HARMONIC FORMS AND THE RUMIN COMPLEX
ON SASAKIAN MANIFOLDS

AKIRA KITAOKA

ABSTRACT. We show that the kernel of the Rumin Laplacian agrees
with that of the Hodge-de Rham Laplacian on compact Sasakian
manifolds. As a corollary, we obtain another proof of primitiveness
of harmonic forms. Moreover, the space of harmonic forms coin-
cides with the sub-Riemannian limit of Hodge-de Rham Laplacian
when its limit converges. Finally, we express the analytic torsion
function associated with the Rumin complex in terms of the Reeb
vector field.

1. INTRODUCTION

Let (M, H) be a compact contact manifold of dimension 2n + 1,
and F be a flat vector bundle associated with a unitary representation
a: m (M) — U(r). Rumin [13] introduced a complex (E°(M, E),dy,),
which is induced by the de Rham complex (Q2*(M, E), d). Here, Q%(M, E)
is the space of E-valued differential k-forms. A specific feature of the
complex is that the operator D = di%: E"(M,E) — E"(M,E) in
‘middle degree’ is a second-order, while d%: E¥(M, E) — EFY( M, E)
for k # n are first order. Moreover, the space £*(M, E) is included in
Q°(M, E) (see §2)). The complex is induced by the exterior derivatives.
Let ap = 1/4/|n — k| for k # n and a,, = 1. Then, (£*(M, FE),ds),
where df = aidk, is also a complex. We call (£°(M, E), ds) the Rumin
complex.

Let 0 be a contact form of H, and J be an almost complex structure
on H. Let T be the Reeb vector field of . Then we may define a
Riemann metric gp s on T'M by extending the Levi metric df(—, J—) on
H (see §2)). The quadruple (M, H, 6, J) is called a Sasakian manifold if
(M, H,J)is a CR manifold and L7J = 0. By virtue of the rescaling, d2
satisfies Kéhler-type identities on Sasakian manifolds [15]. In addition,
the analytic torsion of the Rumin complex can be written in terms of
the Betti number and the Ray-Singer torsion on the lens spaces [10].
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Following [13], we define the Rumin Laplacians Ag associated with
(E*(M, E),ds) and the metric gg s by

(dedz)® + (dede)?, k#mn,n+1,
AL = (dgds)> + D*D,  k=n,
DD* + (dide)?, k=n+1.

Rumin showed that A¢ is maximally hypoelliptic.

Rumin [13] showed that Ker(Ag) is isomorphic to H*(M). As a
natural question, what is the difference between Ker(Aqgr) and Ker(Ag)
in set? The following theorem answers this question.

Theorem 1.1. Let (M, H,0,J) be a compact Sasakian manifold of
dimension 2n + 1. Then, the kernel of the Rumin Laplacian agrees
with that of the Hodge-de Rham Laplacian, that is,

Ker(Agr: QF(M) — QF(M)) = Ker(Ag: E¥(M) — EF(M)).
From Theorem we give another proof of the following corollary:

Corollary 1.2. ([18, Theorems 7.1, 8.1], [8 Corollary 4.2]) In the
setting of Theorem[1.1], for ¢ € Ker(Agr: QF(M) — Q%(M)),

(1) if k <n, we have Intr ¢ =0, (dON)*¢ = 0,

(2) if k>n+1, we have §Np=0,dO N ¢ =0,

(3) we have J¢ € Ker(Aqgr), that is, J¢ is also a harmonic form,
where Inty is the interior product with respect to T

The Bernstein-Gelfand-Gelfand sequence (£°(M, E),dg) is defined
for parabolic geometry on the twisted de Rham complex due to Cap-
Slovak-Soucek [5] and Calderbank-Dimer [4]. Rumin has also intro-
duced a non G-invariant version in the context of sub-Riemannian ge-
ometry [14], which coincides with the Rumin complex [13] on contact
manifolds (e.g. [16} §5.3]). To the author’s knowledge, the metrics gy
on the Sasakian manifolds are the only cases when the kernel of dg +dg
agrees with the harmonic space. It is an interesting question: whether
on the filtered manifolds its kernel coincides with the harmonic space
or not.

