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We introduce “higher order objects” of groups, which are given by
subgroup products and coset products. We provide a geometric frame-
work for describing them, and deduce various combinatorial formulas
for finite groups, notably intersection formula and index formula, anal-
ogous to Bézout’s theorem in algebraic geometry and Poincaré-—Hopf
index theorem in differential topology; the classical formula on the or-
ders of double cosets is a special case of our intersection formula. A
central role is played by synergies, which are a counterpart of structure
sheaves over algebraic varieties.
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1 Introduction

This work has two motivations. The first one arose from our naive observa-
tion that a formula in group theory and a formula in algebraic geometry take
similar forms after rewriting: they are a formula for a double coset HaK of
a finite group G (where a € G, H and K are subgroups of GG) and a formula
for plane algebraic curves C' and D in the complex projective plane P? with
all intersection points having the same tangency (i.e. the same intersection
multiplicities). Explicitly these two formulas are as follows (below, for a finite
set S, |S| denotes the number of its elements):

Group theory ‘ Algebraic geometry
|H||K| =m|HN K% | degCdegD =n|CnND|
where m := |HaK|, where n is the common intersection multiplicity,
K*:=aKa™! deg C', deg D are the degrees of C';, D

Here:

(i) The formula on the group theory side is a rewriting of the classical for-
|H|| K]

mula for the orders of double cosets: |HaK| = THNKT ([5] p.6).

(ii) The formula on the algebraic geometry side is a special case of Bézout’s
theorem ([1] p.140) about the intersections of two plane algebraic curves
in the complex projective plane P2

The study of intersections of two plane algebraic curves is a genesis of inter-
section theory in algebraic geometry [2]. We wondered that the similarity of
the above two formulas suggests a hidden ‘geometry’ in group theory, together
with intersection theory as in algebraic geometry. This is our first motivation.

The second motivation arose from another naive observation — two mo-
tivations merge to form a backbone of the present work. Lagrange’s theorem
tells that for any subgroup H of a finite group G, its order |H| divides |G|. As
a consequence, if H is proper, then |H| < |G|/2. This means that proper sub-
groups of G are quite small in G. A question then occurred to us: “Even if all
subgroups are described, can we really say that G is completely understood? —
they are merely small parts of G. What is going on the region between |G|/2
and |G|?” This motivates us to introduce higher order objects of G, which
are special subsets of G defined as analogs of polynomials. We then wonder
whether there is some ‘geometry’ behind them, just as algebraic geometry lies
behind commutative algebras. However, groups in general are noncommuta-
tive, and accordingly higher order objects are very complicated and tough to
treat. It is thus hard to have a perspective for them. Of course this does
not mean that there is no geometry behind them. In fact, in this paper we
reveal it. To that end, we introduce upper structures on higher order objects,
which are considered as a counterpart of structure sheaves in algebraic geom-
etry, and in terms of which we dig out the hidden geometry — for instance,



an intersection formula analogous to Bézout’s theorem in algebraic geometry
is formulated and proved.

In what follows, unless otherwise mentioned, groups are mot necessarily
finite. The main actors in group theory are group elements a € G, subgroups
H, cosets aH, or more generally, double cosets KaH. In our viewpoint, a
is a scalar (degree 0) and H is of degree 1, accordingly aH is of degree 1
and KaH is of degree 2. Group theory, in principle, treats objects of degree
less than 2. This is like a situation in linear algebra, where at most degree
2 objects are treated: linear equations (degree 1) and inner product (degree
2). Beyond linear algebra, algebraic geometry treats polynomials of higher
degrees, whose zero sets provide various spaces, bringing rich geometry. In our
context, “higher order objects” of a group are sects (subgroup products)

HlHQ"'Hn: {hthhn : hz EHZ' (Z: 1,2,...,7’1,)}
and clans (coset products)
arHyasHs - - - anH,, = {a1hyashs - - -ayhy, © by € H; (i =1,2,...,n)},

where n is called the degree (or length). Sects and clans are analogs of polyno-
mials x12z9 - -z, and cix1c22 - - - cx, With ¢; scalar.

