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Abstract. We study Hamamoto’s expanding square argument towards a 1-D
minimisation problem related to the sharp solenoidal uncertainty principle. Work-
ing in the right function space, we recast the involved interpolation type inequality
into an exact equality, where the vanishing of the remainder term characterises
the extremisers via the confluent hypergeometric functions. In the process we also
remove some unnecessary constraints on the prescribed parameters.

1. Introduction

In [7], V. Maz’ya proposed anOpen Problem for the sharp dimensional constant
in the following Heisenberg-Pauli-Weyl uncertainty principle inequality∫

RN

|∇u|2 dx
∫
RN

|u|2|x|2 dx ≥ CN

(∫
RN

|u|2 dx
)2

for solenoidal (namely, divergence-free) fields u : RN → RN . It turns out

CN =


1
4
(N + 2)2, N ∈ {1, 2},

1
4

(√
(N − 2)2 + 8 + 2

)2

, N ≥ 3,

see Hamamoto [4] for N ≥ 3 and Cazacu-Flynn-Lam [1] for N ∈ {1, 2}. In par-
ticular, by poloidal-toroidal and spherical-harmonics decompositions, Hamamoto
reduced the question to the following elegant 1-D minimisation problem:

inf
f ̸≡0

(∫ +∞
0

(f ′′)2xµ+1dx
)(∫ +∞

0
(x2(f ′)2 − εf 2)xµ−1dx

)
(∫ +∞

0
(f ′)2xµdx

)2 . (1)

Here ε and µ are reasonable constants coming from dimensional reduction.
Let us now introduce the natural weighted Sobolev space in which we shall solve

the minimisation problem (1) (clearly, one should also assume f ′ ̸≡ 0). For a twice
differentiable real-valued function f on the half-line R+ = (0,+∞) and µ ∈ R, set

∥f∥ :=

(∫ +∞

0

(
xµ+1(f ′′)2 + (xµ+1 + xµ−1)(f ′)2 + xµ−1f 2

)
dx

)1/2

.

Let Ēµ(R+) be the Hilbert space completion with respect to ∥ · ∥ of

Eµ(R+) := {f ∈ C∞(R+) : ∥f∥ < +∞}.
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By working in Ēµ(R+), we see immediately that (1) is a de facto interpolation prob-
lem1. In [5] Hamamoto used instead the larger function space induced by

∥f∥′ :=
(∫ +∞

0

(
xµ+1(f ′′)2 + (xµ+1 + xµ)(f ′)2 + xµ−1f 2

)
dx

)1/2

,

see [5, Line 3, Page 655]. However, a careful analysis shows that his expanding
square argument2 has a flaw since it relies essentially on the cancellation of the term∫ +∞
0

(f ′)2xµ−1 dx (see [5, I0[f ], Page 657 and (2.2), Page 658]), which may diverge
as far as the argument is based on the larger function space induced by ∥ · ∥′.

We need the following properties of the space Ēµ(R+).

Lemma 1. For every f ∈ Ēµ(R+), it holds that

lim
x→{0,+∞}

f ′(x)x
µ+1
2 = lim

x→{0,+∞}
f ′(x)x

µ
2 = lim

x→{0,+∞}
f(x)x

µ
2 = 0.

In particular, we also have

lim
x→{0,+∞}

f ′(x)f(x)xµ = 0.

Our main results are stated as follows.

Theorem 2. Suppose µ and ε are two reals with ε ≤ µ2

4
. Let b =

µ−
√

µ2−4ε

2
. Then∫ +∞

0

(
xf ′′ + xf ′ + µf ′ + (µ− b)f

)2
xµ−1dx

=

∫ +∞

0

(
x2(f ′)2 − εf 2

)
xµ−1dx

−
(√

µ2 − 4ε+ 1
)∫ +∞

0

(f ′)2xµdx+

∫ +∞

0

(f ′′)2xµ+1dx

(2)

and (∫ +∞

0

(f ′′)2xµ+1dx

)(∫ +∞

0

(
x2(f ′)2 − εf 2

)
xµ−1dx

)
≥ 1

4

(√
µ2 − 4ε+ 1

)2
(∫ +∞

0

(f ′)2xµdx

)2 (3)

hold for all f ∈ Ēµ(R+).

