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Abstract. We show that very general noncommutative projective planes do not admit
phantom categories.
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1. Introduction

Let X be a smooth projective variety. A full triangulated subcategory A ⊂ Db coh(X)
is called admissible if the inclusion admits both left and right adjoints. Such categories
are also called geometric noncommutative schemes [22]. A nontrivial geometric noncom-
mutative scheme is called a quasi-phantom category if it has a finite Grothendieck group
and trivial Hochschild homology, and it is called a phantom category if, in addition, it
has trivial Grothendieck group.

In [19], Kuznetsov conjectured that quasi-phantom categories do not exist, and pointed
out that this nonexistence could be used to prove the termination of semi-orthogonal
decompositions. However, this conjecture was disproved by the explicit construction
of quasi-phantom categories on classical Godeaux surfaces [8] and Burniat surfaces [3].
Subsequently, phantom categories were constructed on the products of surfaces with a
quasi-phantom category [12] and on determinantal Barlow surfaces [9]. These surfaces
on which the phantom category was constructed are all of the non-negative Kodaira
dimension. In particular, they are non-rational. Therefore, it is interesting to consider
whether phantom categories exist on rational surfaces.

Among others, there was a folklore conjecture that phantom categories do not exist on
del Pezzo surfaces, especially on P2. A del Pezzo surface is either a blow-up of P2 at most
eight points in general position or P1 × P1. This conjecture was solved in the affirmative
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by Pirozhkov [23]. Borisov and Kemboi extend this result on del Pezzo surfaces to a
bigger class of rational surfaces:

Theorem 1.1 (=[10, Theorem 3.1]). Let X be the blow-up of P2
C at a finite set of points

on a smooth cubic curve E such that the restriction map Pic(X) → Pic(E) is injective.
Then Db coh(X) admits no phantom categories.

The assumption of Theorem 1.1 is satisfied if the points on E are in very general
position. However, the assumption that all points lie on a cubic curve is a nontrivial
closed condition as soon as the number of points is more than nine. In this sense, the
points as in Theorem 1.1 are in special position.

In contrast, Krah [18] constructed phantom categories on blow-ups of P2 at ten points
in general position:

Theorem 1.2 (=[18, Theorem 1.1]). Let X be the blow-up of P2
C at 10 closed points

p1, . . . , p10 ∈ P2
C in general position. Then there exists an exceptional collection (L1, . . . ,L13)

consisting of line bundles such that its right orthogonal complement ⟨L1, . . . ,L13⟩⊥ is a
phantom category.

Thus the existence of phantom categories is a subtle problem even for rational surfaces.
Moreover, Theorem 1.1 and Theorem 1.2 mean that a surface without phantom categories
may deform to surfaces with phantom categories.

In this paper, we initiate the study of phantom categories in the broader context of
noncommutative algebraic geometry. More specifically, we study flat deformations of
coh(P2) as abelian categories [20]. According to [27, Theorem 7.2], they can be realized
as noncommutative projective planes, defined as the quotient category

qgr(A) := grmod(A)/ tors(A),

where A is a three-dimensional Artin-Schelter (AS-)regular quadratic (graded) algebra,
grmod(A) denotes the category of finitely generated graded A-modules, and tors(A) de-
notes the Serre subcategory of finite-dimensional modules. It is known that Db qgr(A) is
a geometric noncommutative scheme [22, Theorem 5.8].

Three-dimensional quadratic AS-regular algebras are classified by triples (E, σ,L),
where E ⊂ P2 is a cubic divisor, σ ∈ Aut(E) is an automorphism, and L ∈ Pic(E)
is a very ample invertible sheaf. The cubic divisor E is considered to be embedded in the
noncommutative projective plane via a pair of adjoint functors (see (2.9)).

Lj∗ : Db qgr(A) ⇄ Db coh(E) : j∗
While Db coh(P2) has no phantom categories, this result does not immediately imply

the nonexistence of phantoms on noncommutative projective planes as we pointed out
above. Nevertheless, using a noncommutative analogue of the methods of Pirozhkov [23]
and Borisov-Kemboi [10], we obtain the following result.

Theorem 1.3 (=Theorem 3.11, MAIN RESULT). Let A be a three-dimensional AS-
regular quadratic algebra associated to a geometric triple (E, σ,L). Assume that E is
nonsingular and σ is a translation of infinite order. Then Db qgr(A) admits no phantom
categories.

This theorem shows that very general noncommutative deformations of the projective
plane do not admit phantom categories. The assumptions of Theorem 1.3 are rather
technical, and we expect:

Conjecture 1.4. Every noncommutative projective plane admits no phantom categories.
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Our methods do not directly extend to arbitrary noncommutative projective planes.
One reason for this limitation is that some results from [4] cannot be applied to arbitrary
noncommutative projective planes. Consequently, Proposition 1.6 and Proposition 1.7
(see below) cannot be extended to arbitrary noncommutative projective planes.

Borisov and Kemboi conjectured that any smooth projective surface which admits an
effective (anti-)canonical divisor does not admit phantom categories [10, Conjecture 1.3].
This conjecture naturally extends to the noncommutative setting, especially to blow-
ups at points on the anti-canonical divisor E of noncommutative projective planes [25].
Namely, we expect:

Conjecture 1.5. Any blow-up at points on the anti-canonical divisor E of a noncom-
mutative projective plane admits no phantom categories.

1.1. Outline. In Section 2.1 we recall fundamental definitions and results on admissible
subcategories and phantom categories. In Section 2.2 we recall the definition and results
about AS-regular algebras. In Section 2.3 we recall the notion of spherical functor and
results. The main result of this section is Corollary 2.33, whose proof is deferred to
Section A. Section 3.1 and Section 3.2 develop key technical tools required for our main
theorem. The following proposition proved in Section 3.1 roughly corresponds to Step 3
of the proof of Theorem 1.1.

Proposition 1.6 (=Proposition 3.2). Assume that the order of the automorphism σ
associated with the three-dimensional AS-regular algebra A is infinite. Then the set
{j∗Op | p ∈ E} is a spanning class of Db qgr(A).

