
as lim KH;(X') in the same way as in 1.5.

Note that the index 2r — m in the K-group in (2) is < 0.
(1) implies (2) as is explained in 1.13.

1.8. The conjectures (1) and (2) in Conjecture 1.7 were considered in the resp. part of
[10] A.14. Actually, there in [10], we assumed that X was saturated over s. We put
this assumption just because we were following the analogy with the theory of log Hodge
structures with unipotent local monodromy and because the action of the inertia subgroup
T%%(5) = Gal(3(log)/3) of m*%(s) = Gal(5(log)/s) on H™(X), is unipotent for such an X
(see Proposition 4.9).

1.9. Here we review the log Tate curve over s from the viewpoint of the theory of log
abelian varieties ([7]). This viewpoint makes some stories (for example, the story of the
multiplication by a € Z in 3.5) transparent.

Let ¢ be a section of the log structure of our log point s which does not belong to k*.
Then we have a log elliptic curve E@ = fo:log /q* which is an abelian group sheaf functor
on the category of fs log schemes over s for the (classical) étale topology. Here Gy, oq is
the sheaf T+ T'(T, M) and (-)@ means the part consisting of t € M such that locally,
we have ¢"|t|q" for some m,n € Z such that m < n, that is, tg~™ and ¢"t~' belong to
Myp. This E@ is not a representable functor, but it has big representable subfunctors
Bl = Gggﬁ))g /q* for integers n > 1, called the models of E(@, where Gﬁgjf}g (= Gggén)z)
in the notation in [7] Section 1) is the part of G,, g consisting of ¢ such that locally we
have ¢"[t"|¢"*! for some r € Z. Here we say that E£@™) is big for the reasons explained in
1.10 below.

For a local field K as in Introduction, for a lifting § of ¢ to K*, E(@™ is a reduction
of the Tate elliptic curve over K of g-invariant §. As a scheme, E(@™ is an n-gon (see [7]

1.4).
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For n > 2, E@™ belongs to & (E@Y does not have charts Zariski locally due to the
self-intersection of the 1-gon). In this paper, a log Tate curve £ means £ = E@™ for
some ¢ and for some n > 2.

E@m) is semistable if the image of ¢ in N under M,/OX = N is n and is saturated over
s if this image is a multiple of n.

1.10. In the above, we called E@™ a big subfunctor for the following two reasons.

(1) E@™ covers E(@ modulo isogenies and translations in the sense that the canonical
map from the disjoint union of E@ 525 for k> 1 to B@ is surjective.

(2) E@™) coincides with E@ modulo log modifications in the sense that for every fs
log scheme T over s and every a € E@(T), the fiber product of E@" — E@ & T is
represented by a log modification of 7.

These (1) and (2) can be deduced from [7] 1.4.

1.11. Assume that k is a finite field. Then all the log elliptic curves E(@ are isogenous. In
fact, let w be a generator of the log structure of s. Then ¢ = n"u for some integer n > 1
and u € k*. Take an integer m > 1 such that u™ = 1. Then we have the homomorphism
E@ — E™™) induced by Gniog — Gmlog ; t = t™ and the projection E™") — E(™)
which are isogenies.

Conjecture 1.12. Let m > 2r. Assume that k is a finite field. Let E be a log Tate curve
over the standard log point over k. Then the map

Qr @ g™ " Kopim(X x E™ ) — H™(X)o(r)“
18 surjective.

The definition of this map is explained in 1.13 below. As in explained in 1.14, this
conjecture is independent of the choice of the log Tate curve E.

1.13. Assume m > 2r.
We have a diagram

grmirKO,lim<X X Em727‘> — grmirKO,lim(X X sz%') — grrKHQT—m,lim(X)

) !
Hom ¢ (Sym™ > HY(E) ¢, H™(X)o(r)) — H™(X),(r)C.

The upper left arrow is the pullback by the inclusion G,, C E, and the lower arrow is the

restriction to €', where e; is the canonical base of H*(E)§ = Q.

The left vertical arrow is defined as
gl"m_rK()ij(XXEm_Qr) N H2(m—7~) (XXEm_QT)(m—’I“)G N (Hm(X)g®H1 (E)?(m—%) (m—?‘))G

— Hom G(Hl(E);@(m‘Q"), H™(X)e(r)) — Hom ¢(Sym™ 2" H*(E),, H™(X)o(7)).

Here the first arrow is the Chern class map, the second arrow is the projection to a
Kiinneth component, the third arrow is by Poincaré duality, and the fourth arrow is the
restriction to the direct summand Sym™ > H(E), of H'(E)?"™ %",

=
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The upper right arrow is defined by using the Mayer—Vietoris sequence for P! =
(AHu (AH)~, Al n (A~ = G,,, repeatedly.
Since the composite map gr™ " Ko jim(X x G™72") — H™(X),(r)% is defined also as

grm_TKo,hm(X X Gz_%ﬂ) — H2m_2T<X X Gm_%)g(m — T)G

— (H™(X)e @ H(Gp); " 20)(m — 7)€ = H™(X)o(r)®

by using the Kiinneth decomposition, the above diagram is commutative.
The right vertical arrow was used in [10] in the studies of motives in log geometry.

1.14. Conjecture 1.12 is independent of the choice of (¢,n) of the log Tate curve E =
E@m)_ In fact, since E@m™) — Elan) ig g log modification, Ko, in Conjecture 1.12 is
independent of the choice of n if ¢ is fixed. The isogenies in 1.11 have the isogenies in
the converse directions, and the isogenies induce isomorphisms between H 1(E(q’"))g for
different (¢, n).

1.15. By the diagram in 1.13, Conjecture 1.12 implies Conjecture 1.7 (1) and Conjecture
1.7 (1) implies Conjecture 1.7 (2).