Linear algebra Classical group theory
scalar (deg 0) group element (deg 0)
linear equation (deg 1) subgroup, coset (deg 1)
inner product (deg 2) double coset (deg 2)

Algebraic geometry Higher group theory
equation of higher degree sect, clan (deg n)

As the degrees of sects and clans grow, they become extremely complicated.
What should be a starting point for their study? What should be studied for
them? What should be “good theorems” for them? These are to be contem-
plated from scratch. To find a right way to proceed, note first that there are
two milestones in the road from classical algebraic geometry to modern alge-
braic geometry (or scheme theory): One is a rigorous formulation of Bézout’s
theorem concerning intersections of plane algebraic curves. Another milestone
(though related to the first one) is the introduction of “upper structures” on
algebraic varieties, that is, sheaves, via which many invariants of algebraic
varieties are defined. In our work, there are corresponding milestones in the
road from classical group theory to higher group theory: Bézout type theorem
for finite sects and finite clans, and the introduction of “upper structures” on
sects and clans. These two milestones are not independent but closely related.

For an algebraic variety X, its upper structure is given by the structure
sheaf Ox — X. For a sect HiHy--- H,, its upper structure is a synergy
defined by

7TIH1XHQX"'XHn%HlHQ"'Hn7 7T<h1,h2,...7hn):hlhg"'hn.



Here while H; x Hy X - - - X H,, is simple, in general the map 7 is complicated, and
accordingly fibers 7=!(z) (v € H,Hy--- H,) are complicated. Yet each fiber
7~ !(z) has an algebraic interpretation that it consists of the ezpressions of x:
say that © = hyhy---hy, = R{hy---h, = R{hy---h!! = --- with h;, hl, h! € H;
(1=1,2,...,n), then

7N (@) = {(h1, ha, ... hy), (W, Ry, ), (Y RS, k), L)

An advantage of synergies is thus that they enable us to turn algebraic prob-
lems to geometric ones, and vice versa.

Remark 1.1. Synergies are also defined for clans. Besides, clans have other
upper structures called telergies. See §2 for details.

To think geometrically, we often regard the synergy 7 as a geometric object
like a fibration in algebraic geometry, by viewing the fibers 771(z) as varying
with a parameter x € H{Hs--- H,. In fact, the following correspondence is
our leading principle — our viewpoint to regard synergies as ‘fibrations’ on
sects reflects our former works [8], [9] on complex geometry.

Algebraic geometry ‘ Higher group theory
algebraic variety X sect HiHy--- H,
structure sheaf Ox — X | synergy H; x Hy x --- x H, - Hi{Hy--- H,
cohomologies combinatorial formulas
Euler number y(X) order product |H;||Ha| - - - |H,|

Table 1.1: Correspondence between objects

The introduction of synergies is the launch point of higher group theory.
In fact, based on them, various combinatorial formulas are formulated and
shown. cf. classical algebraic geometry vs. modern algebraic geometry — the
former is concerned with algebraic varieties themselves only, whereas the latter
is concerned with ringed spaces, i.e. algebraic varieties equipped with struc-
ture sheaves [1], and based on sheaves, cohomologies and various invariants of
algebraic varieties are introduced.

In addition to sects and clans, we introduce more general objects — guilds.
A guild is a subset of G of the form

HAK ={hak :he€ Hya € Ak € K}, (1.1)

where H and K are subgroups of GG, but A is allowed to be an any subset of
G. Note that sects and clans are special cases of guilds:
(i) Forasect HiHy--- H,, take H := Hy, A:= HyH3---H, 1 and K := H,,.
Then HAK is the sect.

(ii) For a monic clan HyasHya3Hs -« - a,H, (i.e. a; is the identity e), take
H := H,, A := ayH>azH5---a,_1H,_1a, and K := H,,. Then HAK is
the monic clan.



(iii) For a general clan a; Hyas HoazHs - - - a,, Hy,, first regard it as a monic clan
HoayHyayHs - - - ap, H,, with Hy := {e} (the identity subgroup). Then as
in (ii), it is regarded as a guild.

From (iii), {clans of G} C {guilds of G}, so the following holds:
{sects of G} C {clans of G} C {guilds of G}. (1.2)

In particular, properties of guilds are possessed by sects and clans.

Remark 1.2. A major advantage to use guilds is the clarification of argument
by avoiding complicated notations of sects and clans. This however does not
mean that sects and clans are unnecessary. In fact some properties and for-
mulas of sects and clans do not hold for general guilds, and to deduce them,
direct investigation of sects and clans is inevitable.