Next, one can view the Rumin complex as arising naturally as the
sub-Riemannian limit of Agg induced by the filtration H C T'M [15].
An analytic approach to sub-Riemannian limit, for fiber bundles, was
developed by Mazzeo and Melrose [11], and, for Riemann foliations, was
by Forman [7]. On contact manifolds, Albin-Quan solved the asymp-
totical equation of Agg, which was introduced by Forman [7], and its
asymptotic behavior can be explicitly written by the Rumin complex
[1].

Let t € [0,00). The exterior algebra of M splits into horizontal
and vertical forms. With respect to this decomposition, the exterior
differential writes

d=dy+dy+dr,
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where
do = IntT d9/\, dT =0 A ET,
and we define dj, by dyf := 0 and for ¢ € C> (M, \* H*)
dye == dop — 0 A (Intp do).
We set
dy := dy + tdy + t*dyp.
Let X := M x [0,00) and A; := dd} + did;: Q*(M) — Q*(M) for
t € [0,00), where d} is the formal adjoint of d; for the L*-inner product
on Q°*(M). We define the space of the sub-Riemannian limit differential
forms by
sRQk (X)
= {up + tuy + - + t9u, € QF(X) }uj € O"(M), q € Zso, t > 0},
and set
ﬁlf(At) ={ue QF (M) ‘ Ju € ROF(X) s.t. fl‘tzo =u, Au=O(t")},
for p > 0. In [1, p. 18], Albin-Quan showed that
F¥(A) = Ker(Ag: EF(M) — EF(M)) for k #£n,n+1,
FE(A) = Ker(Ag: EX(M) — EF(M)) for k =n,n+ 1.
By Corollary [I.2] we obtain the following:
Corollary 1.3. In the setting of Theorem

Ker(Agr) = m Ker(A

t>0

By Theorem [1.1] and [1, p. 18], we have
Corollary 1.4. In the setting of Theorem
FE(A) = Ker(A,: Q5 (M) = QX(M))  fork #n,n+1,

t>0

FEA) = ﬂKer Ay QF (M) — QF(M)) for k=n,n+ 1.

t>0

Given a function u € Ker(Ag) on a compact contact manifold, Albin
and Quan [1] constructed, using the operators dy, dy,, and dr, a function
u such that Ayu = O(#?) if k # n,n + 1, and such that A,u = O(#°) if
k = n,n + 1. Corollary 1.4 shows that in the Sasakian case, one can
simply take u = u, and in this case Ayu = u for ¢ > 0.

We next introduce the analytic torsion and metric of the Rumin
complex (E°(M, E),dg) by following [2,19,17]. We define the contact
analytic torsion function associated with (€°(M, E), dg) by

ke(M, B, gos)(s) == S (=) (n + 1 — k)C(AE)(5)

k=0
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where ((AE)(s) is the spectral zeta function of A% and the contact
analytic torsion Tg by

2log Te(M, E, go.5) == ke(M, E, go.7)'(0).

Let H*(E*(M, E),dy) be the cohomology of the Rumin complex. We
define the contact metric on det H*(£*(M, E), d) by

I (M, E, go.s) =T (M, E, go.s)| 12w,

where the metric | |2(es) is induced by the L*-metric on £*(M, E)
via an identification of the cohomology classes by the harmonic forms.
We remark the contact metric || ||¢ is depend on the identification.

Rumin and Seshadri [17] defined another analytic torsion function
kg from (£°(M, E), dy,), which is different from k¢ except in dimension
3. In dimension 3, they showed that kg (M, E, gg.5)(0) is a contact in-
variant, that is, independent of the metric gy ;. Moreover, on Sasakian
manifolds with S'-action and dimension 3, kg (M, E, go.7)(0) = 0. Here,
Sasakian manifolds with S'-action means Sasakian manifolds whose
Reeb vector field generates the circle action S'. Furthermore, for flat
bundles with unimodular holonomy on Sasakian manifolds with S*-
action and dimension 3, they showed that this analytic torsion and the
Ray-Singer torsion Tyr(M, E, gp.;) are equal. With this coincidence,
they found a relation between the Ray-Singer torsion and holonomy.