If we admit Conjecture 1.6, the left vertical arrow in this diagram induces a surjection
from Q,® the upper K-group as is seen from the definition of the left vertical arrow, and
hence Conjecture 1.12 becomes equivalent to the statement that the lower arrow in this
diagram is surjective.

2 Weight-monodromy conjecture

2.1. We review the monodromy operator and the weight-monodromy conjecture. Let ¢
be a section of the log structure of s which does not belong to k*. Let I = Wiog(E). We
have a canonical homomorphism

ag: 1 — Zy(1); 0 (0(q"")/q""" )nz

with finite cokernel.

Let X be an object of & and let m > 0. Then for some open subgroup I’ of I, the
action of I’ on H™(X), is unipotent and factors through a, : I’ — Z,(1). Taking an
element o of I’ such that a,(0) # 0, we define the monodromy operator as

N, = a,(0) " log(o) : H™(X), — H™(X),(-1),

which is independent of such a . Here log(c) is the logarithm of the unipotent action of
oon H™(X),.

If ¢’ is another section of the log structure of s which does not belong to £* and if ¢
is the rational number such that the classes of ¢’ and ¢° in Q ® M /O = Q coincide,
we have Ny = ¢ ' N,.

In the situation where the choice of ¢ is not important (as in the situation in the rest
of this Section 2), we denote N, simply as N.

A
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2.2. In the case where k is a finite field, the weight-monodromy conjecture says the
following. For the monodromy filtration W of the monodromy operator N on H™(X),,
the action of the geometric Frobenius on W, /W, _; is of weight m + r for every r.

Strong results on the weight-monodromy conjecture were obtained by P. Scholze in
[18], but it is still a conjecture.

Theorem 2.3. Assume the log Tate conjecture 1.12 in general (not only for X and m
below). Assume the following (i) and (ii).
(i) There is a non-degenerate pairing

Hm(X)g X Hm(X)g — @g(—m)

which is compatible with the action of G.
(ii) The Frobenius action on H™(X)N=0 is semisimple.
Then the weight-monodromy conjecture for X is true.

The condition of the existence of the pairing in (i) is satisfied if X is the reduction
of V' as in Introduction, by the hard Lefschetz on V. This assumption (i) is used in 2.7
below.

Lemma 2.4. Let v € H™(X)y(r)¢ with m > 2r. Then v is in the image of N™ %",

Proof. By the log Tate conjecture 1.12, we have a G-homomorphism Sym™ * H'(E), —
H™(X),(r) which sends €/"*" to v (see the last remark in 1.13). Since e/" *" belongs
to the image of N2 : Sym™ * HY(E),(m — 2r) — Sym™ * H'(E),, v belongs to the
image of N™ 72" : H™(X),(m — 1) — H™(X),(r). O

2.5. To prove Theorem 2.3, by [9] Proposition 2.1.13 (cf. [17], [20] Proposition 2.4.2.1,
[22]), we are reduced to the case where X is strictly semistable.
Then we can use the Rapoport—Zink spectral sequence in [14].

Lemma 2.6. Let v € H™(X))=C and assume that v is of weight w < m. Then v is in
the tmage of N™~%.

Proof. We may assume v # 0 and v is an eigenvector of Frobenius with eigenvalue a.. Since
N(v) =0, in the Rapoport—Zink spectral sequence ([14] Proposition 1.8.3), v appears in
H?""(Z),(t) for some projective smooth scheme Z over k (in the non-log sense) and for
some integer t. By Poincaré duality, the Frobenius eigenvalue a~! appears in H*~(7),(t)
for some Z and ¢ with the eigenvector v/. Then v ® v € H™ (X x Z),(t)¢. Note
that m + 2t — w > 2t. By Lemma 2.4, v ® v’ belongs to the image of N™~ % that is,
to the image of N ® 1 on H™(X), ® H*~%(Z),(t). Hence v belongs to the image of
N, [

2.7. We complete the proof of Theorem 2.3.

By the existence of the pairing in (i), the determinantial weight (the average weight)
of H™(X), is m. We prove that this together with Lemma 2.6 proves Theorem 2.3. Fix
a lifting of the Frobenius to m°8(s). Fix a base t of Q,(1) and consider tN : H™(X), —
H™(X),. By the condition (ii), we have a decomposition H™(X)N=0 = @ _V,,, where V,,

d
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is the part of weight w. Take a base (v,;); of each V,, for w < m. By Lemma 2.6, for each
w < m and i, there is a v,,; € H™(X), such that v,; = (tN)""*(v,,;). We may assume
that this vy, ; is of weight w + 2(m —w) = 2m —w. For w <m and 0 < j <m — w, let
Vi, +2; be the subspace of H™(X), generated by (N7 (v, ;)); of weight w + 2j. Thus
Viw+o = V. Let V = @wgm,ogg‘gm—w Viw,+2;. 1t is sufficient to prove H™(X), = V. The
average weight of V' is m by construction. On the other hand, we see that the weights of
H™(X),/V are > m. If H™(X), # V, this contradicts that the average weight of H™(X),

is m.

3 Log K, and the finer log Tate conjecture

3.1. In the classical theory, for a projective smooth scheme X over a finite field, it is
conjectured that Q, ® gr"Ko(X) = H(X),(r)°. That is, not only the surjectivity, the
isomorphism is conjectured. For the log case, Ky is too big to have the isomorphism
even in the case where k is finite. In fact, if X is a curve, for each log modification along a
singular point of X, dimg Q® Pic = Q® gr! K increases by one, and hence Q ® grlKgJim
usually becomes of infinite dimension. To improve this situation, the following log K|
may be nice.

3.2. For an element a of the inductive limit of H(X’, M$5/O%,) for log modifications X’
of X, let I, € Koum(X) be the class of the line bundle defined by the image of a under
the connecting map H(X', M%,/0%,) — H (X', O%,). Let

K5(X)

be the quotient of the ring K¢ m(X) by the ideal generated by [, — 1 for all a. Then the
Chern class maps to the ¢-adic cohomology factor through K(l)og(X ). This is because the
Chern character of I, in @, H?"(X).(r) is 1 by the following lemma, and since the Chern
character is a ring homomorphism, it kills the ideal generated by all [, — 1. Hence the
Chern class maps kill this ideal.