For guilds, we deduce an intersection formula (analogous to Bézout’s the-
orem in algebraic geometry). To that end, we first show that any guild HAK
admits a double coset decomposition (Lemma 4.8), say HAK = [[,.; Ha"K,
where a) € A (i € I) are representatives of (H, K)-double cosets in HAK.
Next we define a guild synergy vy : Hx Ax K — HAK by (h,a, k) — hak, and
for each double coset Ha"K (C HAK), we define its multiplicity m® with
respect to ¢ (Definition 6.3). Then the following holds:

Intersection formula (Theorem 6.5)  For a finite guild HAK,

7 a®
[HIIANIK| =Y m@H N K", (1.3)

el

where K@ .= o Ka® ™" (the conjugation by a™).

Our intersection formula has an analog in algebraic geometry. For plane
curves C' and D in the projective plane P?, say the zero sets of polynomials f
and g respectively, we define deg C' and deg D to be the degrees of f and g.
Then Bézout’s theorem [1] p.140 states that deg C'deg D is equal to the sum
of intersection multiplicities at the points of C' N D. We shall restate this. Say
that the intersection multiplicities appearing herein are m; (i = 1,2,...,1).
For each m;, denote by (C'N D); the set of intersection points with intersection
multiplicity m;, and by |(C N D);| the number of its points. Then Bézout’s
theorem is restated as

I
degC’degD:ZmiKCﬂD)i], (1.4)

=1

which is analogous to (1.3); note that in the particular case that HAK is a
double coset Ha K, the classical formula |H|| K| = m|HNK*®| with m := |Ha K|
is an analog of the special case of Bézout’s theorem such that all multiplicities
m; are the same; write it as n, then deg C'deg D = n|C N D|.

5



Algebraic geometry ‘ Higher group theory

P?: complex projective plane HAK: guild of a group G
C, D C P?%: plane curves H, K C HAK: subgroups of G
(C'N D);: intersection with H N K*: intersection (twisted by a®)
intersection multiplicity m; with multiplicity m® (of Ha®" K)
degC, deg D |H|, |K]|
Bézout’s theorem Intersection formula
deg Cddes D = Y mi|(C N D)| | [HIIAI|K| = X m[H 0 K
i=1 iel
Special case: Special case:
If all multiplicities are n, then | If HAK is a double coset Hak, then
degC'deg D = n|C N D] |H||K| = m|H N K% with m := |HaK|

Note: While the ambient P? of C' and D is independent of C' and D, the
ambient HAK of H and K depends on A, and accordingly |A| and oV € A
emerge in our intersection formula.

Remark 1.3. In spite of the correspondence in the above table, algebraic
geometry and higher group theory have an essential difference. In algebraic
geometry, there exists a duality between algebra (commutative rings) and ge-
ometry (zero sets). In contrast, in higher group theory, algebra and geometry
are not even separated — a sect HiHy--- H, of a group G is an algebraic
object as an analog of a polynomial, but at the same time it is a geometric
object as a subset of G.

Specializations of intersection formula In the case that the middle part
A of a guild HAK is a singleton, say A = {a} for some a € G, the guild is
a double coset HaK. Its double coset decomposition is trivial (i.e. itself) and
its multiplicity is just |HaK| (see Example 6.9). Noting that |A| = |[{a}| = 1,
the intersection formula (1.3) reads as |H||K| = |HaK||H N K°|, that is,

[H||K] [H||K]

HaK| = 2L A2 ]
Hak| = T e |HNK]

(in particular |HK| = if a is the identity).

(1.5)
This is nothing but the classical order formula of the double coset Ha K.
The intersection formula (1.3) is further specialized to sects and clans of
arbitrary lengths > 2 (below, I, m(® and a” depend on sects and clans):
(i) For H := Hy, A :== HyH3---H, ; and K := H, (where A = {e} if
n = 2), the intersection formula (1.3) reads as
\Hy|[HoHy -+ Hy o | Ho| = > m @ Hy 0 HEY

el

. (1.6)

(ii) For H := Hy, A := agHsasH3---a,_1H, 1a, and K := H, (where
A = {as} if n = 2), the intersection formula (1.3) reads as

|Hi||agHoas3 Hy - - - ap 1 Hy v, || Hy| = Z m"Hy 0 Hg(i)

el

.