The proof relies on Artin-Tate-Van den Bergh’s results on finitely generated graded
modules over AS-regular algebras [4, Propositions 7.5, 7.9]. The infinite order condition
on σ is necessary for applying these results.
The following proposition proved in Section 3.2 roughly corresponds to Step 1 of the

proof of Theorem 1.1.

Proposition 1.7 (=Proposition 3.10). If the automorphism σ has infinite order, then for
a very general point p ∈ E, there are no objects M ∈ Db qgr(A) with Supp(Lj∗M) = {p}.

Based on these propositions, we prove the main theorem in Section 3.3.

Notation and Conventions. Throughout the paper, k is a base field, assumed to
be algebraically closed unless specified otherwise. All modules are right modules. The
notation MA is used to specify that M is a right module over a ring A.

Acknowledgements. The author would like to express his gratitude to his advisor,
Shinnosuke Okawa, for providing helpful comments during regular seminars. The author
is grateful to the anonymous referees for their valuable feedback and suggestions, which
improve the exposition of the paper, particularly the proof of Proposition 1.7.

2. Preliminaries

2.1. Admissible subcategories and phantom categories. In this section we review
the basic definition (for details, see [16]). Let T be a k-linear triangulated category,
where k is a base field. For X, Y ∈ T , we define a graded k-vector space

RHomT (X, Y ) :=
⊕
ℓ∈Z

HomT (X, Y [ℓ]).

A triangulated category T is of finite type over k if dimk RHomT (X, Y ) < ∞ for all
X, Y ∈ T . We assume that any triangulated category is of finite type over a base field k
throughout this paper.
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Definition 2.1. A full triangulated subcategory A ⊂ T is called admissible if the inclu-
sion functor admits a left and right adjoint functor.

Definition 2.2. A semi-orthogonal decomposition of T is an ordered pair of admissible
subcategories (A,B) of T which satisfies the following conditions:

(1) RHom(b, a) = 0 for any a ∈ A and b ∈ B.
(2) T is the smallest triangulated category which contains A and B.

If (A,B) is a semi-orthogonal decomposition of T , we write T = ⟨A,B⟩.

The conditions (1) and (2) imply that for any x ∈ T , there exists a unique exact
triangle up to isomorphism

b→ x→ a→ b[1]

where a ∈ A and b ∈ B. The correspondences x 7→ a and x 7→ b induce functors T → A
and T → B, respectively. These are called the left projection onto A and the right
projection onto B.

Definition 2.3. An object E ∈ T is called exceptional if RHomT (E,E) = k[0], i.e.,
HomT (E,E[ℓ]) = 0 when ℓ ̸= 0 and HomT (E,E) = k. An exceptional collection in T is
a sequence of exceptional objects (E1, . . . , En) which satisfies RHomT (Ei, Ej) = 0 for all
i > j.

Definition 2.4. An exceptional collection (E1, . . . , En) is called strong if in addition,
HomT (Ei, Ej[k]) = 0 for all i < j and k ̸= 0.

Definition 2.5. The Grothendieck group of T , denoted K0(T ), is the abelian group
generated by the isomorphism classes of T , with the relations of the form [X]− [Y ] + [Z]
for all exact triangle X → Y → Z → X[1].

By definition of the Grothendieck group, any exact functor F : T1 → T2 induces a group
homomorphism K0(T1) → K0(T2).
If we have a semi-orthogonal decomposition T = ⟨A,B⟩, then the inclusion functors

induce an isomorphism

K0(T ) ≃ K0(A)⊕ K0(B).

Definition 2.6. Let X and Y be smooth projective varieties and let E ∈ Db coh(X×Y ).
The integral functor ΦE : Db coh(X) → Db coh(Y ) is defined by

ΦE(F ) = p∗(q
∗(F )

L
⊗ E)

where q : X × Y → X and p : X × Y → Y are projections. The object E is called the
kernel of the integral functor ΦE.

Definition 2.7 ([22]). A geometric noncommutative scheme is an admissible subcategory
of Db coh(X) where X is a smooth projective variety.

By definition of geometric noncommutative schemes, any admissible subcategory of a
geometric noncommutative scheme is also a geometric noncommutative scheme.

Example 2.8. A triangulated category with a full exceptional collection is a geometric
noncommutative scheme by [22, Theorem 5.8]. By Theorem 2.21, every noncommutative
projective plane is a geometric noncommutative scheme.

Definition 2.9. A nontrivial geometric noncommutative scheme A is called a phantom
category if K0(A) = 0.
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Remark 2.10. In this paper, we adopt a slightly different definition of phantom category.
It is known that if the base field k is algebraically closed and has infinite transcendence
degree over its prime field, this definition coincides with the common one, as shown in
[12, Theorem 5.5].

2.2. Noncommutative projective planes.

2.2.1. Three dimensional Artin-Schelter regular quadratic algebras. Let A =
⊕

n∈ZAn be
a Z-graded algebra. We say that A is positively graded if A<0 = 0. All Z-graded algebras
are assumed to be over k and positively graded unless otherwise stated. Let Grmod(A)
denote the category of graded right modules over A. The truncation is an endofunctor
of Grmod(A) defined by

Grmod(A) → Grmod(A), M 7→M≥m :=
⊕
k≥m

Mk (2.1)

for m ∈ Z, similarly, the graded module M>m is also defined. The n-th shift of gradings
for n ∈ Z is an autoequivalence of Grmod(A) defined by

Grmod(A) → Grmod(A), M 7→M(n). (2.2)

The graded moduleM(n) is defined byM(n)k =Mn+k. For a positively graded algebra A,
the ideal A>0 is two-sided, and there exists a canonical isomorphism of graded bimodules
A0 ≃ A/A>0.

Definition 2.11. Let A be a positively Z-graded algebra. We say A is d-dimensional
Artin-Schelter (AS-)regular if the following conditions are satisfied.

