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Abstract. We show that the kernel of the Rumin Laplacian agrees
with that of the Hodge-de Rham Laplacian on compact Sasakian
manifolds. As a corollary, we obtain another proof of primitiveness
of harmonic forms. Moreover, the space of harmonic forms coin-
cides with the sub-Riemannian limit of Hodge-de Rham Laplacian
when its limit converges. Finally, we express the analytic torsion
function associated with the Rumin complex in terms of the Reeb
vector field.

1. Introduction

Let (M,H) be a compact contact manifold of dimension 2n + 1,
and E be a flat vector bundle associated with a unitary representation
α : π1(M) → U(r). Rumin [13] introduced a complex (E•(M,E), d•R),
which is induced by the de Rham complex (Ω•(M,E), d). Here, Ωk(M,E)
is the space of E-valued differential k-forms. A specific feature of the
complex is that the operator D = dnR : En(M,E) → En+1(M,E) in
‘middle degree’ is a second-order, while dkR : Ek(M,E) → Ek+1(M,E)
for k ̸= n are first order. Moreover, the space E•(M,E) is included in
Ω•(M,E) (see §2). The complex is induced by the exterior derivatives.

Let ak = 1/
√

|n− k| for k ̸= n and an = 1. Then, (E•(M,E), d•E),
where dkE = akd

k
R, is also a complex. We call (E•(M,E), d•E) the Rumin

complex.
Let θ be a contact form of H, and J be an almost complex structure

on H. Let T be the Reeb vector field of θ. Then we may define a
Riemann metric gθ,J on TM by extending the Levi metric dθ(−, J−) on
H (see §2). The quadruple (M,H, θ, J) is called a Sasakian manifold if
(M,H, J) is a CR manifold and LTJ = 0. By virtue of the rescaling, d•E
satisfies Kähler-type identities on Sasakian manifolds [15]. In addition,
the analytic torsion of the Rumin complex can be written in terms of
the Betti number and the Ray-Singer torsion on the lens spaces [10].
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Following [13], we define the Rumin Laplacians ∆E associated with
(E•(M,E), d•E) and the metric gθ,J by

∆k
E :=


(dEd

∗
E)

2 + (d∗EdE)
2, k ̸= n, n+ 1,

(dEd
∗
E)

2 +D∗D, k = n,

DD∗ + (d∗EdE)
2, k = n+ 1.

Rumin showed that ∆E is maximally hypoelliptic.
Rumin [13] showed that Ker(∆E) is isomorphic to Hk(M). As a

natural question, what is the difference between Ker(∆dR) and Ker(∆E)
in set? The following theorem answers this question.

Theorem 1.1. Let (M,H, θ, J) be a compact Sasakian manifold of
dimension 2n + 1. Then, the kernel of the Rumin Laplacian agrees
with that of the Hodge-de Rham Laplacian, that is,

Ker(∆dR : Ω
k(M) → Ωk(M)) = Ker(∆E : Ek(M) → Ek(M)).

From Theorem 1.1, we give another proof of the following corollary:

Corollary 1.2. ([18, Theorems 7.1, 8.1], [8, Corollary 4.2]) In the
setting of Theorem 1.1, for ϕ ∈ Ker(∆dR : Ω

k(M) → Ωk(M)),

(1) if k ≤ n, we have IntT ϕ = 0, (dθ∧)∗ϕ = 0,
(2) if k ≥ n+ 1, we have θ ∧ ϕ = 0, dθ ∧ ϕ = 0,
(3) we have Jϕ ∈ Ker(∆dR), that is, Jϕ is also a harmonic form,

where IntT is the interior product with respect to T .

The Bernstein-Gelfand-Gelfand sequence (E•(M,E), dR) is defined

for parabolic geometry on the twisted de Rham complex due to C̆ap-
Slovák-Souc̆ek [5] and Calderbank-Dimer [4]. Rumin has also intro-
duced a non G-invariant version in the context of sub-Riemannian ge-
ometry [14], which coincides with the Rumin complex [13] on contact
manifolds (e.g. [16, §5.3]). To the author’s knowledge, the metrics gθ,J
on the Sasakian manifolds are the only cases when the kernel of dR+d

∗
R

agrees with the harmonic space. It is an interesting question: whether
on the filtered manifolds its kernel coincides with the harmonic space
or not.