Note that (3) was already established in [4, Theorem 5.2] by Laguerre polynomial
expansion and then in [5, Theorem 1], though with a flaw as indicated above. We
shall prove (3) in the framework of equalities in which (2) is a special case. These
equalities allow us to characterise the extremisers in a clear-cut way.

Corollary 3. Suppose µ ̸= 0 and ε are two reals with ε ≤ µ2

4
. Let b =

µ−
√

µ2−4ε

2
.

The equality in (3) holds if and only if for some C ∈ R and λ > 0,

f(x) = Ce−λx
1F1(b, µ, λx)

1For a related problem studied using similar ideas, we refer to Hayashi-Ozawa [6]. We also refer
to [8] for Schrödinger-Robertson uncertainty relations in an algebraic framework.

2Such a well-known technique was also used for example in [3] and [2].
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in the case µ > 0, or

f(x) = C(λx)1−µe−λx
1F1(b+ 1− µ, 2− µ, λx)

in the case µ < 0. Here,

1F1(b, µ, x) := 1 +
+∞∑
k=1

b(b+ 1) · · · (b+ k − 1)

µ(µ+ 1) · · · (µ+ k − 1)

xk

k!

denotes Kummer’s confluent hypergeometric function that solves Kummer’s ODE

xw′′ + (µ− x)w′ − bw = 0.

2. Proofs of the main results

Proof of Lemma 1. We start with the tedious arguments for completeness. Set

G1(x) := (f ′(x))2xµ+1, G2(x) := (f ′(x))2xµ, G3(x) := (f(x))2xµ.

Simple reasoning shows that it suffices to check

lim
x→+∞

G1(x) = lim
x→+∞

G3(x) = lim
x→0

G2(x) = lim
x→0

G3(x) = 0. (4)

(i) By using the elementary inequality 2ab ≤ a2 + b2, we get∫ +∞

1

∣∣∣∣dG1(x)

dx

∣∣∣∣ dx
=

∫ +∞

1

∣∣(µ+ 1)xµ(f ′)2 + 2xµ+1f ′′f ′∣∣ dx
≤

∫ +∞

1

∣∣(µ+ 1)xµ(f ′)2 + xµ+1(f ′′)2 + xµ+1(f ′)2
∣∣ dx

≤
∫ +∞

1

(∣∣∣∣µ+ 1

2

∣∣∣∣ (xµ+1(f ′)2 + xµ−1(f ′)2
)
+ xµ+1(f ′′)2 + xµ+1(f ′)2

)
dx

≲ ∥f∥2 < +∞.

This implies that

G1(+∞) = G1(1) +

∫ +∞

1

dG1(x)

dx
dx

is convergent and hence a nonnegative constant. If G1(+∞) > 0, then

+∞ =

∫ +∞

1

G1(x)dx ≤ ∥f∥2 < +∞.

From this contradiction we deduce G1(+∞) = 0.
(ii) To verify the second limit in (4), we can use similar arguments:∫ +∞

1

∣∣∣∣dG3(x)

dx

∣∣∣∣ dx =

∫ +∞

1

∣∣µxµ−1f 2 + 2xµf ′f
∣∣ dx

≤
∫ +∞

1

(
|µ|xµ−1f 2 + xµ+1(f ′)2 + xµ−1f 2

)
dx

≲ ∥f∥2 < +∞
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and hence that

G3(+∞) = G3(1) +

∫ +∞

1

dG3(x)

dx
dx

is convergent and hence a nonnegative constant. If G3(+∞) > 0, then

+∞ =

∫ +∞

1

G3(x)

x
dx =

∫ +∞

1

xµ−1f 2dx ≤ ∥f∥2 < +∞,

which is a contradiction. Therefore, we deduce G3(+∞) = 0.
(iii) Now we verify the limits in (4) when x→ 0. Note as in (ii) that∫ 1