Lemma 3.3. The Chern class of l, in H*(X),(1) vanishes.

Proof. This is because the Chern class map on Pic(X) = H'(X,0%) factors through
H'(X, M%) as is seen by the following commutative diagram.

0 —» z/rz(l) - G, —» G, — 0
I N N
0 — Z/"Z(1) = Gupiog — Gumiog — 0.

Conjecture 3.4. In the case where k is a finite field, we have

oY

Qe @ g Ky (X) = H (X)o(r).

Q



LOGARITHMIC TATE CONJECTURES OVER FINITE FIELDS

3.5. To consider the general m > 2r, we introduce a subgroup K(X,m,r) of Q ®
gr T K8 (X x B,

For an integer a > 1, the multiplication by a : E@ — E@ induces a morphism (also
denoted by @) E' = E@) — E = E@"), For 1 < i < t, by the pullback via the morphism
X x (E')" =+ X x E' induced by the evident morphisms on all components except a on
the i-th E’, we have a homomorphism a} : K;*(X x E') — K*%(X x E').

Define K (X, m, r) to be the part of Q@gr™ " K*(X x E™~2") consisting of all elements
x satisfying the following conditions (i) and (ii).

(i) ajz = ax for 1 <i < m — 2r and for any a > 1.

(ii) « is invariant under the action of the Symmetric group S,,_o;.

We define K (X, m,r) =0 in the case m < 2r.
We have K(X,2r,7) = Q® g K, 5(X).

Conjecture 3.6. In the case where k is a finite field, we have
Q@ K(X,m,r) = H™(X)(r).

3.7. We have the following relations of the conjectures. Conjecture 3.4 is a finer version
of Conjecture 1.6, and Conjecture 3.6 is a finer version of Conjecture 1.12.

The idea of Conjecture 3.6 comes from Conjecture 3.4 as follows. By Conjecture 3.4,
we expect

o)

QE ® grm—rK(l)Og(X % Em—?r) = H2m—2r(X % Em—?r)ﬁ(m _ ’I")G.

Consider elements of the right-hand-side satisfying the conditions (i) and (ii). By the
condition (i) and by the fact that the pullbacks a* : H*(E), — H*(E), for integers a > 1
and t > 0 coincide with the multiplication by a’, we get the Kiinneth component

H™(X)e @ H'(E); " (m = ).
By the condition (ii), we get
Hom ¢(Sym™ > H'(E)¢, H™(X)o(r)).
If we admit the weight-monodromy conjecture, the last thing should be equal to H™ (X ),(r)¢.

3.8. Let V be as in Introduction with strictly semistable reduction X, assume that k is
a finite field, and let

LH™(V),s) = det(1 — ¢ - 4(k)~*; H"(Vig, Q)" ")

be the Euler factor of L, where ¢ is the geometric Frobenius. In [1], a conjecture of S.
Bloch on the order of the pole of L(H™(V),s) at s = r € Z is discussed. He used his
higher Chow group in the conjecture. We can give a modified version of his conjecture:

Conjecture 3.9. The order of the pole of L(H™(V),s) at s = r € Z is equal to
dimg (K (X, m,7)).
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In fact, this order of the pole is equal to the multiplicity of the eigenvalue 1 in the action
of o on H™(V, Qu(r))N= = H™(X),(r)V=C. Hence if we assume the semisimplicity of
the action of ¢ as is widely believed, the log Tate conjecture 3.6 implies this conjecture.

3.10. The authors expect that an advantage of our method is that by working with K,
we can apply the usual method of algebraic cycles, for example, the intersection theory.
The rationality and the positivity of the intersection number may be meaningful.

We consider the following new intersection theory.

Assume m,m/,r,r’" € Z, m,m’ > 0, m+m' = 2d (d = dim(X)), m—2r =m/—2r" > 0.
Then we have the pairing

K(X,m,r) x K(X,m',r') = Q
obtained as (letting t = m — 2r = m/ — 21’)
g™ " Ko jim (X X E') x g™ 7 Ko (X x E') — gr™ =0 [ 4 (X x BT

= gr"™ Ko m(X x EY) — Q,

where the last arrow is the left vertical arrow of the diagram in [9] Proposition 2.4.9 which
we use by taking X x E' and s here as X and Y there, respectively.

Conjecture 3.11. This pairing K(X,m,r) x K(X,m',v") — Q is a perfect pairing of
finite dimensional Q-vector spaces.

3.12. This pairing has the following property. If a € K(X,m,r), b € K(X,m', 1),
and if o € H™(X)(r)¢ and 8 € H™ (X),(r')¢ are the images of a and b, respectively,
the pairing (a,b) € Q coincides with & U 3, where & is an element of H™(X),(m — r)
such that N/""?"(&) = o and U is the cup product H™(X),(m — r) x H™ (X)o(r') —
H*(X)m —r + 1) = H*(X),(d) — Q. Here ¢ in N, is the ¢ which we used for
E = Eln),

In 5.6, we consider an example of this.

4 The monodromy cycle

4.1. Assume that k is a finite field. If we use X x X as X in Conjecture 3.6 and use
the Kiinneth decomposition and Poincaré duality on the log étale cohomology, we would
obtain an isomorphism

Q& K(X x X,2d,d—1) > @,, Hom g(H™(X)s, H™(X)(—1)),

where d = dim X.

Based on this, we expect that for a section ¢ of the log structure of s which does
not belong to k*, we have a unique element of K (X x X,2d,d — 1) which induces the
monodromy operators N, : H™(X), - H™(X),(—1) for all m and all ¢ # p and also the
analogous monodromy operator N, : H{\ . (X) — Hy, .. (X)(=1) of the log crystalline
cohomology ([5]).