Next, one can view the Rumin complex as arising naturally as the
sub-Riemannian limit of ∆dR induced by the filtration H ⊂ TM [15].
An analytic approach to sub-Riemannian limit, for fiber bundles, was
developed by Mazzeo and Melrose [11], and, for Riemann foliations, was
by Forman [7]. On contact manifolds, Albin-Quan solved the asymp-
totical equation of ∆dR, which was introduced by Forman [7], and its
asymptotic behavior can be explicitly written by the Rumin complex
[1].
Let t ∈ [0,∞). The exterior algebra of M splits into horizontal

and vertical forms. With respect to this decomposition, the exterior
differential writes

d = d0 + db + dT ,
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where
d0 := IntT dθ∧, dT := θ ∧ LT ,

and we define db by dbθ := 0 and for ϕ ∈ C∞ (M,
∧•H∗)

dbϕ := dϕ− θ ∧ (IntT dϕ).

We set
dt := d0 + tdb + t2dT .

Let X := M × [0,∞) and ∆t := dtd
∗
t + d∗tdt : Ω

•(M) → Ω•(M) for
t ∈ [0,∞), where d∗t is the formal adjoint of dt for the L

2-inner product
on Ω•(M). We define the space of the sub-Riemannian limit differential
forms by

sRΩk(X)

:=
{
u0 + tu1 + · · ·+ tquq ∈ Ωk(X)

∣∣uj ∈ Ωk(M), q ∈ Z≥0, t ≥ 0
}
,

and set

F k
p (∆t) :=

{
u ∈ Ωk(M)

∣∣ ∃ũ ∈ sRΩk(X) s.t. ũ
∣∣
t=0

= u, ∆tũ = O(tp)
}
,

for p ≥ 0. In [1, p. 18], Albin-Quan showed that

F k
3 (∆t) = Ker(∆E : Ek(M) → Ek(M)) for k ̸= n, n+ 1,

F k
5 (∆t) = Ker(∆E : Ek(M) → Ek(M)) for k = n, n+ 1.

By Corollary 1.2, we obtain the following:

Corollary 1.3. In the setting of Theorem 1.1,

Ker(∆dR) =
⋂
t>0

Ker(∆t).

By Theorem 1.1 and [1, p. 18], we have

Corollary 1.4. In the setting of Theorem 1.1,

F k
3 (∆t) =

⋂
t>0

Ker(∆t : Ω
k(M) → Ωk(M)) for k ̸= n, n+ 1,

F k
5 (∆t) =

⋂
t>0

Ker(∆t : Ω
k(M) → Ωk(M)) for k = n, n+ 1.

Given a function u ∈ Ker(∆E) on a compact contact manifold, Albin
and Quan [1] constructed, using the operators d0, db, and dT , a function
ũ such that ∆tũ = O(t3) if k ̸= n, n+ 1, and such that ∆tũ = O(t5) if
k = n, n + 1. Corollary 1.4 shows that in the Sasakian case, one can
simply take ũ = u, and in this case ∆tũ = u for t > 0.
We next introduce the analytic torsion and metric of the Rumin

complex (E•(M,E), d•E) by following [2, 9, 17]. We define the contact
analytic torsion function associated with (E•(M,E), d•E) by

κE(M,E, gθ,J)(s) :=
n∑

k=0

(−1)k+1(n+ 1− k)ζ(∆k
E)(s),
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where ζ(∆k
E)(s) is the spectral zeta function of ∆k

E and the contact
analytic torsion TE by

2 log TE(M,E, gθ,J) := κE(M,E, gθ,J)
′(0).

Let H•(E•(M,E), d•E) be the cohomology of the Rumin complex. We
define the contact metric on detH•(E•(M,E), d•E) by

∥ ∥E(M,E, gθ,J) := T−1
E (M,E, gθ,J)| |L2(E•),

where the metric | |L2(E•) is induced by the L2-metric on E•(M,E)
via an identification of the cohomology classes by the harmonic forms.
We remark the contact metric ∥ ∥E is depend on the identification.

Rumin and Seshadri [17] defined another analytic torsion function
κR from (E•(M,E), d•R), which is different from κE except in dimension
3. In dimension 3, they showed that κR(M,E, gθ,J)(0) is a contact in-
variant, that is, independent of the metric gθ,J . Moreover, on Sasakian
manifolds with S1-action and dimension 3, κR(M,E, gθ,J)(0) = 0. Here,
Sasakian manifolds with S1-action means Sasakian manifolds whose
Reeb vector field generates the circle action S1. Furthermore, for flat
bundles with unimodular holonomy on Sasakian manifolds with S1-
action and dimension 3, they showed that this analytic torsion and the
Ray-Singer torsion TdR(M,E, gθ,J) are equal. With this coincidence,
they found a relation between the Ray-Singer torsion and holonomy.