0

∣∣∣∣dG3(x)

dx

∣∣∣∣ dx =

∫ 1

0

∣∣µxµ−1f 2 + 2xµff ′∣∣ dx
≤

∫ 1

0

(
|µ|xµ−1f 2 + xµ+1(f ′)2 + xµ−1f 2

)
dx

≲ ∥f∥2 < +∞

and hence that

G3(0) = G3(1)−
∫ 1

0

dG3(x)

dx
dx

is a nonnegative constant. If G3(0) > 0, then as in (ii) we have

+∞ =

∫ 1

0

G3(x)

x
dx =

∫ 1

0

xµ−1f 2dx ≤ ∥f∥2 < +∞,

which is a contradiction. Thus we deduce G3(0) = 0. Similarly,∫ 1

0

∣∣∣∣dG2(x)

dx

∣∣∣∣ dx =

∫ 1

0

∣∣µxµ−1(f ′)2 + 2xµf ′′f ′∣∣ dx
≤

∫ 1

0

(
|µ|xµ−1(f ′)2 + xµ+1(f ′′)2 + xµ−1(f ′)2

)
dx

≲ ∥f∥2 < +∞

and hence that

G2(0) = G2(1)−
∫ 1

0

dG2(x)

dx
dx

is a nonnegative constant. If G2(0) > 0, then

+∞ =

∫ 1

0

G2(x)

x
dx =

∫ 1

0

xµ−1(f ′)2dx ≤ ∥f∥2 < +∞,

which is a contradiction. Thus we deduce G2(0) = 0.
Collecting all the justifications above then proves the lemma. □

Now, using the expanding square argument, we prove Theorem 2.
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Proof of Theorem 2. For every f ∈ Ēµ(R+), and any α, β, γ ∈ R, we have

∫ +∞

0

(
xf ′′ + αxf ′ + βf ′ + γf

)2
xµ−1dx

=

∫ +∞

0

(
f ′′)2xµ+1dx+ α2

∫ +∞

0

(
xf ′)2xµ−1dx+ β2

∫ +∞

0

(
f ′)2xµ−1dx

+ γ2
∫ +∞

0

f 2xµ−1dx+ 2αβ

∫ +∞

0

(
f ′)2xµdx

+ 2α

∫ +∞

0

f ′′f ′xµ+1dx+ 2β

∫ +∞

0

f ′′f ′xµdx+ 2γ

∫ +∞

0

f ′′fxµdx

+ 2αγ

∫ +∞

0

f ′fxµdx+ 2βγ

∫ +∞

0

f ′fxµ−1dx.

(5)

Using Lemma 1 and integration by parts for the first four cross-terms, we get3

2α

∫ +∞

0

f ′′f ′xµ+1dx = α
[
(f ′)2xµ+1

]+∞
0

− α(µ+ 1)

∫ +∞

0

(f ′)2xµdx

= −α(µ+ 1)

∫ +∞

0

(f ′)2xµdx,

2β

∫ +∞

0

f ′′f ′xµdx = β
[
(f ′)2xµ

]+∞
0

− βµ

∫ +∞

0

(f ′)2xµ−1dx

= −βµ
∫ +∞

0

(f ′)2xµ−1dx,

2γ

∫ +∞

0

f ′′fxµdx = 2γ [f ′fxµ]
+∞
0 − 2γ

∫ +∞

0

(f ′)2xµdx− 2γµ

∫ +∞

0

f ′fxµ−1dx

= −2γ

∫ +∞

0

(f ′)2xµdx− 2γµ

∫ +∞

0

f ′fxµ−1dx,

and

2αγ

∫ +∞

0

f ′fxµdx = αγ
[
f 2xµ

]+∞
0

− αγµ

∫ +∞

0

f 2xµ−1dx

= −αγµ
∫ +∞

0

f 2xµ−1dx.