There is a finer version of formula (1.6) for a permutative sect HyHy - - - H,,
i.e. H;H; = H;H, forany 7,5 € {1,2,...,n} (e.g. any sect in an abelian group):
“Partitioned” intersection formula (Theorem 7.3) If HiHy--- H,, (n > 3)

s a finite permutative sect, then for any partition of it into three parts

ﬁlHT"Hgf[p+1Hp+2"'Hg{{q+1Hq+2"'H@7 (1~8)

~~

the following holds:
|H1H2 e Hp||Hp+1Hp+2 T Hq||Hq+1Hq+2 e Hn|
— Zm(i)l(ﬂle - Hy)N (Hq+1Hq+2'--Hn)a(”

i€l

(1.9)

)

where I, m® and a® depend on the partition.
The notion of permutativity of a clan is also defined (Definition 7.11), and
for permutative clans, a partitioned intersection formula also holds (Theorem

7.15).

Other formulas

Besides the above formulas, sects and clans also have their own formulas, which
do not arise as specializations of the intersection formula (1.3). For instance,
the following holds:

“Factorized” intersection formula (Theorem 9.12):
For any finite sect H1Hy -+ H, (n > 2), the following holds:

[HA[|Hy| -+ | Ho| =Y @ Hy 0 HEY

el

, (1.10)

where u'® is the absolute multiplicity of Hya™ H,, (Definition 9.10).

This formula is generalized to clans (Theorem 11.12). Moreover there are
many other formulas. Distinguished ones are “Index theorems for clans”; anal-
ogous to Poincaré-Hopf index theorem [3] p.134 in differential topology that
states: For a wvector field V' on an oriented closed manifold M with isolated
zeros, say p; € M (j € J), we denote by Ind,, (V') their indices and by x(M)
the Fuler number of M. Then

X(M) = "Ind, (V). (1.11)

jeJ
This kind of theorems hold for finite clans. In fact we show the following:

Index theorem I (Theorem 12.4) For a finite clan ayHyasHs - - a, H,, (n >
2), let ayHyasHs -+ - a, H,, = HjEJ b9 H,, be its coset decomposition (Definition
12.1), and for each b9 H,, let v\V) be its absolute multiplicity (Definition 12.3).
Then

|Hy|[Hy| - [Hy| =D vl (1.12)

JjeJ



In terms of the analogy of this with (1.11), |Hy||Ha|---|H,| is considered
as the ‘Euler number’ of the clan ayHiavH> - -+ a, H,. This is an evidence to
support our leading principle (see Table 1.1).

Besides Index theorem I, we also show the following:

Index theorem II (Theorem 13.5) Under the assumption in Index theorem I,
for each bYW H,, let vV be its planet index (Definition 12.3). Then

(L[| | | = 309, (1.13)
jeJ

At first it seemed that higher order objects (sects and clans) are anarchy,
but actually not — as this paper shows, they are under control in terms of
their upper structures (synergies). The advantage of higher group theory is, like
scheme theory in algebraic geometry, to enable one to think geometrically, and
it provides geometric perspective for groups — just as scheme theory provides
geometric perspective for commutative rings.

In addition to the results obtained in this paper, there are many other
aspects of higher group theory, which will be described in our subsequent
papers. Besides, motivated by our former works on subgroup posets [10], [11]
and [4], we are also concerned with “the sect poset of a group” (i.e. the set of
sects of a group with partial order given by inclusion relation). The study of
sect posets is another research direction in higher group theory, which will be
discussed in our later paper.

Acknowledgments. We would like to thank Hiraku Abe and Toshio Sumi
for valuable comments, and Ryota Hirakawa and Kenjiro Sasaki for inspiring
discussions. This work was partly supported by the Research Institute for
Mathematical Sciences, an International Joint Usage/Research Center located
in Kyoto University.