To extend the coincidence, with dE instead of dR, the author [10]

showed that TE(K,E, gθ,J) = n!dimH0(K,E)TdR(K,E, gθ,J) on the stan-
dard lens space K of dimension 2n+ 1. Moreover, Albin and Quan [1]
showed the difference between the Ray-Singer torsion and the contact
analytic torsion is given by some integrals of universal polynomials in
the local invariants of the metric on contact manifolds. Via any iso-
morphism Φ: detH•(E•(M,E), d•E)

∼= detH•(Ω•(M,E), d),

∥ ∥E
∥Φ ∥dR

=
TdR
TE

.

By Theorem 1.1, we can choose Φ = Id and

∥ ∥E
∥ ∥dR

=
TdR
TE

.

Finally, to adapt the proof of Theorem 1.1 to the contact analytic
torsion, we express the analytic torsion function associated with the
Rumin complex in terms of the Reeb vector field. We set

2□E :=
√

∆E +
√
−1LT , 2□E :=

√
∆E −

√
−1LT .

Theorem 1.5. Let (M,H, θ, J) be a compact Sasakian manifold of
dimension 2n + 1, and E be a flat vector bundle over M associated
with a unitary representation α : π1(M) → U(r). We assume that the
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universal covering of M is compact. Then, we have

κE(s) =
n∑

k=0

(−1)k+1(n+ 1− k)
(
ζ(−L2

T |Ker□E∩Im□E∩Ek(M,E))(s)

+ ζ(−L2
T |Im□E∩Ker□E∩Ek(M,E))(s) + dimHk(M,E)

)
,

where ζ is a spectral zeta function.

On Sasakian manifolds with S1-action and dimension 3, Rumin-
Seshadri [17, (4.6)] showed the theorem above. By using this for-
mula, they showed that this analytic torsion and the Ray-Singer torsion
TdR(M,E, gθ,J) are equal for flat bundles with unimodular holonomy
on Sasakian manifolds with S1-action and dimension 3 [17].
The paper is organized as follows. In §2, we recall the definition

and properties of the Rumin complex on contact manifolds. In §3, we
recall some properties of the Rumin complex on Sasakian manifolds. In
§4, we decompose Ek(M) as a direct sum with respect to simultaneous
diagonalization of □E and □E , and we see the Rumin Laplacian ∆E
on them. In §5, we show the kernel of ∆E agrees with the space of
harmonic forms. In §6, we show Corollary 1.2. In §7, we show the
space of harmonic forms coincides with F k

• (∆t) when it converges. In
§8, we express the analytic torsion function associated with the Rumin
complex in terms of the Reeb vector field.

Acknowledgement. The author is very grateful to his supervisor Pro-
fessor Kengo Hirachi for introducing him to this subject and for helpful
comments. He author also thanks the referees for their valuable com-
ments. This work was supported by the program for Leading Graduate
Schools, MEXT, Japan.

2. The Rumin complex on contact manifolds

We call (M,H) an orientable contact manifold of dimension 2n + 1
if H is a subbundle of TM of codimension 1 and there exists a 1-
form θ, called a contact form, such that Ker(θ : TM → R) = H and
θ ∧ (dθ)n ̸= 0. The Reeb vector field of θ is the unique vector field T
satisfying θ(T ) = 1 and IntT dθ = 0, where IntT is the interior product
with respect to T .
For H and θ, we call J ∈ End(TM) an almost complex structure

associated with θ if J2 = − Id on H, JT = 0, and the Levi form
dθ(−, J−) is positive definite on H. Given θ and J , we define a Rie-
mannian metric gθ,J on TM by

gθ,J(X, Y ) := dθ(X, JY ) + θ(X)θ(Y ) for X, Y ∈ TM.

Let ∗ be the Hodge star operator on
∧• T ∗M with respect to gθ,J .