3Here, the involved “integration by parts” and “differentiation” are valid even if µ ∈ {−1, 0}.
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Then (5) can be rewritten as∫ +∞

0

(
xf ′′ + αxf ′ + βf ′ + γf

)2
xµ−1dx

=

∫ +∞

0

(
f ′′)2xµ+1dx+ α2

∫ +∞

0

(
xf ′)2xµ−1dx+ β2

∫ +∞

0

(
f ′)2xµ−1dx

+ γ2
∫ +∞

0

f 2xµ−1dx+ 2αβ

∫ +∞

0

(
f ′)2xµdx

− α(µ+ 1)

∫ +∞

0

(f ′)2xµdx− βµ

∫ +∞

0

(f ′)2xµ−1dx− 2γ

∫ +∞

0

(f ′)2xµdx

− 2γµ

∫ +∞

0

f ′fxµ−1dx− αγµ

∫ +∞

0

f 2xµ−1dx+ 2βγ

∫ +∞

0

f ′fxµ−1dx.

To cancel out the only remaining cross-term, we choose β = µ. Furthermore, we

shall also specify the choice γ = (µ− b)α, where b =
µ−
√

µ2−4ε

2
. This leads to∫ +∞

0

(
xf ′′ + αxf ′ + βf ′ + γf

)2
xµ−1dx

= α2

∫ +∞

0

(
x2(f ′)2 − b(µ− b)f 2

)
xµ−1dx

− α(µ+ 1− 2b)

∫ +∞

0

(f ′)2xµdx+

∫ +∞

0

(f ′′)2xµ+1dx

= α2

∫ +∞

0

(
x2(f ′)2 − εf 2

)
xµ−1dx

− α
(√

µ2 − 4ε+ 1
)∫ +∞

0

(f ′)2xµdx+

∫ +∞

0

(f ′′)2xµ+1dx =: g(α).

(6)

From the non-negativity of the above quadratic function g : α 7→ g(α), we deduce
that

4

(∫ +∞

0

(
x2(f ′)2 − εf 2

)
xµ−1dx

)(∫ +∞

0

(f ′′)2xµ+1dx

)
≥

(√
µ2 − 4ε+ 1

)2
(∫ +∞

0

(f ′)2xµdx

)2

.

This together with the equality in (6) for α = 1 proves the theorem. □

Remark 4. Note that (6) for b =
µ+
√

µ2−4ε

2
leads to a weaker version of (3).

Proof of Corollary 3. The equality in (3) is attained if and only if the quadratic
function g in (6) has only one real root, denoted by λ, namely,

λ =

√
µ2 − 4ε+ 1

2

∫ +∞
0

(f ′)2xµdx∫ +∞
0

(x2(f ′)2 − εf 2)xµ−1dx
.

Note that by the weighted Hardy inequality, λ ≥ 0, and we can assume λ > 0
otherwise f is constant, which is not in Ēµ(R+) and is excluded from the optimisation
problem. Suppose f ∈ Ēµ(R+) satisfies the equality in (3), then we see from (6) that

xf ′′ + λxf ′ + µf ′ + (µ− b)λf = 0. (7)



ON A MINIMISATION PROBLEM RELATED TO THE SOLENOIDAL UNCERTAINTY 7

Now, to solve (7) we introduce

wλ(x) := w(λx) := eλxf(x).

Then the ODE (7) is transformed into

0 = x(e−λxwλ(x))
′′ + (λx+ µ)(e−λxwλ(x))

′ + (µ− b)λe−λxwλ(x)

= x(λ2e−λxw(λx)− 2λ2e−λxw′(λx) + λ2e−λxw′′(λx))

+ (λx+ µ)(−λe−λxw(λx) + λe−λxw′(λx)) + (µ− b)λe−λxw(λx)

= λe−λx (λxw′′(λx) + (µ− λx)w′(λx)− bw(λx)) .

Letting t = λx, we get Kummer’s (second order) ODE

tw′′(t) + (µ− t)w′(t)− bw(t) = 0,

which is known to have two independent solutions (see for example Viola [9]):

φ(t) = 1F1(b, µ, t) and ψ(t) = t1−µ
1F1(b+ 1− µ, 2− µ, t).