2 Preparation

“Higher order objects” of a group G are sects (products of finite numbers of
subgroups) and clans (products of finite numbers of cosets). Explicitly for
subgroups H; (i = 1,2,...,n) of G, the following subset of G is a sect of
degree (or length) n:

HlHQ"'Hn: {hlhg"'hn : hz GHZ‘ (22172,,’”)} (21)

Similarly for cosets a;H; of G (a; € G,i=1,2,...,n), the following subset of
G is a clan of degree (or length) n:

alHlaQHQ cee aan = {alhlaghg cee anhn . hz S Hz (’L = ]_, 2, N ,n)} (22)

Precisely speaking this is a left clan. A right clan is a product of right cosets,
that is, of the form

Hlangag cee Hnan = {hlalhgag cee hnan . hz S Hz (’L = ]_, 2, N ,n)} (23)

8



Besides, a biclan is defined as a product of double cosets, that is, of the form
(HlalKl)(H2a2K2> e (HnanKn) (24)

The simplest sect, clan, and biclan are respectively a subgroup Hy, a coset
a1 Hy, and a double coset Hya, /K. Thus sects, clans, and biclans are general-
izations of fundamental objects in classical group theory.

Remark 2.1. Sects also appear in our other works [12, 13, 14], where based
on sects, we developed a theory of prime factorizations of groups.

For later use, we describe fundamental properties of sects.
Lemma 2.2. For a sect HiHs--- H, of a group G, the following holds:
H\Hy---H,DH; (i=12....n).
Proof. Let e be the identity of G. Then HiHs---H, Dee---eHe---e = H;.[J

Corollary 2.3. A sect HiHs--- H, is finite if and only if H; (i =1,2,...,n)
are finite; in this case |H1Hy -+ H,| < |Hy||Ha|- - |Haxl.

Proof. =: This is immediate as H; (i = 1,2,...,n) are subsets of H1Hs - - - H,
(Lemma 2.2).

<—: Thesect HiHy - - - H, consists of hyhy -+ -h, (h; € H;). Thusif H; (i =
1,2,...,n) are finite, then |H Hy - -+ H,| < |Hy||Hs| - - |Hy|, so HiHs -+ H,, is
finite. ]

It may happen that a sect is a subgroup. We give a criterion.
Lemma 2.4. Let G be a group. Then the following hold:

(1) For subgroups of H and K of G, if HK = KH, then HK is a subgroup
of G.

(2) For subgroups Hy,H,...,H, (n > 2) of G, if H{H; = H;H; for any
i,7 € {1,2,...,n}, then H Hy--- H, is a subgroup of G. Moreover for
any subset {iy,14s,...,0} C{1,2,...,n}, H,H;,--- H;, is a subgroup of
G.

Proof. (1): Tt suffices to show (i) e € HK, (ii) hk € HK = (hk)™! € HK,
and (111) hlk’l, hoky € HK —> hikihoks € HK.

(i): From e € H, K, we have ee € HK, that is, e € HK.

(ii): Note that (hk)™' = k™'h~! € KH. Here KH = HK by assumption, so
(hk)™t € HK.



(iii): Note that hikihoke € HK HK. It thus suffices to show HKHK = HK.
First from HK = KH, we have HKHK = HHKK. Here HH = H
and KK = K (closedness under multiplication of subgroups). Hence
HKHK = HK.

(2): We show that H1Hy - -- H,, is a subgroup of G by induction on n. If
n = 2, the assertion holds by (1). If the assertion is valid for n — 1, then
HHy---H,_q is a subgroup of G. Setting H := H{Hy---H,_; and K :=
H,, we write H{Hy--- H, as a product HK of two subgroups of G. Here
HK = KH by repeated application of the assumption (e.g. if n = 4, then
HK = H1H2H3H4 = H1H2H4H3 = H1H4H2H3 = H4H1H2H3 = KH) Hence
HK (i.e. H Hy--- H,) is a subgroup of G by (1). This completes the induction
step. By the same argument, any H;, H;, - - - H;, is a subgroup of G. Il

(7
Remark 2.5. The subgroup H1Hs - -+ H, in Lemma 2.4 (2) is called a factor-
ized group.

We next introduce “upper structures” on sects:

Definition 2.6. For a sect H{H, - -- H,,, its synergy is defined by

T H1XH2X---XHn—)H1H2"'Hn,

2.5
F(hl,hg,...,hn> = hlhghn ( )

Observation 2.7. Suppose that a sect HiHy--- H, (n > 2) of a group G is
equal to a subgroup K of G:

H\H,---H, =K (as subsets of G). (2.6)

Even so, their synergies are distinct: Hy x Hy X --- x H, — H{Hy--- H, and
K — K (the identity map). This is analogous to a situation in scheme theory:
the zero sets © = 0 and 2™ = 0 (n > 2) in C are both the origin — the
underlying spaces are the same, but their upper structures (structure sheaves)
are different, as the rings C[z]/(z) and Clz]/(z™) are different. In our context,
H\Hs--- H, = K means that ‘underlying spaces’ are the same, but their upper
structures (synergies) are different. Synergies thus give finer informations than
sects themselves.