(1) A is connected, i.e., A0 = k,
(2) gl. dimA = d,
(3) dimAn is bounded by a polynomial in n,

(4) (Gorenstein condition) ExtiA(k, A) ≃

{
k if i = d,

0 if i ̸= d.

Any three-dimensional AS-regular algebra generated in degree one is either a quadratic
or a cubic algebra ([7, Theorem 1.5]). In this paper, we focus on three-dimensional
quadratic AS-regular algebras defined as follows.

Definition 2.12. Let A be an AS-regular algebra. We say that A is a three-dimensional
quadratic (AS-)regular algebra if the minimal resolution of kA in Grmod(A) has the form

0 → A(−3) → A(−2)⊕3 → A(−1)⊕3 → A→ kA → 0. (2.3)

Let grmod(A) be an abelian category of finitely generated graded A-modules, and let
tors(A) be a Serre subcategory of grmod(A) whose objects are finite dimensional modules.
The Serre quotient of grmod(A) by tors(A) will be denoted by

π : grmod(A) → qgr(A) := grmod(A)/ tors(A). (2.4)

The functor π is exact. The truncation (2.1) and the shift of gradings (2.2) send any object
in tors(A) to itself. Hence these endofunctors of grmod(A) induce the endofunctors of
qgr(A). We use the same notation for these endofunctors of qgr(A).
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2.2.2. Geometric algebras. Let (X, σ,L) be a triple of a projective variety X, an auto-
morphism σ ∈ Aut(X), and a very ample invertible sheaf L ∈ Pic(X). Set V = H0(X,L)
and consider X is embedded into Proj(SymV ) by L.

Definition 2.13. The geometric algebra A(X, σ,L) associated to the triple (X, σ,L) as
above is the quotient algebra of the tensor algebra T (V ) by the two-sided ideal generated
by R = {f ∈ V ⊗ V | f(p, σ(p)) = 0 for any point p ∈ X}.

Theorem 2.14 ([5]). For a three-dimensional AS-regular quadratic algebra A, there exists
a geometric triple (E, σ,L) of the following types whose geometric algebra A(E, σ,L) is
isomorphic to A.

(1) E = P2, σ ∈ Aut(E) and L = OP2(1), or
(2) E ⊂ P2 is a divisor of degree 3, σ ∈ Aut(E) and L = OE(1), such that σ∗L ≇ L,

(σ2)∗L ⊗E L ≃ σ∗L ⊗E σ
∗L.

Conversely, a geometric algebra associated to a triple (E, σ,L) as above is a three-
dimensional quadratic AS-regular algebra.

Let (E, σ,L) be a geometric triple of type (2) as in the above theorem. Then the
twisted homogeneous coordinate ring associated to the triple (E, σ,L) is a Z-graded alge-
bra B(E, σ,L) which is constructed in the following way.

B(E, σ,L) =
⊕
n

Bn

where Bn = H0(E,Ln), Ln = L⊗Lσ ⊗· · ·⊗Lσn−1
and Lσℓ

= (σℓ)∗L. The multiplication
is defined by

Bn ⊗Bm = H0(E,Ln)⊗H0(E,Lm)

≃ H0(E,Ln)⊗H0(E,Lσn

m )
⊗→ H0(E,Ln+m) = Bn+m.

The isomorphism in the second row is obtained by σn∗ : H0(E,Lm) ≃ H0(E,Lσn

m ).
By the definition of the algebras A(E, σ,L) and B(E, σ,L), there is a canonical map
A(E, σ,L) → B(E, σ,L).

Proposition 2.15. (1) The canonical map A(E, σ,L) → B(E, σ,L) is surjective.
(2) The kernel of the canonical map is generated by an element g of degree three in

the center of A(E, σ,L) and g is unique up to scalar multiplication.
(3) There exists an equivalence

Γ∗ : coh(E) → qgr(B(E, σ,L)) (2.5)

E 7→
⊕
n∈Z

H0

(
E, E ⊗

n−1⊗
i=0

σi∗L

)
. (2.6)

Proof. See [5, Theorem 2] and [6, Theorem 1.3]. □

For simplicity, we write A(E, σ,L) and B(E, σ,L) as A and B respectively.

Definition 2.16. Let g be a central element of A as in Proposition 2.15 and let M be a
graded A-module. The morphism of graded A-module

·g : M(−3) →M (2.7)

is defined by m 7→ mg.
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Definition 2.17. Let M be a graded A-module. The graded A-module KM,n is defined
by

KM,n := ker (gn : M →M(3n)) (2.8)

for n ∈ Z>0. We also define KM,∞ :=
⋃

n∈Z>0
KM,n. If M is clear, we simply write Kn

and K∞ instead of KM,n and KM,∞ respectively.

By Proposition 2.15, we have A/g ≃ B. There exists a pair of adjoint functors

j∗ : qgr(A) ⇄ qgr(B)
(2.5)
≃ coh(E) : j∗

where j∗ corresponds to the extension of scalars M 7→M ⊗A ABB and j∗ corresponds to
the restriction of scalars. The functor j∗ is fully faithful and exact. Moreover, we have a
pair of adjoint functors

Lj∗ : Db qgr(A) ⇄ Db qgr(B) ≃ Db coh(E) : Rj∗ = j∗. (2.9)

By (2.9), we have an exact triangle

M(−3)
·g−→M

ηM−−→ j∗Lj∗M →M(−3)[1] (2.10)

where M ∈ Db qgr(A) and η is the unit of the adjunction (2.9). By the long exact
sequence of this triangle, we obtain the following lemma.

Lemma 2.18. Let M ∈ grmod(A). Then we have

(1) L1j∗M ≃ j∗ (KM,1(−3)),
(2) Lkj∗M = 0 if k ̸= 0, 1.

In particular, if M has no g-torsion element, L1j∗M = 0.