Recall that 1F1(b, µ, z) is entire in b and z, and meromorphic in µ with poles µ =
0,−1,−2, · · · . Noticing that when µ > 0, the function e−tφ : t 7→ e−tφ(t) belongs
to Ēµ(R+). However, ∫ +∞

0

(
e−tψ′′(t)

)2
tµ+1dt = +∞,

since (ψ′′(t))2 = O(t−2−2µ) as t→ 0. In the case µ < 0,∫ +∞

0

(
e−tφ(t)

)2
tµ−1dt = +∞,

thus e−tφ /∈ Ēµ(R+). Noticing that

(ψ′′(t))2tµ+1 = O(t−1−µ), (ψ′(t))2tµ−1 = O(t−1−µ), (ψ(t))2tµ−1 = O(t1−µ)

as t→ 0, we can deduce that when µ < 0, e−tψ ∈ Ēµ(R+).
Tracking the above discussions back to x variable, we proved the corollary. □

Acknowledgment

Research of YCH is partially supported by the National NSF grant of China (no.
11801274), the JSPS Invitational Fellowship for Research in Japan (no. S24040),
and the Open Projects from Yunnan Normal University (no. YNNUMA2403) and
Soochow University (no. SDGC2418). Research of TO is partially supported by
JSPS Grant-in-Aid for Scientific Research (S) ♯JP24H00024. YCH would like to
thank Nurgissa Yessirkegenov for pointing to Maz’ya’s problem on solenoidal uncer-
tainty and his student Jian-Yang Zhang for helpful assistance to XT in preparing
this manuscript.



8 YI C. HUANG, TOHRU OZAWA, AND XINHANG TONG

References

[1] C. Cazacu, J. Flynn, N. Lam: Sharp second order uncertainty principles, J. Funct. Anal. 283
(2022), 109659.

[2] C. Cazacu, J. Flynn, N. Lam: Caffarelli–Kohn–Nirenberg inequalities for curl-free vector fields
and second order derivatives, Calc. Var. Partial Differ. Equ. 62 (2023), 118.

[3] D.G. Costa: Some new and short proofs for a class of Caffarelli–Kohn–Nirenberg type inequal-
ities, J. Math. Anal. Appl. 337 (2008), 311-317.

[4] N. Hamamoto: Sharp Uncertainty Principle inequality for solenoidal fields, J. Math. Pures
Appl. 172 (2023), 202-235.

[5] N. Hamamoto: A note on the 1–D minimization problem related to solenoidal improvement of
the uncertainty principle inequality, Arch. Math. 123 (2024), 653-662.

[6] M. Hayashi, T. Ozawa: On Landau–Kolmogorov inequalities for dissipative operators, Proc.
Amer. Math. Soc. 145 (2017), 847-852.

[7] V. Maz’ya: Seventy Five (Thousand) Unsolved Problems in Analysis and Partial Differential
Equations, Integral Equ. Oper. Theory 90 (2018), 25-44.

[8] T. Ozawa, K. Yuasa: Uncertainty relations in the framework of equalities, J. Math. Anal. Appl.
445 (2017), 998-1012.

[9] C. Viola: An Introduction to Special Functions, Springer, Cham, 2016.

Yunnan Key Laboratory of Modern Analytical Mathematics and Applications,
Yunnan Normal University, Kunming 650500, People’s Republic of China

School of Mathematical Sciences, Nanjing Normal University, Nanjing 210023,
People’s Republic of China

Email address: Yi.Huang.Analysis@gmail.com

Department of Applied Physics, Waseda University, Tokyo 169-8555, Japan
Email address: txozawa@waseda.jp

School of Mathematical Sciences, Nanjing Normal University, Nanjing 210023,
People’s Republic of China

Email address: letterwoodtxh@gmail.com


	1. Introduction
	2. Proofs of the main results
	Acknowledgment
	References