The Rumin complex [13] is defined on contact manifolds as follows.
We set L := dθ∧ and Λ := ∗−1L∗, which is the adjoint operator of L
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with respect to the metric gθ,J at each point. We set

k∧
prim

H∗ :=

{
v ∈

k∧
H∗

∣∣∣∣∣Λv = 0

}
,

k∧
L

H∗ :=

{
v ∈

k∧
H∗

∣∣∣∣∣Lv = 0

}
,

Ek(M) :=


C∞

(
M,

k∧
prim

H∗

)
, k ≤ n,

C∞

(
M, θ ∧

k−1∧
L

H∗

)
, k ≥ n+ 1.

We embed H∗ into T ∗M as the subbundle {ϕ ∈ T ∗M | ϕ(T ) = 0} so
that we can regard

Ωk
H(M) :=C∞

(
M,

k∧
H∗

)
as a subspace of Ωk(M), the space of k-forms. We define db : Ω

k
H(M) →

Ωk+1
H (M) by

dbϕ := dϕ− θ ∧ (IntT dϕ),

and then D : En(M) → En+1(M) by

D = θ ∧ (LT + dbL
−1db), (2.1)

where LT is the Lie derivative with respect to T , and we use the fact
that L :

∧n−1H∗ →
∧n+1H∗ is an isomorphism.

Let P :
∧kH∗ →

∧k
primH

∗ be the fiberwise orthogonal projection

with respect to gθ,J , which also defines a projection P : Ωk(M) →
Ek(M). We set

dkR :=


P ◦ d on Ek(M), k ≤ n− 1,

D on En(M),

d on Ek(M), k ≥ n+ 1.

Then (E•(M), d•R) is a complex. Let dkE = akd
k
R, where ak = 1/

√
|n− k|

for k ̸= n and an = 1. We call (E•(M), d•E) the Rumin complex.

Proposition 2.1. ([13, p. 286–287])
Let M be an orientable contact manifold. Then, the Rumin complex

forms a fine resolution of the constant sheaf R. Hence its cohomology
coincides with the de Rham cohomology of M .

We define the L2-inner product on Ωk(M) by

(ϕ, ψ) :=

∫
M

gθ,J(ϕ, ψ)d volgθ,J

and the L2-norm on Ωk(M) by ∥ϕ∥ :=
√

(ϕ, ϕ). Since the Hodge

star operator ∗ induces a bundle isomorphism from
∧k

primH
∗ to θ ∧∧2n−k

L H∗, it also induces a map Ek(M) → E2n+1−k(M).
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Let d∗E and D∗ denote the formal adjoint of dE and D, respectively
for the L2-inner product. We define the fourth-order Laplacians ∆E on
Ek(M) by

∆k
E :=


(dk−1

E dk−1
E

∗)2 + (dkE
∗dkE)

2, k ̸= n, n+ 1,

(dn−1
E dn−1

E
∗)2 +D∗D, k = n,

DD∗ + (dn+1
E

∗dn+1
E )2, k = n+ 1.

We call it the Rumin Laplacian [13].
We recall the Rumin Laplacian ∆E is maximally hypoelliptic (e.g.

[13, §3], [12, Proposition 3.5.8]). For example, [12, Propositions 5.5.2,
5.5.9] yields the following proposition:

Proposition 2.2. Let M be a compact orientable contact manifold of
dimension 2n+ 1. Then,

(1) the Rumin Laplacian ∆E has discrete eigenvalues,
(2) the kernel of ∆E is isomorphic to the cohomology of the Rumin

complex as vector space, that is,

Ker(∆E) ∼= H•(E•(M), dE).

3. The Rumin complex on Sasakian manifolds

For a contact manifold (M,H) and an almost complex structure J ,
we decompose the bundles defined in the previous subsection as follows:

H1,0 := {v ∈ CH | Jv =
√
−1v}, H0,1 := {v ∈ CH | Jv = −

√
−1v},

i,j∧
H∗ :=

i∧
H∗1,0 ⊗

j∧
H∗0,1,

i,j∧
prim

H∗ :=

{
ϕ ∈

i,j∧
H∗

∣∣∣∣∣Λϕ = 0

}
,

Ωi,j
H := C∞

(
M,

i,j∧
H∗

)
.

We call (M,H, θ, J) a Sasakian manifold if LTJ = 0 and

[C∞(M,H1,0), C∞(M,H1,0)] ⊂ C∞(M,H1,0).

