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ABSTRACT. We study Hamamoto’s expanding square argument towards a 1-D
minimisation problem related to the sharp solenoidal uncertainty principle. Work-
ing in the right function space, we recast the involved interpolation type inequality
into an exact equality, where the vanishing of the remainder term characterises
the extremisers via the confluent hypergeometric functions. In the process we also
remove some unnecessary constraints on the prescribed parameters.

1. INTRODUCTION

In [7], V. Maz’ya proposed an Open Problem for the sharp dimensional constant
in the following Heisenberg-Pauli-Weyl uncertainty principle inequality

2
/ |Vul|? dx / luf?lz|*dz > Cy (/ lu? dw)
RN RN RN

for solenoidal (namely, divergence-free) fields u : RY — RY. It turns out
(N +2)? N e {1,2},

2
1 <\/(N—2)2+8+2) . N>3,

see Hamamoto [4] for N > 3 and Cazacu-Flynn-Lam [1] for N € {1,2}. In par-
ticular, by poloidal-toroidal and spherical-harmonics decompositions, Hamamoto
reduced the question to the following elegant 1-D minimisation problem:

. ( 0+oo(f//)2xu+1dl,) ( 0+<><> (ZL’Q(f/)Z _ €f2) x“_1d$>
7 (Jir=(ppamar) |

Here € and p are reasonable constants coming from dimensional reduction.

Let us now introduce the natural weighted Sobolev space in which we shall solve
the minimisation problem (1) (clearly, one should also assume f’ # 0). For a twice
differentiable real-valued function f on the half-line R, = (0, +00) and p € R, set

1/2

N

Cy =

(1)

1f]l = (/O+OO (T2 + (T 2P ()2 + 2 ) dx)

Let £,(R,) be the Hilbert space completion with respect to || - || of
EuR,) = {f € CX(R,) - |[fl| < +00}.
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By working in &,(R ), we see immediately that (1) is a de facto interpolation prob-
lem'. In [5] Hamamoto used instead the larger function space induced by

+00 1/2
1= ([ @ e (e ) ds)

see [5, Line 3, Page 655|. However, a careful analysis shows that his expanding
square argument? has a flaw since it relies essentially on the cancellation of the term

f(;roo(f’)zx‘“1 dx (see [5, Iy[f], Page 657 and (2.2), Page 658]), which may diverge

as far as the argument is based on the larger function space induced by || - ||".
We need the following properties of the space £,(Ry).

Lemma 1. For every f € £,(R,), it holds that
lim f’(:v)l“%rl = lim
z—{0,400} z—{0,400} x—{0,400}

In particular, we also have

Our main results are stated as follows.

uZ—4e

5 . Then

Theorem 2. Suppose p and € are two reals with € < “72. Let b ="
+oo
/ (xf"+xf +pf + (n— b)f)Qx“*Ida;
0
+oo
_ / (@(f")? — ef?) o da )
0
+oo +o00
— (x//ﬂ —4e + 1) / (f")2atdx + / (f") 2 da
0 0

( /0 +Oo( f”)2x~+1dx> ( /0 - e x“_ldx)

> }1 (Ve =1+ 1)2 </O+Oo(f’)2x“dx>2 Y

and

hold for all f € E,(Ry).

Note that (3) was already established in [4, Theorem 5.2] by Laguerre polynomial
expansion and then in [5, Theorem 1], though with a flaw as indicated above. We
shall prove (3) in the framework of equalities in which (2) is a special case. These
equalities allow us to characterise the extremisers in a clear-cut way.

Corollary 3. Suppose i # 0 and € are two reals with ¢ < “4—2. Let b= 2V~ = VSQ_%.
The equality in (3) holds if and only if for some C € R and A > 0,
f(z) = Ce™ | Fy (b, i, \x)

IFor a related problem studied using similar ideas, we refer to Hayashi-Ozawa [6]. We also refer
to [8] for Schrédinger-Robertson uncertainty relations in an algebraic framework.
2Such a well-known technique was also used for example in [3] and [2].
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in the case >0, or
f(x) =COx) e Fi(b+1— 1,2 — p, \x)

i the case < 0. Here,

X bb+1)---(b+k—1) z*
— (1) (p+k—1) K

denotes Kummer’s confluent hypergeometric function that solves Kummer’s ODE

zw” 4+ (p— z)w' — bw = 0.