To extend the coincidence, with dg instead of dg, the author [10]
showed that Tg(K, E, gs ;) = nldmH BT L (K E, gg ;) on the stan-
dard lens space K of dimension 2n + 1. Moreover, Albin and Quan 1]
showed the difference between the Ray-Singer torsion and the contact
analytic torsion is given by some integrals of universal polynomials in
the local invariants of the metric on contact manifolds. Via any iso-
morphism ®: det H*(E*(M, E),dy) = det H*(Q*(M, E),d),

I lle  Tar
1 lae T
By Theorem [I.1} we can choose ® = Id and
I lle _ Tar
[

Finally, to adapt the proof of Theorem to the contact analytic
torsion, we express the analytic torsion function associated with the
Rumin complex in terms of the Reeb vector field. We set

20 := /Ag +V—1Lp, 20g :=/Ae —V—1L7.

Theorem 1.5. Let (M, H,0,J) be a compact Sasakian manifold of
dimension 2n + 1, and E be a flat vector bundle over M associated
with a unitary representation o w (M) — U(r). We assume that the
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universal covering of M is compact. Then, we have

Ke(s) = Z<_1)k+1(” +1—Fk) (C(_‘c%‘KengﬁImigﬁSk(M,E)>(8)

k=0
+ C(_‘C%“‘ImDgﬁKerigﬂS’“(M,E))(8) + dim H"*(M, E)),
where ¢ s a spectral zeta function.

On Sasakian manifolds with S'-action and dimension 3, Rumin-
Seshadri 17, (4.6)] showed the theorem above. By using this for-
mula, they showed that this analytic torsion and the Ray-Singer torsion
Tar(M, E, gg.;) are equal for flat bundles with unimodular holonomy
on Sasakian manifolds with S'-action and dimension 3 [17].

The paper is organized as follows. In §2 we recall the definition
and properties of the Rumin complex on contact manifolds. In §3} we
recall some properties of the Rumin complex on Sasakian manifolds. In
4l we decompose £F(M) as a direct sum with respect to simultaneous
diagonalization of Og and Og, and we see the Rumin Laplacian Ag
on them. In §5| we show the kernel of Ag agrees with the space of
harmonic forms. In §6| we show Corollary 1.2 In §7 we show the
space of harmonic forms coincides with ZF(A;) when it converges. In
we express the analytic torsion function associated with the Rumin
complex in terms of the Reeb vector field.

Acknowledgement. The author is very grateful to his supervisor Pro-
fessor Kengo Hirachi for introducing him to this subject and for helpful
comments. He author also thanks the referees for their valuable com-
ments. This work was supported by the program for Leading Graduate
Schools, MEXT, Japan.

2. THE RUMIN COMPLEX ON CONTACT MANIFOLDS

We call (M, H) an orientable contact manifold of dimension 2n + 1
it H is a subbundle of T'M of codimension 1 and there exists a 1-
form 6, called a contact form, such that Ker(6: TM — R) = H and
O A (d9)™ # 0. The Reeb vector field of 6 is the unique vector field 7'
satisfying 0(T') = 1 and Inty df = 0, where Inty is the interior product
with respect to T

For H and 6, we call J € End(T'M) an almost complex structure
associated with @ if J2 = —Id on H, JT = 0, and the Levi form
df(—, J—) is positive definite on H. Given 0 and J, we define a Rie-
mannian metric gg ; on T'M by

9o.7(X,Y) :=dO(X, JY) + 0(X)0(Y) for X,Y € TM.

Let % be the Hodge star operator on A*7T*M with respect to gg ;.
The Rumin complex [13] is defined on contact manifolds as follows.
We set L := dOA and A := %~ L%, which is the adjoint operator of L
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with respect to the metric gy ; at each point. We set

k k k k

/\H*::{ve/\H* szo}, NH = {ve/\H*

prim ( ) L
C°°<M,/\H*>, k<n,

prim

k—1
C> (M,@A/\H*), k>n+1.
\ L

We embed H* into T*M as the subbundle {¢ € T*M | ¢(T) = 0} so

that we can regard

LU:()},

Ek(M) =

Qk (M) :=C (M, /k\ H*)

as a subspace of QF(M), the space of k-forms. We define d,: Q% (M) —
Q™ (M) by

dpp = dop — 0 A (Intr do),
and then D: E"(M) — E"*Y(M) by

D =0A(Lr+dyL 7 dy), (2.1)
where Lr is the Lie derivative with respect to 7', and we use the fact
that L: A" ' H* — A" H* is an isomorphism.