Then dbΩ
i,j
H ⊂ Ωi+1,j

H ⊕Ωi,j+1
H . We define ∂b : Ω

i,j
H → Ωi+1,j

H and ∂b : Ω
i,j
H →

Ωi,j+1
H by

db = ∂b + ∂b.

We set

∂R :=

{
P∂b, k ≤ n− 1,

∂b, k ≥ n,
∂R :=

{
P∂b, k ≤ n− 1,

∂b, k ≥ n,

∂E := ak∂R, ∂E := ak∂R.

Similarly, we decompose on Ek(M) for k < n

dR = ∂R + ∂R, dE = ∂E + ∂E .



8 AKIRA KITAOKA

Since

∂∗b =
√
−1[Λ, ∂b], ∂

∗
b = −

√
−1[Λ, ∂b],

∂b =
√
−1[L, ∂

∗
b ], ∂b = −

√
−1[L, ∂∗b ],

(3.1)

we may rewrite (2.1) as

D = θ ∧
(
LT −

√
−1(∂b + ∂b)(∂

∗
b − ∂

∗
b)
)
. (3.2)

We set
∆∂b

:= ∂b∂
∗
b + ∂

∗
b∂b, ∆∂b := ∂b∂

∗
b + ∂∗b∂b.

We note that
[∂b, ∂

∗
b ] = 0, [∂b, ∂

∗
b ] = 0. (3.3)

4. Eigenvectors of the Rumin Laplacian

Henceforth, we assume that (M,H, θ, J) is a compact Sasakian man-
ifold of dimension 2n+ 1. Since ∗ and ∆E commute, to determine the
eigenvalues on E•(M), it is enough to compute them on Ek(M) for
k ≤ n. We set

∆∂E
:= ∂E∂

∗
E + ∂

∗
E∂E , ∆∂E := ∂E∂

∗
E + ∂∗E∂E .

We recall the differential operators ∂E and ∂E have a property as (3.3),
i.e., as the following proposition:

Proposition 4.1. ([15, (34)])

(1) On Ek(M), for k ≤ n, we have

[∂E , ∂
∗
E ] = 0, [∂E , ∂

∗
E ] = 0.

(2) For k ≤ n− 1, we have√
∆E = ∆∂E

+∆∂E .

(3) For k ≤ n− 1, we have
√
−1LT = ∆∂E

−∆∂E .

From Proposition 4.1 (1), we have the following proposition:

Proposition 4.2. For k ≤ n−1, the operators ∆∂E and ∆∂E
commute.

We set

Qk(λ10, λ01)

:=

{{
ϕ ∈ Ek(M)

∣∣∆∂Eϕ = λ10ϕ,∆∂E
ϕ = λ01ϕ

}
, k ≤ n− 1,

∂EQn−1(λ10, λ01) + ∂EQn−1(λ10, λ01), k = n.

From Propositions 2.2 (1), 4.1 (2), and 4.2, we decompose Ek(M) into
a direct sum of Qk(λ10, λ01) for k ≤ n− 1, that is,

Ek(M) =
⊕

λ10,λ01

Qk(λ10, λ01). (4.1)
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It follows that for k ≤ n,

Ek(M) = (Ker∆∂E ∩Ker∆∂E
)⊕ (Ker∆∂E ∩ Im∆∂E

)

⊕ (Im∆∂E ∩Ker∆∂E
)⊕ (Im∆∂E ∩ Im∆∂E

).

We research each component.
About Ker∆∂E ∩Ker∆∂E

, from Proposition 4.1 (2), we have

Ker∆∂E ∩Ker∆∂E
= Ker∆E .

Next, we consider the space Im∆∂E ∩ Im∆∂E
.

Proposition 4.3. For k ≤ n−1 and λ10, λ01 > 0, Qk(λ10, λ01) has the
following decomposition:

Qk(λ10, λ01)

= Qk(λ10, λ01) ∩ Im ∂∗E ∩ Im ∂
∗
E ⊕Qk(λ10, λ01) ∩ Im ∂E ∩ Im ∂

∗
E

⊕Qk(λ10, λ01) ∩ Im ∂∗E ∩ Im ∂E ⊕Qk(λ10, λ01) ∩ Im ∂E ∩ Im ∂E .

Proof. In the same way as the Hodge-de Rham Laplacian, we have

Im∆∂E = Im ∂E ⊕ Im ∂∗E , Im∆∂E
= Im ∂E ⊕ Im ∂

∗
E .