We shall describe synergies for the case n = 2:

Lemma 2.8. Let m: Hy x Hy — H{H5 be a synergy. Then for hihy € HyHs,
the following hold:

(1) W_l(hlhg) = {(thé,Oé_lhg) NS Hl N HQ}
(2) For distinct o, € Hy N Hy, (hia,a hy) # (hif3, B hy).

(3) The elements of m'(hihg) are in one-to-one correspondence with those
Of Hi N Hy via o € HHN Hy +— (hloz,oflhg) € Wﬁl(hlhg).

10



Proof. (1): Let (R}, h%) € Hy X Hy. Then (h}, ) € 7= (hihy) precisely when
Wihly = hihy, that is, hi'h) = hoh,~'. Here hi'h, € Hy and hohl,”' € H,.
Thus h'h) = hghg_l € H,N H,. We write this element of H; N Hs as a. Then
R} = hia and hly = a~hy, that is, (R}, k) = (hia, athy). Conversely for any
(hia,athy) € Hy x Hy where a € HyN Hy, we have (hya, athy) € 71 (hihs),
as hia - a thy = hyhs.

(2): Otherwise (hja,athy) = (hi3, 7 hy), but then hyo = hy 3, so a = 83,
which contradicts the assumption.

(3): This follows from (1) and (2). O

Remark 2.9. In the case n > 3, for a synergy w : H; x Hy x --- x H, —
H\H,--- H,, its fibers 7= (z) (x € HHy--- H,) are much more complicated
than those in the case n = 2. They will be described in our subsequent paper.

We restate Lemma 2.8 (3) as follows:

Corollary 2.10. For a synergy m : Hy x Hy — HH,, any fiber 7 !(x) (z €
HyH,) is, as a set, bijective to a subgroup HiNH,. (Note: In general “bijective”
is not “isomorphic”. In fact a fiber 771(x) is generally not a group.)

We consider the case that H;H, is finite (or equivalently H; and H, are
finite by Corollary 2.3). Then the orders |HyHs|, |H; X Hs| (= |H:||H2|) and
|Hy N Hy| are finite. Moreover they are related — in fact the following classical
formula holds, which we here prove in terms of a synergy.

_|Hi||Hy|

Formula 2.11. For a finite sect HiHy, we have |HyHsy| = (H, 0 Hy|
1 2

Proof. Let m : Hy x Hy — H;H5 be the synergy of HyH,, and decompose
H, x H, into the fibers of :

HyxHy= ] = '(x). (2.7)

xE€H Ho

Here all fibers 7~ (z) (z € HyH,) are bijective to H; N Hy (Corollary 2.10).
Thus |H1 XH2| = |H1 ﬂH2||H1H2|, that iS, |H1||H2| = |H1 ﬂH2||H1H2| Hence
|H\Hy| = |Hi||Hs|/|Hy N Hs|. O

We turn to a clan ayHjaoHs - - a,H,. As for sects, its synergy (more
precisely clan synergy) is defined by

VI a1H1 X QQHQ X e X (Ian — alHlaQHQ s 'Clan, (2 8)

7T((l1h17 aghg, e ,anhn) = (llhlaghg cee anhn.

Convention 2.12. We later also use the following modified version of clan
synergy (Definition 11.1 (c)) replacing a,,_1 H,,_1 with a,_1H,,_1a,, and a,H,
with H,,:

7 a1H1 X CL2H2 X e X an_lHn_lan X Hn — a1H1a2H2 s CLan,

/ [
™ (a1h1, aghy, ..., an_1hy_10y, hn) = arhiaghy - - - ap_1hp_qanhy,.