Let P: N\"H* — /\’;rim H* be the fiberwise orthogonal projection
with respect to g7, which also defines a projection P: QF(M) —
EF(M). We set

Pod on&*M), k<n-1,
di =D on E"(M),
d on EK(M), k>n-+1.
Then (£*(M), dy) is a complex. Let d& = aydk, where aj, = 1/+/|n — k|
for k # n and a, = 1. We call (£€*(M), d2) the Rumin complex.
Proposition 2.1. ([13, p. 286-287])
Let M be an orientable contact manifold. Then, the Rumin complex

forms a fine resolution of the constant sheaf R. Hence its cohomology
coincides with the de Rham cohomology of M.

We define the L%inner product on QF(M) by
((ba w) = / 907J(¢, w)dVOIgo,J
M

and the L%norm on QF(M) by ||¢]| := +/(¢,¢). Since the Hodge

star operator * induces a bundle isomorphism from /\grim H* to 6 A

= H* it also induces a map E¥(M) — E2F1F(M).
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Let di and D* denote the formal adjoint of dg and D, respectively
for the L%-inner product. We define the fourth-order Laplacians Ag on
EF(M) by

(dg™ ™) + (dg*dg)?, k#nn+1,
AL = (@' DD, k=n,
DD* + (dgdith)?, k=n+1.
We call it the Rumin Laplacian [13].
We recall the Rumin Laplacian Ag is maximally hypoelliptic (e.g.

[13, §3], [12, Proposition 3.5.8]). For example, [12, Propositions 5.5.2,
5.5.9] yields the following proposition:

Proposition 2.2. Let M be a compact orientable contact manifold of
dimension 2n + 1. Then,

(1) the Rumin Laplacian Ag has discrete eigenvalues,
(2) the kernel of Ag is isomorphic to the cohomology of the Rumin
complex as vector space, that is,

Ker(Ag) =2 H*(E*(M), dg).
3. THE RUMIN COMPLEX ON SASAKIAN MANIFOLDS

For a contact manifold (M, H) and an almost complex structure J,
we decompose the bundles defined in the previous subsection as follows:

HY ={veCH|Jv=+vV-1v}, H" :={veCH| Jv=—V—1v},

KH*I:/Z\H*l’()@/]\H*O’l, KH*:{quKH* A¢:0},
prim
QY =™ <M/]\H)

We call (M, H,0,J) a Sasakian manifold if LyJ = 0 and
(Co= (M, H'0), C(M, H')] < C™(M, H'™).

Then d,QY/ € Q7 @QY ™. We define 9,: QY — Q4 and 8,: QY —
Q?Ijﬂ by

db - ab + 5[,.
We set
O = P@b, ICSTL—L 5 L Pgb, k’STL—l,
A (9;,, k Z n, R 5{,, k Z n,
85 = ak(‘)R, 55 = ak.gR.

Similarly, we decompose on E¥(M) for k < n
dRzaR—i-gR, dg:ag—i-ag.
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Since
O =v—1[A, 8], 8, = —V—1[\, ], 51)
Oy = V—-1[L,8;), 0= —v—1[L,5;], '
we may rewrite as
D=0A (LT V18, + 8y) (8 —5;‘)). (3.2)
We set o
Agb = abé?b + 8[)81), Aab = 61,0{,“ + 8§8b
We note that _ _
[0y, 0,] =0, [0y, 0;] = 0. (3.3)

4. EIGENVECTORS OF THE RUMIN LAPLACIAN

Henceforth, we assume that (M, H, 0, J) is a compact Sasakian man-
ifold of dimension 2n + 1. Since * and Ag commute, to determine the
eigenvalues on £°(M), it is enough to compute them on E¥(M) for
k <n. We set