Therefore, we get

Im∆∂E ∩ Im∆∂E
= Im ∂∗E ∩ Im ∂

∗
E ⊕ Im ∂E ∩ Im ∂

∗
E

⊕ Im ∂∗E ∩ Im ∂E ⊕ Im ∂E ∩ Im ∂E .

Thus, it is clear that we check this proposition. □

From Propositions 4.1 (1) and 4.3, we have the following proposition:

Proposition 4.4. We assume that λ10, λ01 > 0. Then, we have

(1) for k ≤ n− 2, the following operators are isomorphisms:

Qk+1(λ10, λ01) ∩ Im ∂∗E ∩ Im ∂E ,

Qk+1(λ10, λ01) ∩ Im ∂E ∩ Im ∂
∗
E Qk+2(λ10, λ01) ∩ Im ∂E ∩ Im ∂E ,

∂E

∂E

(2) for k ≤ n− 1, the following operators are isomorphisms:

Qk(λ10, λ01) ∩ Im ∂∗E ∩ Im ∂
∗
E Qk+1(λ10, λ01) ∩ Im ∂∗E ∩ Im ∂E

Qk+1(λ10, λ01) ∩ Im ∂E ∩ Im ∂
∗
E ,

∂E

∂E

(3) for k ≤ n− 1, the following operators are isomorphisms:

Next, we consider the parts Ker∆∂E ∩ Im∆∂E
and Im∆∂E ∩Ker∆∂E

.
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Qk(0, λ01) ∩ Im ∂
∗
E Qk+1(0, λ01) ∩ Im ∂E ,

Qk(λ10, 0) ∩ Im ∂∗E Qk+1(λ10, 0) ∩ Im ∂E .

∂E

∂E

Proposition 4.5. On the following spaces

(1) Ek(M) ∩ Im∆∂E
∩Ker∆∂E for k ≤ n− 1,

(2) En(M) ∩ Im ∂E ∩Ker∆∂E ,
(3) Ek(M) ∩ Im∆∂E ∩Ker∆∂E

for k ≤ n− 1, and
(4) En(M) ∩ Im ∂E ∩Ker∆∂E

,

we have
∆E = −L2

T .

Proof. We consider Ek(M) ∩ Im∆∂E
∩ Ker∆∂E for k ≤ n − 1. By

Proposition 4.1 (3), we have
√
−1LT = ∆∂E

=
√

∆E ,

that is,
∆E = −L2

T .

From Propositions 4.1 (1) and 4.3, we obtain (2). Similarly, we get (3)
and (4). □

We consider the space Ker ∂∗E ∩ Ker ∂
∗
E ∩ En(M). From (3.2), for

ϕ ∈ Ker ∂∗E ∩Ker ∂
∗
E ∩ En(M), we have

∆Eϕ = D∗Dϕ = −L2
Tϕ. (4.2)

We set for ν ∈ R

Qn(ν) :=
{
ϕ ∈ Ker ∂∗E ∩Ker ∂

∗
E ∩ En(M)

∣∣∣LTϕ =
√
−1νϕ

}
⊂ {∆Eϕ = ν2ϕ}.

We decompose Ker ∂∗E ∩Ker ∂
∗
E ∩ En(M) into a direct sum,

Ker ∂∗E ∩Ker ∂
∗
E ∩ En(M) =

⊕
ν

Qn(ν).

We consider Im ∂E + Im ∂E . From (4.1), we have(
Im ∂E + Im ∂E

)
∩ En(M) (4.3)

= ∂E
⊕

Qn−1(λ10, λ01) + ∂E
⊕

Qn−1(λ10, λ01)

=
⊕(

∂EQn−1(λ10, λ01) + ∂EQn−1(λ10, λ01)
)
.

To calculate all eigenvalues of ∆E on En(M), from Propositions 4.4,
and 4.5 it is enough to consider the space

W := Qn−1(λ10, λ01) ∩ Im ∂∗E ∩ Im ∂
∗
E .
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Let ψ ∈ W \ {0}. We set

ψ(0,0) = ψ/∥ψ∥, ψ(1,0) = ∂Eψ/∥∂Eψ∥, ψ(0,1) = ∂Eψ/∥∂Eψ∥.
Then, we have

dEψ
(0,0) =

√
λ10ψ

(1,0) +
√
λ01ψ

(0,1)

and

dEd
∗
E

(√
λ10ψ

(1,0) +
√
λ01ψ

(0,1)
)
= (λ10+λ01)

(√
λ10ψ

(1,0) +
√
λ01ψ

(0,1)
)
.