We call this expected element the monodromy cycle.

10
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Conjecture 4.2. A monodromy cycle exists.

4.3. By the relation of the monodromy filtration and the theorem of Jacobson-Morozov
discussed in [4] 1.6.8, the weight-monodromy conjecture 2.2 is equivalent to the following
statement. Fix a lifting of the geometric Frobenius from Gal(k/k) to 7 °%(s) and fix a
base of Qy(1). Then we have a unique action of the Lie algebra sl(2) on H™(X), such
1) € sl(2),

that the monodromy operator N on H™(X), is the action of the matrix 8 0

and the matrix ( 0 (1)> € 5[(2) acts on the part of H™(X), of Frobenius weight w as

the multiplication by w — m.

In the following 4.4, we give a geometric understanding of this action of s[(2) by using
the monodromy cycle.

In 4.13, we will try to understand the monodromy cycle and this action of sl(2) by
using the theory of log motives [9].

4.4. The map
g™ KX x X x Ex E) = H* (X x X x Ex E)(d+1)
induces, by the condition (i) in 3.5, a homomorphism
K(X x X,2d,d —1) = (H*(X x X),(d) ® H'(E), ® H'(E),(1))¢

= Hom G(End(H1 (E)e), D, End(H™ (X)),

and the condition (ii) in 3.5 tells that the image of this map is contained in the space
of homomorphisms End(H'(E),) — 6,, End(H™(X),) which kill the scaler matrices Q,
in End(H'(E),). Note that End(H'(FE);)/Q is identified with the part sl(H'(E),) of
End(H'(E),) of trace 0. Thus we have

K(X x X,2d,d — 1) — Hom g(sl(H'(E),), ®,, End(H™(X),)).
If [N] € K(X x X,2d,d — 1) is a monodromy cycle, the induced homomorphism
sl(H'(E);) — D,, End(H™(X),)
is the action of s[(2) mentioned in 4.3. This homomorphism sends the monodromy op-
erator N, : H'(E), — H'(E),(—1) of E to the monodromy operators N, : H™(X), —
H™(X),(—1) of X. (Here this ¢ need not be equal to the ¢ which we used to define the
log Tate curve E.)

Remark 4.5. In [10] A.17, we conjectured the existence of a monodromy cycle as an
element of gr'™ ' K'H_ 33, (X X X) not assuming the finiteness of k. But this element does
not give an action of s[(2). The action of s[(2) appears only by the power of the log Tate
curve.

11
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4.6. In [9] Section 5.1, the category of log motives LMpg(S) (the logarithmic version of the
category of Grothendieck motives) over an fs log scheme S was defined fixing a non-empty
set R of prime numbers which are invertible on .S, by using the homological equivalence
for (-adic realizations for £ € R. We consider the case where S is our log point s and k& is
a finite field, and R is the set of all prime numbers which are not the characteristic of k.
We denote LMg(s) by 9t = M(s).

Objects of M are direct summands of the objects h(X)(r) which are associated to
objects X of & and integers r in Z. For objects X and X’ of & and for r,r’ € Z, we have
a surjective homomorphism

Q @ griimCO+'=r grlog (X s XY — Hom gn(h(X)(r), h(X")(r')),

and this is an isomorphism if the finer /(-adic log Tate conjecture 3.4 is true for some
¢ e R.

4.7. Let
Hom : M x M —>M, End:NM—M

be internal hom and the internal end, respectively. Using the dual log motive M* of
M, they are written as (M, M') — M* ® M’ and M — M* ® M, respectively. Let
2 = End(HY(E)) = HY(E)* ® H'(E). Then 2 is a ring object of 9. It is hence a
Lie algebra object with the commutator Lie bracket. Let s[(H'(F)) be the kernel of
the canonical morphism H!(E)* @ H'(E) — 1, where 1 is the unit object of 9. Then
sl(H'(F)) is a Lie algebra object of 9.

We try to understand the monodromy cycle of a log motive M € 91 as a canonical
homomorphism of Lie algebra objects s[(H'(E)) — End(M), that is, a canonical action
of s((H'(E)) on M in 9.

4.8. Consider the full subcategory M. = Mgar(s) of M consisting of all objects which
are isomorphic to a direct summand of h(X)(r) for some X € & which is saturated over
s and for some r € Z.

Note that X € & is saturated over s if and only if X is reduced as a scheme ([19]
Theorem 11.4.2).

If X and Y are saturated over s, the fiber product X x Y over s is saturated. Hence
in M, M., is stable under tensor products, duals, and direct summands.

If X € & is semistable, then X is saturated. Though we feel that the properties
semistable and saturated are similar good properties, we use the latter to define a subcat-
egory in the above because the property semistable is not stable under the fiber products
over s.

By the construction of the category 9t in [9], the category of classical Grothendieck
motives over k£ with morphisms considered modulo homological equivalence with respect
to f-adic realizations for all ¢ # char(k) is regarded as a full subcategory of M., If
Conjecture 3.4 is true for some ¢ € R, this full subcategory coincides with the cate-
gory of classical Grothendieck motives over k with morphisms considered modulo rational
equivalence.

Proposition 4.9. Let M be an object of M. Then the action of the inertia subgroup
T%(3) of m%(s) on the (-adic realization My of M is unipotent.
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This follows from the next proposition.

Proposition 4.10. Let f : Y — s be a morphism from an fs log scheme to the standard
log point and € a prime invertible on s.
(1) Assume that the cokernel of

Ly = fH(MEP/OF) = M /Oy

18 torsion-free. Then for every m > 0 and n > 0, the action of every element g of 7r11°g(§)
on H™(Ys(og), /L") = R™ fioger (L] 0" L)500g) satisfies (g — 1) = 0.
(2) The assumption on f in (1) is satisfied if f is saturated.