Ag, = 0¢0g + 0z0s, Do, 1= 005 + 030

We recall the differential operators d¢ and dg have a property as (3.3),
i.e., as the following proposition:

Proposition 4.1. ([15, (34)])
(1) On E¥(M), for k <n, we have
0,0 =0, [0g,0%] = 0.
(2) For k <n—1, we have
VA = Ay, + Ap,.
(3) For k <n—1, we have
V—=1Lr = Ag, — Ap,.
From Proposition (1), we have the following proposition:
Proposition 4.2. For k < n—1, the operators Ay, and Az, commute.
We set
Q" (A0, A1)
_ J{o € (M)|A0.0 = Ao, N5,.0 = Ao}, k<n—1,
9 Q" (A0s Ao1) + 0 Q" (A10, Aor), k=n.

From Propositions 2.2] (1), [4.1] (2), and 4.2, we decompose £*(M) into
a direct sum of Q%(A\ig, A1) for k& < n — 1, that is,

EF(M) = @ Q" (A0, Aar). (4.1)

A10,M01
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It follows that for k < n,
EM(M) = (Ker Ay, N Ker Az, ) ® (Ker Ay, NIm Az,)
® (Im Ap, N Ker Az, ) @ (Im Ay, NITm Ag_).

We research each component.
About Ker Ay, N Ker Ag_, from Proposition (2), we have

Ker Ay, N Ker Ap, = Ker Ag.

Next, we consider the space Im Ay, N Im Ag_.

Proposition 4.3. For k <n—1 and Mo, \o1 > 0, QF(A10, Ao1) has the
following decomposition:

Q" (Mo, A1)
= Q%(A\10, A1) NIm 3; N Im Iy & QF (Mg, Aor) N Im e N Im Iy
® Q%( A1, Ao1) N Im 95 NIm Jg @ Q"(A10, A1) N Im G N Im 0.
Proof. In the same way as the Hodge-de Rham Laplacian, we have
Im Ay, =Im e @ Im O, Im Az, = Tm d¢ ® Im ;.
Therefore, we get
Im Ap, NTm Az, = Im 93 N Im Jz & Im e N Im I
@& Imoz N Im g ® Im de N Im 0.

Thus, it is clear that we check this proposition. Il

From Propositions (1) and , we have the following proposition:

Proposition 4.4. We assume that \ig, \o1 > 0. Then, we have
(1) for k <mn —2, the following operators are isomorphisms:

QkJrl()\lo, )\01) N Im @; N Im 55,

* |

Qk+1()\10, )\01) N Im 85 N Im 5; L Qk+2()\10, )\01) N Im ag N Im 55,

(2) for k <mn —1, the following operators are isomorphisms:

Qk(/\lo, )\01) N Im 8;} N Imgz L) QkJrl()\l[), /\01) N Im 8}: N Imgg

o |

Qk+1<)\10, )\01) N Im 85 N Im 5;,

(3) for k <mn —1, the following operators are isomorphisms:

Next, we consider the parts Ker Ay, NIm Ag_ and Im Ay, NKer Az,
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Q (0 )\01) ﬂImag Qk+1(0 )\01) ﬂlm&g,

Qk(/\lo, 0) N Im @5 QkJrl ()\10, O) N Im 85.

Proposition 4.5. On the following spaces

(1) E¥(M) NIm Ay, NKer Ay, for k <n—1,

(2) £ (M) ﬂlmag N KeI‘Aag,

(3) EF(M) NIm Ay, NKer Ay, for k <n—1, and

(4) €M(M) NIm e N Ker Az,
we have

Ag = —E%«

Proof. We consider £¥(M) N Im Ay N Ker Ay, for k < n—1. By
Proposition (3), we have

\/__LCT = AES =V Aga

that is,
Ae = —L3.
From Propositions (1) and we obtain (2). Similarly, we get (3)
and (4). O
We consider the space Kerdg N Kerdg N E"(M). From (3:2), for
¢ € Ker 3 NKerdg N E™(M), we have
Aetp = D*Dp = —L3.¢. (4.2)