Therefore, we have the eigenvalue of ∆E on dEW :

(λ10 + λ01)
2. (4.4)

Let us find an eigenvalue on (dEW )⊥, which is the orthogonal comple-
ment of ∂EW + ∂EW . We note that√

λ01ψ
(1,0) −

√
λ10ψ

(0,1) ∈ (dEW )⊥.

Let λT be the eigenvalue of −
√
−1LT on Qn(λ10, λ01), A = λT − 2λ10

and B = λT + 2λ01. By (3.2), we see

D
(√

λ01ψ
(1,0) −

√
λ10ψ

(0,1)
)
=

√
−1θ ∧

(
A
√
λ01ψ

(1,0) −B
√
λ10ψ

(0,1)
)
.

Since D
(√

λ10ψ
(1,0) +

√
λ01ψ

(0,1)
)
= 0, we have

D∗D
(√

λ01ψ
(1,0) −

√
λ10ψ

(0,1)
)

=
A2λ01 +B2λ10
λ10 + λ01

(√
λ01ψ

(1,0) −
√
λ10ψ

(0,1)
)
.

We note that

|A|2λ01 + |B|2λ10
λ10 + λ01

=
(λT − 2λ10)

2λ01 + (λT + 2λ01)
2λ10

λ10 + λ01
= λ2T+4λ10λ01.

From Proposition 4.1 (3), we see

λ2T + 4λ10λ01 = (λ10 − λ01)
2 + 4λ10λ01 = (λ10 + λ01)

2.

We get the eigenvalue on (dEW )⊥

(λ10 + λ01)
2.

Therefore, we obtain the eigenvalue on (dEW )⊥: the eigenvalue of ∆E
is

(λ10 + λ01)
2. (4.5)

We obtain the following proposition:

Proposition 4.6. On Im ∂E + Im ∂E , the operator ∆E is positive.

Proof. From Propositions 4.1 (1) and 4.4, (4.4) and (4.5), onQk(λ10, λ01)
for k ≤ n, the eigenvalue is

(λ10 + λ01)
2.

If λ10 > 0 or λ01 > 0, the operator ∆E is positive. □
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5. Comparison beween the Hodge-de Rham Laplacina and
the Rumin Laplacian

The exterior algebra of M splits into horizontal and vertical forms,
which we will denote by

Ω•(M) = Ω•
H(M)⊕ θ ∧ Ω•

H(M).

With respect to this decomposition, the exterior differential writes

d(αH + θ ∧ αT ) = (dbαH + LαT ) + θ ∧ (LTαH − dbαT ),

that is,

d =

(
db L
LT −db

)
.

The Hodge-de Rham Laplacian satisfies

∆dR =

(
∆b + L∗

TLT + LΛ [d∗b , L] + [db,L∗
T ]

[Λ, db] + [LT , d
∗
b ] ∆b + LTL∗

T + ΛL

)
,

where
∆b = dbd

∗
b + d∗bdb.

On Sasakian manifolds, from (3.1), we see

∆dR =

(
∆b + L∗

TLT + LΛ
√
−1∂b −

√
−1∂b

−
√
−1∂∗b +

√
−1∂

∗
b ∆b + LTL∗

T + ΛL

)
. (5.1)

Let ϕ ∈ Ker(∆E) ∩ Ek(M) for k ≤ n− 1. Since d∗b and Λ commute,
we act d∗b to ϕ,

d∗bϕ = d∗Rϕ = 0.

From Proposition 4.1 (1), ∆∂Eϕ = ∆∂E
ϕ = 0. We act Λdb to ϕ, from

(3.1),

Λdbϕ = [Λ, db]ϕ+ dbΛϕ =
√
−1(−∂∗b + ∂

∗
b)ϕ = 0.

It follows that
dbϕ = dRϕ = 0.

Therefore, we obtain
∆bϕ = 0. (5.2)

From Propositions 4.1 (1) and (3), we have

LTϕ = −∆∂E +∆∂E
ϕ = 0. (5.3)

From (5.1), (5.2), (5.3) and Proposition 4.1 (1), we get

∆dRϕ = (∆b + L∗
TLT + LΛ)ϕ+ θ ∧

(√
−1∂b −

√
−1∂b

)
ϕ = 0.