The direct computation shows that:

Lemma 2.19. The shift of gradings (2.2) is compatible with the autoequivalence of coh(E)

σ∗ (−⊗ L) (2.11)

via the equivalence coh(E) ≃ qgr(B) as in (2.5). i.e., there exists an isomorphism

Γ∗(E)(1) ≃ Γ∗(σ∗(E ⊗ L)) (2.12)

where E ∈ coh(E). Hence, j∗(E)(1) ≃ j∗(σ∗(E ⊗ L)). In particular, we have an isomor-
phism

(j∗Op) (n) ≃ j∗
(
Oσn(p)

)
(2.13)

for any p ∈ E and n ∈ Z.

Let us introduce the explicit description of the Serre functor of Db qgr(A) for a very
general three-dimensional AS-regular quadratic algebra A.

Theorem 2.20. If the automorphism σ is a translation and E is a smooth elliptic curve
then the Serre functor SA of Db qgr(A) is of the form

SA(M) =M(−3)[2].

Proof. See [26, Corollaries 9.3, 9.4] and [21, Theorem A.4]. □

Moreover, it is known that there exists a full exceptional collection which is a noncom-
mutative analogue of Beilinson’s theorem, which addresses the case of P2.

Theorem 2.21. Let O(n) := π(A(n)). The sequence (O,O(1),O(2)) is a full strong
exceptional collection in Db qgr(A). In particular, Db qgr(A) has a tilting object.

Proof. See [1, Theorem 7.1]. □
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From this theorem, there exists an isomorphism

K0(A) := K0(D
b qgr(A)) ≃ Z3. (2.14)

2.2.3. GK dimension.

Definition 2.22. LetM be a finitely generated graded A-module. A Hilbert series hM(t)
is defined by

hM(t) =
∑
n∈Z

dim(Mn)t
n ∈ Z[[t]][t−1].

Example 2.23. The Hilbert series of A is given by hA(t) = 1/(1 − t)3 because of the
minimal resolution (2.3).

The assumption gl. dimA = 3 implies that there exists a projective resolution

0 → P3 → P2 → P1 → P0 →M → 0,

so that

hM(t) =
3∑

i=0

(−1)ihPi
(t).

Since an indecomposable projective object of grmodA is isomorphic to A(ℓ) for some
ℓ ∈ Z (see [5, p. 40], [4, p. 339]), combined with Example 2.23 this implies that

hM(t) =
r

(1− t)3
+

a

(1− t)2
+

b

1− t
+ f(t) (2.15)

for uniquely determined a, b, r ∈ Z and f(t) ∈ Z[t±]. This immediately implies:

Lemma 2.24. For any M ∈ grmodA there exists a unique polynomial PM(x) ∈ Q[x]
such that PM(d) = dimMd for sufficient large d ∈ Z. Moreover, if M,N ∈ grmod(A) are
isomorphic in qgr(A), then PM(x) = PN(x).

Definition 2.25. The Gelfand-Kirillov dimension (or the GK-dimension) of a nontrivial
graded A-module M is a pole order of Hilbert polynomial hM(t) at t = 1. Let GKdimM
denote the GK-dimension of a graded module M .

For 0 ̸=M ∈ grmodA we have the following quadchotomy by (2.15).

GKdimM =


3 if r > 0

2 if r = 0 and a > 0

1 if r = a = 0 and b > 0

0 otherwise

(2.16)

We also have
GKdimM = degPM(x) + 1

for the polynomial PM(x) as in Lemma 2.24. The degree of the zero polynomial is defined
to be −1.

Definition 2.26. Let us denote the localization of graded algebra A with respect to the
homogeneous element g by Λ := A[g−1], and by Λ0 ⊆ Λ its degree 0 part.

Proposition 2.27 (=[4, Proposition 7.5]). The following categories are equivalent:

(1) finite dimensional Λ0-modules V ,
(2) finitely generated graded A-modules N such that dimNn is bounded, modulo g-

torsion modules.
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Proposition 2.28 (=[4, Corollary 7.9]). If the order of the automorphism σ associated to
A is infinite, then Λ0 has no nontrivial finite dimensional representation. In particular,
any finitely generated graded A-module N whose dimension dimNn is bounded is a g-
torsion module.

According to the two results above, any graded A-module M with GKdimM ≤ 1 is a
g-torsion module if the order of σ is infinite.

2.3. Spherical functor. In this section we assume that any triangulated category and
any exact functor have dg enhancements. Hence, there exist functorial cones. Let
F : T1 → T2 be an exact functor admitting right and left adjoint functor R,L : T2 → T1.
Consider the canonical triangles

FR
ϵ→ id → T → FR[1]

and
id

η→ RF → C → id[1] (2.17)

where η : idT2 → RF is the unit, and ϵ : FR → idT1 is the counit of adjunction. The
functor T is called a twist and C is a cotwist of F .

Definition 2.29. An exact functor F : T1 → T2 which admits a left adjoint L and right
adjoint R is called spherical if the cotwist C is an equivalence and R ≃ CL.

Theorem 2.30 (=[2, Theorem 2.3]). For a spherical functor F , the twist T is an equiv-
alence.

Example 2.31. Let A be a three-dimensional quadratic AS-regular algebra and let
(E, σ,L) be the triple associated to A. Assume that E is a smooth elliptic curve and σ is
a translation. The restriction functor Lj∗ : Db qgr(A) → Db coh(E) is spherical. Indeed,
the right adjoint functor to Lj∗ is the functor j∗, and the left adjoint functor j! is defined
by

j!(−) = S−1
A j∗SE

Theorem 2.20
= (j∗((−)⊗E ωE)) (3)[−1] = (j∗(−)) (3)[−1]

where SA, SE are the Serre functors of Db qgr(A), Db coh(E) respectively. Considering
the canonical exact triangle

M(−3)
·g−→M → j∗Lj∗M →M(−3)[1],

the spherical cotwist functor C : M 7→ M(−3)[1] is an autoequivalence. It is easy to see
that Cj!(M) ≃ j∗(M). Therefore, Lj∗ is a spherical functor.

Theorem 2.32 (=[2, Proposition 2.1]). Let F : T1 → T2 be a spherical functor such that
the spherical cotwist is isomorphic to the Serre functor of T1 up to a shift. If A ⊂ T1 is
an admissible subcategory, then the composition A ↪→ T1 → T2 is also a spherical functor.