We set for v € R
Q"(v) == {¢ € Ker 9 NKer D N £ (M) ‘ L1 =v/=Tvg}
C {Aegp =120}
We decompose Ker 3% N Ker 0z N E™(M) into a direct sum,
Ker 9 N Ker 9, NE"(M) = P Q"(v)

We consider Im d¢ + Im dg. From (£.1)), we have
(Im 0¢ 4+ Im dg) N E*(M) (4.3)
= O @ Q" (Ao, A1) + O @ Q" (Ao, Ao1)
=B (9: 2" (Mo, Aor) + 9 Q" (Mo, Aan)) -

To calculate all eigenvalues of Ag on £"(M), from Propositions [1.4]
and [£.5] it is enough to consider the space

W .= Qnil()\lo, )\01) N Im@fé N Imgz
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Let ©p € W\ {0}. We set
GO0 =g/l w0 = dgw/lloe, ¢V =Tew/ e

Then, we have

ds ' = /A M + /A O
and

dedyg <\/ )\wy(l’o) + vV >\01ﬂ(0’1)> = (Ao+Ao1) (\/ )\10%(1,0) + \/)\_01@(0’1)) )
Therefore, we have the eigenvalue of Ag on deW':
(A1o + Xo1)*. (4.4)

Let us find an eigenvalue on (dgW)*, which is the orthogonal comple-
ment of deW + 0¢W. We note that

\/ Amﬁ(l’o) — v/ )\10£(0’1) € (di)l.

Let >\T be the eigenvalue of —\ _]-['T on Qn(/\lo, )\01)7 A= )\T - 2)\10
and B = Ap + 2Ap1. By (3.2), we see

D <\/)\01y(1,0) _ /)\10%(0,1)> ==10 A (A //\01ﬁ(1’0) _ B /)\10%(0,1)> .
Since D (V Mo + v )\01@0’1)) =0, we have
DD (VAap™” = VAgp ™)

_ A+ B\ (\/A—O@(l,o) B \/}\_10%(0,1)) ‘

A0 + Ao1

We note that

|A‘2>\01 + ’B|2)\10 o ()\T — 2)\10)2>\01 -+ ()\T + 2)\01)2)\10 \2
- = Ap+4A 1001
Ao + Aot Ao + Aot

From Proposition (3), we see
A 4 41001 = (Mo — Ao1)® + 4Ahi0dor = (A1 + Ao1)>
We get the eigenvalue on (deW )+
(Mo + Aor)*.

Therefore, we obtain the eigenvalue on (dgW)*: the eigenvalue of Ag
1s

(Ao + Aor)*. (4.5)
We obtain the following proposition:

Proposition 4.6. On Im Jg + Im O¢, the operator Ag is positive.

Proof. From Propositions (1) and ([4.4) and (4.5), on Q%(Mio, Ao1)

for k < n, the eigenvalue is

(Ao + Ao1)?
If A\jp > 0 or A\g1 > 0, the operator Ag is positive. Il
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5. COMPARISON BEWEEN THE HODGE-DE RHAM LAPLACINA AND
THE RUMIN LAPLACIAN

The exterior algebra of M splits into horizontal and vertical forms,
which we will denote by

QM) =Qy(M)® 0 AQY(M).
With respect to this decomposition, the exterior differential writes

d(OéH + 0N OéT) = (dbaH + LaT) + 0 A (LTaH - dbOéT),

that is,
_(dy L
(2 1)

The Hodge-de Rham Laplacian satisfies
Ay — (Ab +LyLr+ LA [dy, L] + [dy, £3)] )
A, dp] + [Lr, d;] Ay + LoLS+ AL )
where
Ay = dydy, + dyydp.
On Sasakian manifolds, from (3.1f), we see
Ay = ( Ay + ,C?,«;CT + LA* \/—_1817 — \/—_15{,) ‘
—V/=10; + /=10, Ay +LrLs+ AL
Let ¢ € Ker(Ag) NEX(M) for k < n — 1. Since d; and A commute,
we act d; to ¢,