Proof. (2) is [8] Proposition (A.4.1).
We prove (1). Let Y be the underlying scheme of Y endowed with the étale topology.
By the Leray spectral sequence
E;’j = Hét<Yv ‘Ijj) = HH_j (ng(log% Z/ﬁnZ)’

logét

it is enough to show that the action of 7T110g (5) on the nearby cycle

W = R (Yagop Y 5 V)LL) = Rie.n, 7, ("7

is trivial. This is a local problem and can be checked stalkwise as follows. Let y € Y.
Then the argument in the proof of [14] Lemma 1.8.2, which treats the semistable case,
works if the homomorphism f: 7°8(5) — 7%(3) of profinite groups has a section. For
an fs log point z, m%(Z) = Hom (M /OX ], Z¢(1)), where ¢' ranges over all prime
numbers which are invertible on . Hence the existence of the section follows from the
fact that the cokernel of the injection MZ’/OF — M2’ /O is torsion-free. O

4.11. For a log Tate curve E, the log motive H'(FE) belongs to Mg, because it is
H'(E@M) for ¢ and n > 2 such that the image of ¢ in N = M,/O} is a multiple of n and
E@n) is saturated for such (¢,n). Hence for any r > 0 and any classical Grothendieck
motive C over k, Sym"H'(E) ® C belongs to M.

Now Proposition 4.9, [11] Proposition 1.10 and the log Tate conjecture 3.6 suggest the
following.

Conjecture 4.12. Let M be an object of Mgar. Then M s isomorphic to
D, =0 Sym’ (H'(E)) ® C,
for some classical Grothendieck motives C, over k which are O for almost all r.

4.13. For M as in Conjecture 4.12, the desired action of sl(H'(E)) on M is given as the
tensor product of the natural action on Sym"(H'(F)) and the trivial action on C,. This
action is well-defined (we assume Conjecture 3.4 here). In fact, C, is canonical because
it represents the functor D — Hom (Sym"(H'(F)) ® D, M) on the category of classical
Grothendieck motives over k, and the morphism Sym"(H'(F)) ® C, — M comes from
this property of C,., and hence the object C,. and the isomorphism in Conjecture 4.12 are
canonical.

12
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5 Examples

Assume that k is a finite field. The next theorem proves a part of a special case of
Conjecture 3.6.

Theorem 5.1. Assume that X is a strictly semistable curve. Then the map Q, ®
K(X,1,0) = HY(X)$ is surjective.

5.2. We prove Theorem 5.1 till 5.5. In 5.5, we use the additivity of the Albanese map,
which will be seen in the next section by using theta functions.

Let I be the set of all irreducible components of X and let J be the set of all singular
points of X. By using the base change to a finite extension of k, we may assume that all
points in J are k-rational. We may assume that X is connected.

Define the free abelian group H! by the exact sequence

0—4Z—> P, ; Z—D,.,Z— H —0.

jed
This is identified with the exact sequence of cohomology groups for * = zar or ét

0 — HY(X,Z) = HYU,Z) = @,., H',(X,Z) — HY(X,Z) — H(U.,Z),

]EJ

where U is the non-singular part of X and H*J(X ,+) is the cohomology with support.
That is,
H'=H] (X,7)=H}(X,7).

zar
Take the Z-dual of the above exact sequence

0= H > @e; Z—Dic; Z—7Z—0,

where H; is the Z-dual of H'.

Then the theory of the Rapoport—Zink spectral sequence ([14]) gives the following.
H'(X), has an increasing filtration W such that W_; =0, Wy = H(X),, Wy = Q,® H',
Wi /Wy = D,e; H'(X});, where X; denotes the irreducible component i € I, Wy /W) =
Q¢(—1) ® Hy, and the monodromy operator N, for a generator ¢ of the log structure of s
coincides with the composition

HY X))y — Qu(—=1)®@ Hy = Qu(—1)®@ H' — H'(X),(—1),
in which the middle arrow is induced by the composition of the canonical maps
H — @, Z— H"
The map Q ® H; — Q ® H' is an isomorphism because it is induced by the pairing

QeH, xQ®H —Q

which is the restriction of the positive definite pairing

@J X QJ — Q; ((xj s y] ) = ijyj

and hence is positive definite. That is, the weight-monodromy conjecture is true for this
HY(X),.

14
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Lemma 5.3. Let q be a section of the log structure of s which does not belong to k*. Then
the image of H), (X, Z) — H} (X, MY) induced by the homomorphism Z — MS ; 1 — q
18 finite.

Proof. We use the result in Kajiwara [6]. Working on the Zariski site of X, consider the
quotient sheaf ' = M3 /(O% ® ¢%). Then F = @, ; (a;).Z, where a; is the inclusion
map j — X. From the exact sequence 0 — Oy & ¢* - MY — F — 0, we obtain an
exact sequence of cohomology

@P,c, Z— Pic(X)® H' — H,

zar

(X, M%) — 0.
By [6] Theorem 2.19, this exact sequence induces an exact sequence of subgroups

0— Hy — Pic(X)o® H' — H]

zar

(X, M)g(p)() — 0.

Here Pic(X)o is the kernel of Pic(X) — ,.; Pic(X;) — ,.; Z, where the second
arrow is given by the degree maps, and H. (X, M§’), is the kernel of a homomorphism

HY (X, M$) — Z which is called the degree map in [6]. Consider the exact sequence
of sheaves 0 — O% — @,¢; (0))«(O%,) = G — 0, where p; is the inclusion morphism
X; — X, and the stalk of G at x € X is k™ if x is a singular point and is 0 otherwise.
By the finiteness of k, we have that the kernel of Pic(X) — &, ., Pic(X;) is finite.
Since the kernel of the degree map Pic(X;) — Z is finite by the finiteness of k, we have
that Pic(X)o is finite. Hence by the above [6] Theorem 2.19, we have an exact sequence
0>Q®H - Qe H" - Q® HL (X, M)y — 0. Since Q® H; - Q® H' is an

isomorphism, the map Q ® H' — Q ® H} (X, M) is the zero map. O

zar

Lemma 5.4. Consider the evact sequence 0 — 7 Gfﬁ?log — E@ — 0 on X. The
connecting map

P: QR EYX)—> Qe H!