2. PROOFS OF THE MAIN RESULTS
Proof of Lemma 1. We start with the tedious arguments for completeness. Set
Gi(z) = (f'(2)%a"*, Golw) = (f'(2)) 2", Gs(x) = (f(x))*2".
Simple reasoning shows that it suffices to check

lim Gi(z) = lir+n Gs(z) = lir% Go(z) = liH(l] Gs(z) = 0. (4)

T—-+00

(i) By using the elementary inequality 2ab < a® + b%, we get
/+OO dGl (x)
1 dx

+oo
= [ e 0 20
1

dx

< [ D R (P e
1

. /+oo ('/L —2|- 1‘ (x“+1(f/)2 +x“_1(f')2) ()2 +x“+1(f/)2> d
1
S I < +oo.
This implies that

Gh(+00) = Gi(1) + /m 4G () o

dx
1
is convergent and hence a nonnegative constant. If G;(400) > 0, then

“+oo

+o0 = G (z)dz < ||f|° < +oc.
1

From this contradiction we deduce G;(+o00) = 0.
(ii) To verify the second limit in (4), we can use similar arguments:

+oo d +o0o
/ ‘—G3($) dx :/ ‘ux“*1f2+2x“f’f‘da:
1 dx 1

+oo
< / (|l 22 4 2T ()2 4+ 271 f?) do
1

SIFI® < +oo
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and hence that

Gia(+00) = Gy(1) + / m dc’:;’é%x

1

is convergent and hence a nonnegative constant. If G3(400) > 0, then

+ooG +oo
roo= [ gy o [T par < P < 4,
1 1

X

which is a contradiction. Therefore, we deduce G3(+00) = 0.
(iii) Now we verify the limits in (4) when z — 0. Note as in (ii) that

/

dG3 (Zﬂ)
dx

1
dx = a2 4 2t f | da
/ | |
0
1

S/ (|l 21 f2 4 2N (1) 4 271 f?) da
0
SAIP < +oo

and hence that
! ng(l’)
G(0) = Gs(1) — / D 4

0

is a nonnegative constant. If G3(0) > 0, then as in (ii) we have

1 1
+00 = / Gol@) 4 / L2 < | £ < oo,
0 0

T

which is a contradiction. Thus we deduce G3(0) = 0. Similarly,

/

dGz (l‘)
dx

1
dr = / |ux“_1(f')2 + Qx“f"f" dx
0
1

S/ (|M|xu—1(f/)2+x#+1(f//)2+xu—1(f/)2) dx

0
SIAIP < +oo

and hence that
! dGQ(I)
=G (1) — | =22

0

is a nonnegative constant. If G5(0) > 0, then

X

1 1
roo= [y = [Loppar < )P < 4o,
0 0

which is a contradiction. Thus we deduce G5(0) = 0.
Collecting all the justifications above then proves the lemma.

Now, using the expanding square argument, we prove Theorem 2.
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Proof of Theorem 2. For every f € £,(Ry), and any «, 3,7 € R, we have

+oo
/ (xf”—kowcf’%—ﬁf’—|—7f)2x“_1dx
0

==/ﬁm(fU%W“dx+a{/+wCwﬂ%ﬂ‘mx+52/%m<fff“%w
0 0 0

+00 +o0o
+~? FPartda + QC(ﬁ/ (f) oidr (5)
0 0
+00 +o00 +o00o
+ 2« ' flat e 4 2 " fatdx + 2y " fatdx
0 0 0
+o00o +oo

+ 2ary f fatdx + 28y f' fartdx.
0 0

Using Lemma 1 and integration by parts for the first four cross-terms, we get?