(5.1)

a6 = i = 0.
From Proposition (1), Aped = Az, = 0. We act Ady to ¢, from
(3-1), _
Adyp = [A, o]+ dyAd = V=1(=0; +8) = 0.
It follows that

dyp = drg = 0.
Therefore, we obtain
Ay = 0. (5.2)
From Propositions (1) and (3), we have
Lrp=—Np, + Agggﬁ =0. (5.3)

From (5.1)), (5.2), and Proposition [£.1] (1), we get

Aqr¢ = (Ay + LpLr + LA) ¢+ 0 A (V=10 — V—=10) ¢ = 0.
It means that for k <n — 1,

Ker(Agr: QF(M) — QF(M)) C Ker(Ag: E¥(M) — EX(M)).

We note that Ker(Agr) is a finite dimensional vector space since M is
compact. From Propositions [2.1land [2.2] (2), for £ < n—1, we conclude

Ker(Agr: QF(M) — QF(M)) = Ker(Ag: E¥(M) — EF(M)).
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Next we consider the case k = n. Let ¢ € Ker(Ag) NE"(M). From
Proposition [.6] we see

¢ € Ker 0} N Ker d. (5.4)
From (5.4) and (4.2), we have
Lrp =0. (5.5)
From (j5.4]), we see
%o =0he =0, 0,0 =0p0=0. (5.6)
Since £"(M) = Ker(L), from (3.1]), we have
06 = V=1L, B¢ =0, 3y = V=1[L, ;)¢ = 0.
We obtain

Ay = 0. (5.7)
From (5.1)), (5.5), (5.6 and , we conclude
Agqrg = 0.

It means that
Ker(Ag: E"(M) — E"(M)) C Ker(Agr: (M) — Q"(M)).

In the same way as the case k < n — 1, from Propositions [2.1] and
(2), we conclude

Ker(Ag: E"(M) — EM(M)) = Ker(Agr: Q" (M) — Q"(M)).

6. PROOF OF COROLLARY [I.2]

(1) Let ¢ € Ker(Agr: Q¥(M) — QF(M)). By Theorem [1.1] we have
¢ € Ker(Ag: EF(M) — EF(M)). By the definition of Ag, ¢ € EF(M).
By the definition of the Rumin complex, we get (1).

(2) As the same way in (1), we have (2).

(3) We assume that k& < n. Case showed that [6, Proposition 12.10],
for a compact Sasakian manifold M,

Ker(Ag: E¥(M) — EX(M))

= @ Ker(Ag: EM(M) — EX(M)) N C™ (M,KH*) ) (6.1)

i+j=k
Let ¢ € Ker(Agr: QF(M) — QF(M)). By Theorem [1.1, we have
¢ € Ker(Ag: EF(M) — EF(M)). By (6.1), we get
Apdéb = JAg = 0. (6.2)

By Theorem [T, AgrJ¢ = 0.
As the same way, we can prove (3) in the case of k > n + 1.
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7. PROOF OF COROLLARY [L.3]
From Corollary [1.2] for ¢ € Ker(Agr: QF(M) — QF(M)), we get
d¢ = do¢p + dvo + dr = 0, do¢ = 0,
d*¢ =dyp + dyp + dpop =0, dyo = 0.
Since dp¢ and dr¢ are linearly independent, and d;¢ and dj.¢ are also
linearly independent,

do¢p = dpp = drp = dyp = dy¢ = d7pp = 0.
Therefore, for ¢ > 0, we obtain
Avp = (dpd; + didy)g = 0.
Since
Ker(Agr) D ﬂKer(At),

>0
we have

Ker(Agr) = ﬂ Ker(Ay),

t>0

that is, we conclude Corollary [I.3]

8. PROOF OF THEOREM [L.0l
We set

20¢ ==/ Aeg +V—-1Lp, 20¢ := /Asc — V=1L
From (4.2) and Propositions and , we have

n

ke(s) =Y _(=D)F T (n+1—k)((Ae)(s)

k=0

Sl

(=1 + 1= B) (¢~ LlererimDener ) ()
0

k

+ (=L | ngKerigmsk(M,E)) (s)

+ dim H*(M, E)).
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