By Example 2.31, we can apply this theorem to the restriction functor Lj∗.

Corollary 2.33. Let B ⊂ Db qgr(A) be an admissible subcategory and prRB be the right
projection onto B. There exists an exact triangle in Db coh(E × E)

KLR → O∆ → KT → KLR[1] (2.18)

such that ΦKLR
≃ Lj∗prRBj∗ and ΦKT

≃ T where T is a spherical twist functor associated

to the spherical functor B ↪→ Db qgr(A)
Lj∗−−→ Db coh(E). Thus for any F ∈ Db coh(E),

there exists an exact triangle

Lj∗prRB (j∗F ) → F → T (F ) → Lj∗prRB (j∗F )[1] (2.19)

in Db coh(E).
9



We defer the proof of Corollary 2.33 to Section A. The main issue is to check that the
triangle (2.19) of functors is realized by a distinguished triangle of kernels for integral
functors.

3. Proof of Main theorem

3.1. A spanning class of noncommutative projective planes. In this section, let
A be a three-dimensional AS-regular algebra and let (E, σ,L) be a geometric triple asso-
ciated to A. Assume that E is a smooth elliptic curve.

Lemma 3.1. Suppose that the order of the automorphism σ is infinite. Let M be a
bounded complex in qgr(A). If Lj∗M = 0, then M = 0.

Proof. Consider the canonical triangle in Db qgr(A)

M(−3)
·g−→M → j∗Lj∗M = 0 →M(−3)[1].

Thus for any i ∈ Z, the morphism induced on the i-th cohomology

H i(M)(−3)
·g−→ H i(M) (3.1)

is an isomorphism in qgr(A). By Lemma 2.24, we have PHi(M)(x + 3) = PHi(M)(x), and
this implies that PHi(M)(x) is constant. Hence, we have

1 ≥ GKdimH i(M)

for any i ∈ Z and hence, dimH i(M)n is bounded. By Proposition 2.28, H i(M) is a
g-torsion module. Since the multiplication map (3.1) is an isomorphism in qgr(A), we
have H i(M) = 0 in qgr(A) for any i ∈ Z. So, M = 0 in Db qgr(A). □

This immediately implies the following proposition:

Proposition 3.2. Suppose that the order of automorphism of σ is infinite. Then the set
{j∗Op | p ∈ E} is a spanning class of Db qgr(A).

Proof. Let M ∈ Db qgr(A), and assume that RHom(M, j∗Op) = 0 for any p ∈ E. Then,
by the adjunction Lj∗ ⊣ j∗, we have RHom(Lj∗M,Op) = 0 for any p ∈ E. Since the
set {Op}p∈E is a spanning class of Db coh(E), we have Lj∗M = 0, and hence M = 0 by
Lemma 3.1. Therefore, the set {j∗Op}p∈E is a spanning class of Db qgr(A). □

3.2. Support of graded modules restricted to the anti-canonical divisor. In this
section, let A be a three-dimensional quadratic AS-regular algebra and let (E, σ,L) be a
geometric triple associated to A. Assume that E is a smooth elliptic curve.

Definition 3.3. Let us define a subset Esp ⊂ E of special points as

Esp := {p ∈ E | Supp(Lj∗M) = {p} for some M ∈ Db qgr(A)}. (3.2)

For any M ∈ Db qgr(A), there exists a Leray spectral sequence

Ep,q
2 = Lpj∗Hq(M) ⇒ Lp+qj∗(M). (3.3)

By Lemma 2.18, we obtain that Ep,q
2 = 0 if p ̸= 0, 1 and hence, this spectral sequence

degenerates at E2-page. Thus there exists an exact sequence

0 → E1,n−1
2 = L1j∗Hn−1(M) → Lnj∗M → E0,n

2 = L0j∗Hn(M) → 0

so that we have
Supp(Lj∗M) =

⋃
n∈Z

Supp(Lj∗Hn(M)).
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This implies that

Esp = {p ∈ E | Supp(Lj∗M) = {p} for some M ∈ qgr(A)}. (3.4)

Lemma 3.4. There exists a decomposition of Esp as the following form:

Esp = E1 ∪ E2

where

E1 = {p ∈ E | Supp(Lj∗M) = {p} for some g-torsion module M}, (3.5)

E2 = {p ∈ E | Supp(Lj∗M) = {p} for some M such that L1j∗M = 0}. (3.6)

Proof. For any p ∈ Esp, there exists M ∈ qgr(A) such that Supp(Lj∗M) = {p} by (3.4).
Set Q := M/K∞ where K∞ is defined in Definition 2.17. Note that K∞ is a g-torsion
module by definition and L1j∗Q = 0 by Lemma 2.18. Then by the long exact sequence

0 L1j∗K∞ L1j∗M L1j∗Q = 0

j∗K∞ j∗M j∗Q 0,

∼

(3.7)

we have Supp(Lj∗K∞) ⊂ Supp(Lj∗M) = {p}. If Supp(Lj∗K∞) = {p}, then p ∈ E1 since
K∞ is a g-torsion module. If Supp(Lj∗K∞) = ∅, that is Lj∗K∞ = 0, then K∞ = 0 by
Lemma 3.1. Hence M ≃ Q and p ∈ E2 since L1j∗Q = 0. □

Lemma 3.5. Let M ∈ grmod(A). Assume that M is annihilated by g, i.e., j∗F ≃ M
for some F ∈ coh(E). Then

Supp(L1j∗M) = σ−3 Supp(F).

Proof. If F is zero, then M ≃ j∗F is also a zero object. Then both j∗M and L1j∗M
are obviously zero, and hence these supports are empty sets. Therefore, we may assume
that F ̸= 0. Since M is annihilated by g, we have M = K1 where K1 is defined in
Definition 2.17. By Lemma 2.18, we have

L1j∗M ≃ j∗ (M(−3)) ≃ j∗((j∗F)(−3)).