—+o00

200 f"f'la" e = o [(f’)%”“];roo —a(p+1) /+oo(f’)2:c“d:c
0 0
+0o0

= —a(ut1) [ (f) et

—+00

+00 e
26 [ e = BV < B (s
0 0

+o00
= —ﬁu/ﬂ (f)a da,

“+o00 —+00

+o0
2 fWMM—wwm%“—m/ (fPatde —2vu | ffarde
0 0 0

+o0o

+oo
= -2y / (f")2atde — 2yp [ fat e,
0 0
and
+o0 +oo

20y f fatdr = ary [fo“];oo — ayp frat e
0 0

+oo
= —(w,u/ fo"_lda:.
0

3Here, the involved “integration by parts” and “differentiation” are valid even if p € {-1,0}.
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Then (5) can be rewritten as
+o0
/ (xf”—i—ozxf’—i—ﬁf/+7f)2x“_1dx
0

400 400 +o00
- / (f”)Q:z:“de + ao? / (:Ef’)Zx“_ldx + 32 / (f') R
0 0 0
+o0

+oo
+ 72 Pt e + 2046/ (f')2x“da;
0 0
+00

+00 +o0
—alutd) [P [ (PP e =2y [ (7P
0 0 0
+00 too +oo
— 29 f'fartde — ayp Pt + 2By f' fartda.
0 0 0

To cancel out the only remaining cross-term, we choose § = u. Furthermore, we
shall also specify the choice ¥ = (i — b)a, where b = “ V2= V;Q_%. This leads to

[ aas s 5 e
0 .
:aQ/ (2®(f)? = b(p — b) f?) 2 'da
0
“+o0o +oo
o 1—9b 2 kd 1\2 u+1d 6
aur1=2) [ (PPardes [ (e (0
+oo
:aQ/ (*(f)? —ef?) 2" do
0
+oo +o00
. 2 _ 4 1 /QMd //Q;H-ld = )
o (Vid =T 1) [ pedes [ (e = (o)

From the non-negativity of the above quadratic function g : « — g(«), we deduce

that . .
4 ( | @y e wdw) ( / (f”)%““dw>
0 0
2 +oo 2
> ( ,u2 —4e + 1) (/ (f/)%p”dﬂj) .
0
This together with the equality in (6) for a = 1 proves the theorem. 0

Remark 4. Note that (6) for b = 2% ”;2745 leads to a weaker version of (3).

Proof of Corollary 3. The equality in (3) is attained if and only if the quadratic
function ¢ in (6) has only one real root, denoted by A, namely,

\ V2 —4e+1 [ ()2 atda

0
2 @R e e tda

0

Note that by the weighted Hardy inequality, A > 0, and we can assume A > 0
otherwise f is constant, which is not in £, (R, ) and is excluded from the optimisation
problem. Suppose f € &,(R,) satisfies the equality in (3), then we see from (6) that

of" + xef + pf + (p—b)Af =0. (7)
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Now, to solve (7) we introduce
wy(x) == wz) == e f(x).
Then the ODE (7) is transformed into
0 = a(e ™ wn())" + O + (e wa(@)) + (1 — DAe w5 (2)
= (A2 Mw(\x) — 2X%e M (Ax) + A2e M (A\x))
+ Az + p) (= Ae™Mw(Ar) + Ae W' (Ax)) 4+ (1 — b) e Mw(A\r)
= Xe ™ (Azw”"(Ax) + (1 — Av)w'(Ax) — bw(\z)) .
Letting t = Az, we get Kummer’s (second order) ODE
tw” (t) + (u— t)w'(t) — bw(t) = 0,
which is known to have two independent solutions (see for example Viola [9]):
o(t) = 1 Fi(b,p,t) and (t) =t Fy(b+1—p,2— p,t).

Recall that | Fy(b, i, 2) is entire in b and z, and meromorphic in p with poles u =
0,—1,—2,---. Noticing that when p > 0, the function e : t — e~*p(t) belongs
to £,(Ry). However,

“+oo
0

since (¢"(t))? = O(t™*72*) as t — 0. In the case u < 0,

+oo
/ (e™(1))" 1t = 400,
0

thus e~'¢ ¢ £,(R,). Noticing that
@)t =00, W) =00, (W)t =0

as t — 0, we can deduce that when pu < 0, e~ € E,(R,).
Tracking the above discussions back to z variable, we proved the corollary. 0
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