It means that for k ≤ n− 1,

Ker(∆dR : Ω
k(M) → Ωk(M)) ⊂ Ker(∆E : Ek(M) → Ek(M)).

We note that Ker(∆dR) is a finite dimensional vector space since M is
compact. From Propositions 2.1 and 2.2 (2), for k ≤ n−1, we conclude

Ker(∆dR : Ω
k(M) → Ωk(M)) = Ker(∆E : Ek(M) → Ek(M)).
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Next we consider the case k = n. Let ϕ ∈ Ker(∆E) ∩ En(M). From
Proposition 4.6, we see

ϕ ∈ Ker ∂∗E ∩Ker ∂
∗
E . (5.4)

From (5.4) and (4.2), we have

LTϕ = 0. (5.5)

From (5.4), we see

∂∗bϕ = ∂∗Rϕ = 0, ∂
∗
bϕ = ∂

∗
Rϕ = 0. (5.6)

Since En(M) = Ker(L), from (3.1), we have

∂bϕ =
√
−1[L, ∂

∗
b ]ϕ = 0, ∂bϕ =

√
−1[L, ∂∗b ]ϕ = 0.

We obtain

∆bϕ = 0. (5.7)

From (5.1), (5.5), (5.6) and (5.7), we conclude

∆dRϕ = 0.

It means that

Ker(∆E : En(M) → En(M)) ⊂ Ker(∆dR : Ω
n(M) → Ωn(M)).

In the same way as the case k ≤ n− 1, from Propositions 2.1 and 2.2
(2), we conclude

Ker(∆E : En(M) → En(M)) = Ker(∆dR : Ω
n(M) → Ωn(M)).

6. Proof of Corollary 1.2

(1) Let ϕ ∈ Ker(∆dR : Ω
k(M) → Ωk(M)). By Theorem 1.1, we have

ϕ ∈ Ker(∆E : Ek(M) → Ek(M)). By the definition of ∆E , ϕ ∈ Ek(M).
By the definition of the Rumin complex, we get (1).

(2) As the same way in (1), we have (2).
(3) We assume that k ≤ n. Case showed that [6, Proposition 12.10],

for a compact Sasakian manifold M ,

Ker(∆E : Ek(M) → Ek(M))

=
⊕
i+j=k

Ker(∆E : Ek(M) → Ek(M)) ∩ C∞

(
M,

i,j∧
H∗

)
. (6.1)

Let ϕ ∈ Ker(∆dR : Ω
k(M) → Ωk(M)). By Theorem 1.1, we have

ϕ ∈ Ker(∆E : Ek(M) → Ek(M)). By (6.1), we get

∆EJϕ = J∆E = 0. (6.2)

By Theorem 1.1, ∆dRJϕ = 0.
As the same way, we can prove (3) in the case of k ≥ n+ 1.
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7. Proof of Corollary 1.3

From Corollary 1.2, for ϕ ∈ Ker(∆dR : Ω
k(M) → Ωk(M)), we get

dϕ = d0ϕ+ dbϕ+ dTϕ = 0, d0ϕ = 0,

d∗ϕ = d∗0ϕ+ d∗bϕ+ d∗Tϕ = 0, d∗0ϕ = 0.

Since dbϕ and dTϕ are linearly independent, and d∗bϕ and d∗Tϕ are also
linearly independent,

d0ϕ = dbϕ = dTϕ = d∗0ϕ = d∗bϕ = d∗Tϕ = 0.

Therefore, for t ≥ 0, we obtain

∆tϕ = (dtd
∗
t + d∗tdt)ϕ = 0.

Since
Ker(∆dR) ⊃

⋂
t>0

Ker(∆t),

we have
Ker(∆dR) =

⋂
t>0

Ker(∆t),

that is, we conclude Corollary 1.3.

8. Proof of Theorem 1.5

We set

2□E :=
√

∆E +
√
−1LT , 2□E :=

√
∆E −

√
−1LT .

From (4.2) and Propositions 4.4 and 4.5, we have

κE(s) =
n∑

k=0

(−1)k+1(n+ 1− k)ζ(∆E,k)(s)

=
n∑

k=0

(−1)k+1(n+ 1− k)
(
ζ(−L2

T |Ker□E∩Im□E∩Ek(M,E))(s)

+ ζ(−L2
T |Im□E∩Ker□E∩Ek(M,E))(s)

+ dimHk(M,E)
)
.
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