18 surjective.

Proof. By Lemma 5.3, we have the surjection Q ® H(X, Gp106/9%) — Q® H'. Since X
is vertical, for every local section ¢ of My, locally there is an n € 7Z such that t|¢" and
tg". Hence HY(X,Guios/q”) = H'(X,GY,, /") = BW(X). O

5.5. By [9] Section 3.1, for a € E@(X), we have an element C(a) of gr! Ko m(X x E)
whose image under gr! Ko (X x E) — HY(X)% coincides with ®(a). This element is
obtained as follows (see the proof of Proposition 3.1.4 in [9]).

Let E = E@" and let Y be the log modification of E x E defined as Y = Y /(¢% x ¢%),
(g:n) (g:n)
x G

m,log m,log

For an fs log scheme T over s, Y(T) is the set of all (t,t,) € (G x GY™ )(T) such

m,log m,log

that for each r € Z, we have either ¢"t1|ty or t3]¢"t; locally on T. Then the diagonal
A = F — FE x FE factors through a strict closed immersion A — Y. The ideal of

Oy which defines A is an invertible and hence is a line bundle on Y. Let Z be a log
modification of X x F such that the composition Z — X x E (%d') EW x E factors as

where Y is the log modification of G which represents the following functor.

15
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Z%Y - ExE— B9 x E. Let C(a) € gr' Kom(X x E) be the pullback of the class
of this line bundle in gr' Ky(Y) under a'.

Let U(a) be the image of C(a) — C(0) in gr' K 8(X x E). Since the image of C(a) in
HY(X)$ is ®(a) and the image of C(0) in H'(X)% is ®(0) = 0, we have:

(1) The following diagram is commutative.

ED(X) % grl'KN(X x E)

e I
H' -  HYX)¢

We will prove the following (2) in 6.10 below.
(2) The map ¥ : E@(X) — gr' K[’(X x E) is a homomorphism.

(Though this (2) can be deduced from the theory of the log Jacobian variety of X and
its self-duality described in [9] Section 6.2, we give a proof of (2) in Section 6 below using
the theta function of a log Tate curve over our log point s because we think the log Tate
curve is important in this paper and its theta function may have a value and because the
full details of [9] Section 6.2 are not yet published.) By (2), we have

(3) The image of ¥ in Q ® gr' K 8(X x E) is contained in K (X, 1,0).

By Lemma 5.4, the above (1) and (3), and the surjectivity of Q, ® H* — H(X)¥, we
have Theorem 5.1.

5.6. Let X be as in Theorem 5.1 and assume that all singular points are k-rational. Take
the Tate elliptic curve E@™ where ¢ is a generator of the log structure of s. Then we
have a commutative diagram

K(X,1,0) x K(X,1,0) - Q

1 |
Qe H'xQ® H! — Q.

Here the upper arrow is as in 3.10 and the lower arrow is (Q ® H') ® (Q @ H') =

(Q®H,)®(Q®H') — Q in which the first arrow is by the isomorphism Q® H, = Qe H!
in 5.2.

The next theorem is about the existence of a monodromy cycle in a special case.

Theorem 5.7. Assume that X is a strictly semistable curve.

(1) The map Q@K (X xX,2,0) = H*(XxX)¥ =@, Hom ¢(H™(X)e, H™(X)e(—1))
18 surjective.

(2) There is an element of K(X x X,2,0) which induces a homomorphism

sl(HY(E)) — End(h(X))
of Lie algebra objects in the category IM, which sends the monodromy operator N, :

HY(E); — HY(E)i(—1) to the monodromy operator N, : H™(X), — H™(X),(—1) for
every m and every £.
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Proof. We may assume that all singular points of X are k-rational.

(1) is proved as follows. By 5.2, H*(X x X)§ = HY(X)§ ® H'(X)$ and it is generated
by the image of H' @ H'. By Theorem 5.1, it is generated by the image of K(X,1,0) x
K(X,1,0) —» K(X x X,2,0) — H2(X x X)¢.

(2) is proved as follows. The surjective homomorphism Q ® E@(X) - Q ® H' and
the homomorphism ¥ : E@(X) — gr' K[**(X x E) give a homomorphism H'(E)® H' —
H'(X) of log motives in M, where H'(E) ® H' means the log motive H'(E)®" if we
fix a Z-base (€;)i1<i<, of H'. By taking the dual log motives ([9] 3.2.8), we obtain a
homomorphism H'(X) — H'(E)® H; of log motives, and the composition H(E)®@ H' —
HY(X) - HY(F)® H, — HY(FE)® H" is the identity morphism. Hence H'(E) @ H*
is regarded as a direct summand of the log motive h(X). We define the Lie action of
sl(HY(E)) on h(X) by using the evident action on H'(E) on this direct summand, and
using the trivial action on the other direct summand. This gives the monodromy operator
as stated in (2).