By Lemma 2.19, we have

(j∗F) (−1) ≃ j∗(σ
−1
∗ (F)⊗ L−1).

This inductively implies that

(j∗F) (−3) ≃ j∗
((
σ−3
∗ F

)
⊗ σ2∗L−1 ⊗ σ∗L−1 ⊗ L−1

)
and hence, L1j∗M ≃ (σ−3

∗ F)⊗ σ2∗L−1 ⊗ σ∗L−1 ⊗ L−1. Therefore, we have

Supp(L1j∗M) = Supp(σ−3
∗ F) = σ−3 Supp(F).

□

Let us define the map

deg : K0(E) := K0(D
b coh(E)) → Z (3.8)

which is given by F 7→ χ(F) where F ∈ coh(E) and χ(F ) =
∑

(−1)i dimH i(E,F). It is
known that there exists an isomorphism

Pic(E)⊕ Z ≃ K0(E) (3.9)

which is defined by the direct sum of
∑
npp 7→

∑
np[Op] for a Weil divisor

∑
npp on E

and n 7→ n[OE] for n ∈ Z (see [13, Exercise I.6.11]). Note that the map defined in (3.8)
coincides with the map of the degree of a Weil divisor on Pic(E), via the map (3.9).
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Lemma 3.6. If M is a g-torsion module such that Supp(j∗M) is a finite set, then it is an
extension of skyscraper sheaves of the form j∗Op for p ∈ E; in particular, Supp(Lj∗M)
is also a finite set.

Proof. Let n = min{ℓ | Mgℓ = 0}. We prove the assertion by using induction on n. If
n = 1, we haveM ≃ j∗j

∗M . Since Supp(j∗M) is a finite set, j∗M is an iterated extension
of skyscraper sheaves. Hence, M is also an iterated extension of the skyscraper sheaves
of the form j∗Op for p ∈ E. By Lemma 3.5, the support of Lj∗M is a finite set. If n > 1,
there exists an exact sequence

0 → K =Mg →M → Q =M/Mg → 0.

We obtain a long exact sequence

0 L1j∗K L1j∗M L1j∗Q

j∗K j∗M j∗Q 0.

(3.10)

Since Supp(j∗Q) is a subset of Supp(j∗M), it is finite. As Q is annihilated by g, it is
an iterated extension of skyscraper sheaves and Supp(Lj∗Q) is a finite set, similar to the
case when n = 1. This implies that Supp(j∗K) is a finite set by (3.10). By definition,
Kgn−1 = 0. By induction hypothesis, K is an iterated extension of skyscraper sheaves.
Therefore, M is an iterated extension of skyscraper sheaves. □

Lemma 3.7. If M is a g-torsion module such that Supp(j∗M) is a non-empty finite set,
then the class of Lj∗M in K0(E) is a non-trivial sum of elements of the form [Op] −
[Oσ−3(p)], where p ∈ E.

Proof. By Lemma 3.6, M is an iterated extension of skyscraper sheaves of the form j∗Op

for p ∈ E. Hence, in the Grothendieck group K0(A), the class of M is the sum of classes
[j∗Op] for p ∈ E. By Lemma 2.18 and (2.13), we have

Lj∗[j∗Op] = [L0j∗j∗Op]− [L1j∗j∗Op] = [Op]− [Oσ−3(p)].

Hence the assertion holds. □

Lemma 3.8. If σ is an infinite order translation, then the set E1 as defined in (3.5) is
empty.

Proof. Assume that there exists a g-torsion module M such that Supp(Lj∗M) = {p}
for some p ∈ E, i.e., p ∈ E1. Since Lj∗M is supported at p, the class of Lj∗M is
proportional to [p]. However, by Lemma 3.7, it can be also represented as a sum of the
classes [Oq] − [Oσ−3(q)] for various points q ∈ E. Note that since σ is a translation, the
difference [Oq] − [Oσ−3(q)] does not depend on the point q. Indeed, for q1, q2 ∈ E, we
obtain σ−3(q1) − σ−3(q2) = q1 − q2 in Pic(E) since σ is a translation. This implies that
[Oq1 ]− [Oσ−3(q1)] = [Oq2 ]− [Oσ−3(q2)]. Hence, we obtain a relation

k[Op] = r([Op]− [Oσ−3(p)])

for some integers k, r, where by Lemma 3.7 r > 0. Since the degree of the right hand
side is zero, we have k = 0 and hence, the class [Op] − [Oσ−3(p)] is annihilated by some
positive integer. Since the class [Oq]− [Oσ−3(p)] is constant for any point q, we obtain

r([Op]− [Oσ−3(p)]) =
r∑

i=1

([Oσ−3i+3(p)]− [Oσ−3i(p)]) = [Op]− [Oσ−3r(p)].
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The class vanishes in K0(E) if and only if p = σ−3r(p), which cannot happen since σ is
an infinite order translation. □

For η ∈ K0(E), let us define E2,η ⊂ E2 as

E2,η := {p | Supp(Lj∗M) = {p} for some M ∈ qgr(A) such that L1j∗M = 0, [M ] = η}.
If degLj∗η ≤ 0, then E2,η = ∅. Indeed, assume E2,η ̸= ∅ and take p ∈ E2,η. Then
there exists M ∈ grmod(A) such that Supp(Lj∗M) = {p} and L1j∗M = 0. Since j∗M is
supported at p, we have degLj∗η = deg[j∗M ] = dimH0(E, j∗M) > 0.

Lemma 3.9. For any η ∈ K0(A) which satisfies n := degLj∗η > 0, E2,η is finite. In
particular, E2 =

⋃
η∈K0(A)E2,η is at most countable.

Proof. Let p, q ∈ E2,η. Then there exist M,N ∈ grmod(A) which satisfy the following
conditions:

L1j∗M = L1j∗N = 0 and Supp(Lj∗M) = {p}, Supp(Lj∗N) = {q}.
Since j∗M and j∗N are supported at p and q respectively, we have the following equation
of K-classes on E

[Lj∗M ] = [j∗M ] = n[Op], [Lj∗N ] = [j∗N ] = n[Oq]

where n = degLj∗η > 0. Since η = [M ] = [N ], then Lj∗[M ] = Lj∗[N ]. i.e.,

n ([Op]− [Oq]) = 0.