This Lie action is induced by an element of K (X x X,2,0) obtained as follows. The
pairing (Q® H') x (Q® H') — Q in 5.6 is perfect. Take elements ay, ..., a, of K(X,1,0)
such that if o; denotes the image of a; in Q ® H!, then (;); is a base of Q ® H'. Let
b, ..,b, be elements of K(X,1,0) such that if 3; denotes the image of b; in Q® H', then
(;); is the dual base of («a;); for the pairing (Q@ H') x (Q® H') — Q. The desired element
of K(X xX,2,0) is obtained as Y ;" | a;-b;, where - is the pairing K(X, 1,0)x K(X,1,0) —
K(X x X,2,0). 0

5.8. In this paper, if we drop the assumption that X is projective, many points stop
working.

For example, consider a reduction X of the rigid analytic Hopf surface S := (A% \
{(0,0)})™/q% over a p-adic local field K, where ¢ is a non-zero element of the maximal
ideal my. Though S is not an algebraic variety, we have a reduction X of S which is a
proper vertical log smooth scheme over s, and which is not projective. This X represents
the functor T+ T(T, (F x E@")/G,,) for the diagonal action of G,,, where F is the
subsheaf of O x O consisting of those (a,b) such that either a or b belongs to O, and
q is regarded as a section of the log structure of s. Note that S = ((A? \ {(0,0)})™ x
G /q%)/G*. We have the projection X — P} = F//G,, whose all fibers are E@").

We have that H3(X),(2)¢ = H*(X),(2) = Qy is non-zero, so Conjecture 1.4 is not
true for this X.

We have HY(X)§ = HY(X), = Q but it does not come from a G-homomorphism
HY(E), — H'(X),. So Conjecture 1.12 is not true for this X.

6 Theta functions

Here we describe the theory of theta functions on a log Tate curve over a standard log
point. This is the reduction to k of the theory of theta functions on the Tate curve over
a p-adic local field K described, for example, in [16]. The latter theory is the p-adic
analogue of the classical theory over C reviewed in 6.1 below.

This is used in 5.5 in the previous section.
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6.1. Let ¢ € C*, |q| < 1, and consider the elliptic curve E = C*/¢% over C. We have the
theta functions 6 and 6, for a € C*, which are meromorphic functions on C*, defined as
follows:

0(t) = H L—q't)- [] 1 —q"t 0.(t) = 0(t/a).

Hence 6 = 6;. We have

(1) 0at) = —10(1),  Bulat) = —at~0,(1).
(2) The divisor of 6, on C* is the pullback of the divisor (a) on E.

From (1), we have:

(3) For a,b € C*, the function f(t) = 04 (t)01(t)0,(t)710,(t) " satisfies f(qt) = f(t)
and hence is a meromorphic function on E = C*/¢”.

By (2), the divisor of f is the divisor (ab) + (1) — (a) — (b) on E. This gives a proof
of the fact that the divisor (ab) + (1) — (a) — (b) on E is a principal divisor.

6.2. We now go to the log geometry.

In general, for an fs log scheme S, let Rg be the sheaf of rings over Og obtained from
Og by inverting all non-zero-divisors in Og. Let Qg be the log structure on Ry associated
to the pre-log Structure MS — Rs.

The group sheaf Q% is generated by the subgroup sheaves R and ME. We regard
QY /M’ as the log version of the sheaf Ry /O of Cartier divisors. An element D of
H O(S , Q% /MEP) gives an MEP-torsor on S deﬁned to be the inverse image of D in Q% It is
like the OZ-torsor associated to an element of H%(S, R%/O%). We have the commutative
diagram

HO(S,R3/0%) —  HY(S.07)
) 1
HO(S, QM) — H(S, ME).

6.3. Now we work over a standard log point s.
Let
E=F% E=G%Y (1.9) withn > 2,

m,log

so B =FE/q".
Then there is a unique section § = 0(t) (t € EC Gg)log
conditions (i) and (ii).

(i) O(qt) = —t710(¢t). )
(ii) On the open part {t € Gy, 10q | 1]tlq} of E, 6 = (1—a(t))(1—a(gt™")) € R, where
« is the structural map M — O of the log structure.

) of Q¥ satisfying the following

The restriction of A(t) to G,, C Eis 1 —t.

6.4. Let X be an object of & and let a € E@(X). We will define the theta function 6,
as a section of Q°fP of a certain covering E x,a Of a log modification Ex, of X x E.

First we consider the case X = E and a is the identity map 6 : £ — E. In this case,
Ers; =Y and E’E#; =Y in 5.5. The restriction of 05 to G,, x G,, C Y is to be 1 — tf1t2.
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We define 5 as the unique section of Q% of Y characterized by the following properties
(i) and (ii).

(i) Os(qt, qta) = O5(t1, t2) and Os(t, qta) = —tity ' O5(ty, ta).

(i) On the part {(t1, t2) | 1[t1]q, 1ltalg} of Y, 05(t1,12) = (1—a(ty 't2))(1—al(gty ') €
RXAf ty|ty, and Os(ty, ta) = —17 a1 — oty 1)) (1 — afgty 't1)) € QPP if to|t;.

The restriction of 05 to {1} x E is 6.

Lemma 6.5. By the canonical map R*/O* — Q% /M® on Y, the Cartier divisor of the
diagonal E in'Y s sent to the class of 0.

Proof. This is clear by the explicit form of 6. m

6.6. Let X be an object of & and let a € E@(X). We define a log modification Ex , of

X x E to be the fiber product of X x F (—>) E@ x E « Y. We define EXa to be the

fiber product of EXa —Y « Y. Let 0, be the pullback of 05 under EXa —Y.
Note that ¢Z x ¢% acts on EX,a The action of (q,q) € ¢% x ¢% does not change 6,
and the pullback by the action of (1,q) changes 6, to —at='0,, where a (resp. t) is the

composition of Ex, — Y and the first (resp. second) projection Y — G,y jog-

6.7. Since the class of 6, in Q%P /M?®P is invariant under the action of ¢Z x ¢Z, the MeP-
torsor associated to this class descends to an MeP-torsor on Ex ,. We denote it by T (a).

Prop051t10n 6 8 Leta; € E9(X), n(i) € Z for 1 <i <r, and assume that Y ;_, n(i) =
0 and [[;_,a;"" =1 in the group EW(X). Let Ex.g,...a be the fiber product of Ex.a,
(1 <i<r)over X x E which is a log modification of X x E.

Then on Exay, ars 1]i—; T (a;)" is a trivial torsor.

Proof. For > 1, let Y ) (resp. Y") be the log modification of E"*! (resp. E"t1) defined
by the condition on (t,...,%,11) that (ti,t,11) belongs to Y (resp. f/) for 1 < < r.
Hence YV = Y (resp. Y ) — = Y). Then Ex,,.. 4 is the fiber product of X x E —
(E@) x E + Y where the first arrow is (z,t) = (ai(z),...,a,.(x),t). Let EX s

be the fiber product of Ex 4, 4, — Y+ Y, We pullback 9% (1 <i1<r)to EXﬂ1 ,,,,, -
Consider f = []_, 0@ there. For the action of (¢%)™*1, f does not change under the
action of the element ~; (1 < i < r) whose i-th component and r + 1-component are g
and whose other components are 1. For the pullback by the action of v whose r + 1-th

component is ¢ and whose other components are 1, v*(f)f~! € an)log and its image in
E@ is trivial by the assumption on a;. Hence v*(f)f~! is a locally constant function on

Ex,a1 _____ ar with values in ¢, which we denote by c. Let g be the section t—¢ HZ 1 Qa 0 of

. Then ¢ is invariant under the action of (¢Z)"*! and hence is a section
. This gives a section of the torsor [],_, 7 (a;)"®. O

.....

-----

Lemma 6.9. Let Y be an object of S and let a,b € Pic(Y'). If the images of a and b in
HY(Y, M) coincide, their images in gr' K\ (Y) coincide.

Proof. This follows from the exact sequence H*(Y, M /O5) — HY (Y, Oy) — HY (Y, MP).
L

6.10. Now (2) in 5.5 follows from Lemma 6.5, Proposition 6.8, and Lemma 6.9.

19



LOGARITHMIC TATE CONJECTURES OVER FINITE FIELDS

References

1]

2]

[11]

[12]

[13]

[14]

ConsaNi, C., Double complexes and Euler L-factors, Compositio Mathematica 111
(1998) 323-358.

Consani, C., The local monodromy as a generalized algebraic correspondence (with
an appendix by Spencer Bloch), Doc. Math. 4 (1999), 65-108.

Consani, C., Kim, M., The Picard-Lefschetz formula and a conjecture of Kato:
The case of Lefschetz fibrations, Math. Research Letters 9 (2002), 621-631.

DELIGNE, P., La conjecture de Weil. II, Publ. Math. L.H.E.S. 52 (1980), 137-252.

Hyopo, O., Karo, K., Semi-stable reduction and crystalline cohomology with log-
arithmic poles, Exposé V in Astérisque 223 (1994), 221-268.

KAJIWARA, T., Logarithmic compactifications of the generalized Jacobian variety, J.
Fac. Sci. Univ. Tokyo Sect. IA Math. 40 (1993), 473-502.

Kayiwara, T., Kato, K., NAKAYAMA, C., Logarithmic abelian varieties, Part II.
Algebraic theory, Nagoya Math. J. 189 (2008), 63-138.

ILLusie, L., KaTto, K., Nakavama, C., Quasi-unipotent logarithmic Riemann-
Hilbert correspondences, J. Math. Sci. Univ. Tokyo 12 (2005), 1-66.

Ito, T., Kato, K., NAKAYAMA, C., Usul, S., On log motives, Tunisian J. Math.
2 (4) (2020), 733-789.

Karo, K., NAkAvyaMA, C., Usul, S., Mized objects are embedded into log pure
objects, to appear in Osaka Journal of Math. 62 (3) (2025), 445-465.

Kato, K., NAKAYAMA C., Usur S., Logarithmic geometry and Frobenius, preprint,
submitted. arXiv:2404.19183.

NAKAYAMA, C., Logarithmic étale cohomology, Math. Ann. 308 (1997), 365-404.

NAKAYAMA, C., Nearby cycles for log smooth families, Compositio Math. 112 (1)
(1998), 45-75.

NakavaMa, C., Degeneration of (-adic weight spectral sequences, Amer. J. Math.
122 (2000), 721-733.

NAKAYAMA, C., Logarithmic étale cohomology, II, Advances in Math. 314 (2017),
663—725.

ROQUETTE, P., Analytic theory of elliptic functions over local fields, Vandenhoeck
u. Ruprecht, 1970.

SA1TO, T., Log smooth extension of a family of curves and semi-stable reduction, J.
Algebraic Geom. 13 (2004), 287-321.

290



LOGARITHMIC TATE CONJECTURES OVER FINITE FIELDS

[18] SCHOLZE, P., Perfectoid spaces, Publ. Math. 1. H. E. S, 116 (2012), 245-313.

[19] Tsuut, T., Saturated morphisms of logarithmic schemes, Tunisian J. Math. 1 (2019),
185-220.

[20] VIDAL, 1., Monodromie locale et fonctions Zéta des log schémes, In: Geometric as-
pects of Dwork Theory, volume II (Ed. A. Adolphson, F. Baldassarri, P. Berthelot,
N. Katz, and F. Loeser), Walter de Gruyter, Berlin, New York, 2004, 983-1038.

[21] WEIBEL, C. A., Homotopy algebraic K-theory, Contemporary Math. 83 (1989),
461-488.

[22] YosHIOKA, H., Semistable reduction theorem for logarithmically smooth varieties,
Master thesis at University of Tokyo, 1995.

Kazuya KATO

Department of Mathematics
University of Chicago
Chicago, Illinois, 60637, USA
kkato@uchicago.edu

Chikara NAKAYAMA

Department of Economics

Hitotsubashi University

2-1 Naka, Kunitachi, Tokyo 186-8601, Japan
c.nakayama@r.hit-u.ac. jp

Sampei USUT
Graduate School of Science
Osaka University

f  the deceased

DN