By (3.9), the divisor p − q ∈ Pic(E) is annihilated by n. Therefore, we can define the
map

E2,η → E[n], p 7→ p− q

for a fixed point q ∈ E2,η and this map is injective where E[n] is a set of divisors
annihilated by n. Hence, E2,η is a finite set since E[n] is a finite set. Finally, since
K0(A) ≃ Z3 by (2.14), the set E2 =

⋃
η∈K0(A)E2,η is at most countable. □

Proposition 3.10. If the automorphism σ is an infinite order translation, then the set
Esp is at most countable. As a consequence, we have E \ Esp ̸= ∅.

Proof. It follows from Lemma 3.4, Lemma 3.8, and Lemma 3.9. □

3.3. Proof of Theorem 1.3. In this section, we prove the main theorem using a non-
commutative analogue of [10, Theorem 3.1], which addresses the commutative case.

Let A be a three-dimensional quadratic AS-regular algebra and let (E, σ,L) be a geo-
metric triple associated to A described in Theorem 2.14. We assume that E is an elliptic
curve, and the automorphism σ is a translation with infinite order.

Theorem 3.11. Let Db qgr(A) = ⟨A,B⟩ be a semi-orthogonal decomposition with K0(B) =
0. Then B is trivial. In particular, there are no phantom categories on noncommutative
projective planes with infinite order translation.

Proof. By Proposition 3.2, it is enough to show that j∗Op ∈ A for any p ∈ E. Consider
the decomposition of j∗Op

Bp → j∗Op → Ap → Bp[1] (3.11)

where Ap ∈ A and Bp ∈ B. Then we only have to prove that Lj∗Bp = 0 for any p ∈ E
since Bp = 0 if and only if Lj∗Bp = 0 by Lemma 3.1.
By Corollary 2.33, there exists an exact triangle on E

Lj∗Bp → Op → Cp := T (Op) → Lj∗Bp[1] (3.12)
13



where T is a spherical twist associated to B ↪→ Db qgr(A)
Lj∗→ Db coh(E). Since Op is

a spherical object, then so is Cp. Moreover, since the K-class of Lj∗Bp vanishes by our
assumption for B, we have

[Op] = [Cp] (3.13)

in K0(E). It is known that any spherical object on E is isomorphic to either a simple
vector bundle or a skyscraper sheaf up to shift by [11, Proposition 4.13]. Hence the
equation (3.13) implies that for any p ∈ E, there exists an isomorphism

Cp ≃ Op[2ap] (3.14)

for some ap ∈ Z. Since T sends skyscraper sheaves to skyscraper sheaves up to shift, the
autoequivalence T is of the form

T ≃ ρ∗(−⊗ L)[n] (3.15)

for some ρ ∈ Aut(E), L ∈ Pic(E), and n ∈ Z by [15, Corollary 4.3]. Then we claim that
ρ = idE, n = 0, and L ≃ OE. Indeed, by (3.14), we have ρ = idE. By (3.12), we have
Supp(Lj∗Bp) ⊂ {p}. By Proposition 3.10, there exists a point p /∈ Esp. If p /∈ Esp, then
Lj∗Bp = 0. Moreover, by (3.12) we have

Op ≃ Cp (3.16)

for p /∈ Esp. This implies n = 0. Finally, consider the exact triangle obtained by (2.19)

Lj∗BO → OE → L → Lj∗BO[1]

where BO = prRB (j∗OE). The equation of the K-classes

[OE] = [L]

implies that OE ≃ L.
Therefore, the morphism of kernels on E × E that corresponds to id → T is given by

some element ψ of HomE×E(O∆,O∆). Since the morphism space is one-dimensional, ψ
is either an isomorphism or a trivial morphism. By (3.16), ψ is not trivial and hence it is
an isomorphism. As a consequence, we have Lj∗Bp = 0 for any p ∈ E and the assertion
holds. □

Appendix A. Proof of Corollary 2.33

In this section we prove Corollary 2.33. Let Q be a finite acyclic quiver and Λ = kQ/I,
where I is a two-sided ideal of the path algebra kQ.
Since Q is finite and acyclic, the algebra Λ has finite global dimension. Moreover, the

enveloping algebra Λe = Λop ⊗k Λ has finite global dimension. Indeed, Λe is a quotient
algebra of the path algebra k(Qop×Q), where Qop is the opposite quiver of Q and Qop×Q
is the product of the quivers (see [14, Proposition 3]). As Qop × Q is finite and acyclic,
the enveloping algebra Λe has finite global dimension as well.

Lemma A.1. Let Λ be a finite dimensional algebra and let Λe = Λop⊗kΛ be an enveloping
algebra. For a right Λ-module W , there exists the following adjunction

Λ(−)⊗k WΛ : modΛop ⇄ modΛe : ΛHommodΛ(WΛ, (−)),

where a left module structure of ΛHommodΛ(WΛ,M) for a bimodule M is inherited from
the left module structure of M . In particular, we have an adjunction

Λ(−)
L
⊗k WΛ =Λ (−)⊗k WΛ : D

bmodΛop ⇄ Db modΛe : ΛRHommodΛ(WΛ, (−)).
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Lemma A.2. Let DbmodΛ = ⟨A,B⟩ be a semi-orthogonal decomposition. Then there
exists a semi-orthogonal decomposition

DbmodΛe = ⟨DbmodΛop ⊗k A,DbmodΛop ⊗k B⟩
where Λe = Λop ⊗k Λ is the enveloping algebra.

Proof. Since Λe has finite global dimension, the derived categoryDbmodΛe is the smallest
triangulated category containing projective modules over Λe. Since Λe is the quotient of
the path algebra k(Qop ×Q), any indecomposable projective module is of the form

P(i,j) = Λej ⊗k eiΛ ∈ modΛop ⊗k modΛ

where i, j are vertices of Q. Therefore, we have

DbmodΛe = ⟨modΛop ⊗k modΛ⟩
and this shows that Db modΛop ⊗k A and DbmodΛop ⊗k B generate Db modΛe as a
triangulated category. By the adjunction Lemma A.1, for M,N ∈ modΛop, A ∈ A and
B ∈ B, we have

RHomΛe(M ⊗k B,N ⊗k A) = RHommodΛop(M,RHommodΛ(B,N ⊗k A))

= RHommodΛop(M,N ⊗k RHommodΛ(B,A))

= RHommodΛop(M,N)⊗k RHommodΛ(B,A)

= 0.

This implies the semi-orthogonality. □

Lemma A.3. Let B be an admissible subcategory of the DbmodΛ. Then the right and
the left projections onto B have dg enhancements.

Proof. For the diagonal Λ-bimodule Λ, there exists an exact triangle

PB → Λ → PA → PB[1],

where PA and PB are objects belonging to the subcategories DbmodΛop ⊗k A and

DbmodΛop ⊗k B, respectively. The functors ΦPA : M 7→ M
L
⊗Λ PA and ΦPB : M 7→

M
L
⊗Λ PB correspond to the projection functors onto the admissible subcategories A and

B, respectively. Hence the projection functors onto A and B have dg enhancements. In
particular, the right projection onto B has a dg enhancement. By applying the previous
discussion to the semi-orthogonal decomposition ⟨B,B⊥⟩, the left projection onto B has
a dg enhancement. □

Remark A.4. A result similar to Lemma A.3 is also obtained as a combination of
general results such as [22, Proposition 3.8 and arguments in p. 75], but only up to
quasi-equivalences. We decided to include Lemma A.3 and its proof in this paper, as it
is unclear how to handle such quasi-equivalences in the proof of Proposition A.5.

Proposition A.5 (= Corollary 2.33). Let B ⊂ Db qgr(A) be an admissible subcategory
and prRB be the right projection onto B. There exists an exact triangle in Db coh(E ×E)

KLR → O∆ → KT → KLR[1]

such that ΦKLR
≃ Lj∗prRBj∗ and ΦKT

≃ T , where T is a spherical twist functor associated
to the spherical functor B ↪→ Db qgr(A) → Db coh(E). Thus for any F ∈ Db coh(E),
there exists an exact triangle

Lj∗prRB (j∗F ) → F → T (F ) → Lj∗prRB (j∗F )[1]
in Db coh(E).
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Proof. Since Db qgr(A) admits a full strong exceptional collection, there is a tilting object
G by Theorem 2.21. We apply the lemmas above to Λ = End(G). There is a dg adjunction

−⊗Λ G : Perf (Λ) ⇄ Perf (A) : Hom(G,−) (A.1)

where Perf (Λ) is a dg enhancement of the triangulated category of perfect dg modules
Perf(Λ) and Perf (A) is a dg enhancement of Db qgr(A) (see [17]). Since G is a tilt-
ing object, the adjunction induces an equivalence of triangulated categories between its
homotopy categories.

−
L
⊗ G : Db modΛ ≃ Db qgr(A) : RHom(G,−) (A.2)

Let BΛ be a full dg subcategory of Perf (Λ) which corresponds to B ⊂ Db qgr(A) via
the equivalence (A.2). By Lemma A.3, there exists a dg adjunction.

BΛ Perf (Λ)

We have a dg adjunction L ⊣ R

L : BΛ Perf (Λ) Perf (A) Perf (E) : R,
(A.1) Lj∗

j∗

where Perf (E) is a dg enhancement of the triangulated category of perfect complexes on
E. From the adjunction L ⊣ R, we have an exact triangle of dg endofunctors of Perf (E)

LR
ϵ−→ id → T := Cone(ϵ) → LR[1] (A.3)

where ϵ : LR → idPerf (E) is a counit. By [24, Theorem 8.9], there exists an exact triangle

KLR → O∆ → KT → KLR[1] (A.4)

in Db coh(E × E) such that the exact triangle of integral functors associated to (A.4)
corresponds to (A.3). By construction, H0(ΦKLR

) ≃ Lj∗prRBj∗ as the exact endofunctors
of Db coh(E). We have an exact triangle in Db coh(E)

Lj∗prRBj∗(F ) → F → T (F ) → Lj∗prRBj∗(F )[1]
for any object F ∈ Db coh(E). □
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[24] Bertrand Toën. “The homotopy theory of dg-categories and derived Morita theory”.

In: Invent. Math. 167.3 (2007), pp. 615–667.
[25] Michel Van den Bergh. “Blowing up of non-commutative smooth surfaces”. In:Mem.

Amer. Math. Soc. 154.734 (2001), pp. x+140.
[26] Michel Van den Bergh. “Existence Theorems for Dualizing Complexes over Non-

commutative Graded and Filtered Rings”. In: Journal of Algebra 195.2 (1997),
pp. 662–679.

[27] Michel Van den Bergh. “Noncommutative quadrics”. In: Int. Math. Res. Not. IMRN
17 (2011), pp. 3983–4026.

Department of Mathematics, Graduate School of Science, Osaka University, Machikaneyama
1-1, Toyonaka, Osaka, 560-0043, Japan.

Email address: u037661k@ecs.osaka-u.ac.jp

17

https://arxiv.org/abs/math/0402043
https://arxiv.org/abs/0904.4330
https://arxiv.org/abs/math/0503729

	1. Introduction
	1.1. Outline

	2. Preliminaries
	2.1. Admissible subcategories and phantom categories
	2.2. Noncommutative projective planes
	2.3. Spherical functor

	3.  Proof of Main theorem
	3.1. A spanning class of noncommutative projective planes
	3.2. Support of graded modules restricted to the anti-canonical divisor
	3.3. Proof of Main result

	Appendix A. Proof of corollary: an exact triangle associated to the derived pullback which is a spherical functor
	References