11



There is still another “upper structure” on the clan. To clarify the subse-
quent construction, we adopt representative-free expressions: a;H; is denoted
by C;, and a1 HyasHs - - - a, H,, is denoted by C1C5 - - - C,,. We then choose rep-
resentatives of the cosets Cy,Cy,...,C,, say r; € C; (i = 1,2,...,n). The
‘plasma state’ of the clan C,C5 - - - (), is then given by

{r1} x Hy x {ro} x Hy x -+~ x {r,} x H,. (2.9)
We define another “upper structure” on the clan — a telergy — by

n: {Tl} XH1 X {7’2} XH2 X oo X {T’n} XHn —>T1H1T2HQ"'7’an7

(2.10)
77(7’1, hl,Tz, hQ, ey Tn, hn) = TlthQhQ e Tnhn.
Here noting that r,H; = C; (i = 1,2,...,n), we have
TlHlT‘gHQ"'Tan = C’ng~'-C'n, (21].)

so the telergy is
n: {r} x Hy x {rog} x Hy x -+ x {ry} X Hy — C1Cy -+ Gy (2.12)

Remark 2.13. While the synergy of the clan C1C5---C), is unique, there
are many telergies of the clan, depending on the choices of representatives
r1,T9,...,T, of the cosets Cy,Cs, ..., C,.

We next consider a biclan (HyaiK;)(Hya9K5) - -+ (Hya,Ky,) of a group G,
which is a product of double cosets: a; € G, and H; and K; (i = 1,2,...,n)
are subgroups of G. We shall define its synergy and telergy. To that end, we
use representative-free expressions: each double coset H;a; K; is denoted by D;
and the biclan is denoted by D1 D5 --- D,,. Then the biclan synergy is defined
by

T D1XD2X"'XDH—>D1D2"'DTL,

(2.13)
T(T1, T,y ..., Ty) = T1Tg -+ * T

Next to define the biclan telergy, for each D; we take a representative ¢; € D;;
so D; = H;q; K;. The ‘plasma state’ of the biclan Dy D5 --- D, is then given by

(H1 X {Ch} X Kl) X (H2 X {QQ} X KQ) X X (Hn X {qn} X Kn) (214)
We define the biclan telergy of D1 Dy - -- D,, by
n: (Hi x{q1} x K1) x (Hy x {2} X K3) x -+ x (H, x {q.} X Kj,)
— (H1q1 K1) (Haq2 K3) -+ - (Hpgn K,

n((hh q1, kl)? (h27 g2, k?)a ceey (hna An, kn))
= (h1Q1k1)(h2q2k2) Tt (hnann)

(2.15)
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Note that since H;q; K; = D; (i =1,2,...,n), we have
(Hiq1 K1) (Haqo K3) -+ - (Hngn i) = D1 Dy -+ D, (2.16)
so the biclan telergy is

n: (Hy x {qi} x K1) x (Hy X {q2} x K3) X -+ x (Hp, x {qn} x Kp,)

2.17

Remark 2.14. While the synergy of the biclan DD, --- D, is unique, there
are many telergies of the biclan, depending on the choices of representatives
q1,q2, - .., qn of the double cosets D1, Ds, ..., D,.

We give an example of a telergy:

Example 2.15. Let HaK be a double coset of a group G, where a € G and
H and K are subgroups of G. We regard HaK as a biclan (of length 1). Its
telergy

n:Hx{a} x K— HaK, (h,a,k)+— hak (2.18)

is specifically called a double coset telergy. We point out that even for the
description of a synergy, a double coset telergy emerges (Remark 5.6).

Lemma 2.16. Letn: H x {a} x K — HaK be a double coset telergy. Then
for hak € HaK (h € H, k € K), the following hold:

(1) n*(hak) = {(hB3,a,a”'B7 ak) : B € HN K"}, where K* := aKa™*.
(2) For distinct 3,7 € HN K, (hB,a,a B tak) # (hy,a,a 'y tak).

(3) The elements of n~'(hak) are in one-to-one correspondence with those
of HNK® via B € HN K* <— (hB3,a,a 1~ ak) € n=(hak).

Proof. (1): Let (W,a,k') € H x {a} x K. Then (I',a,k’) € n~'(hak) precisely
when Wak' = hak. This is rewritten as h~'h’ = a(kk'"")a~'. Here

h=1W € H,
kk'™' e K, so a(kk' Ma' € aKa™' (= K?).

Hence h™'h' = a(kk'")a~" € H N K* Denote this element of H N K by .
Then (i) h~'A = 8 and (i) a(kk’ ")a™' = 5. From (i), ¥’ = hf and from
(ii), kb’ = a 'Ba, i.e. ¥ = a 'f'ak. Thus (W, a, k') = (hB3,a,a B ak).
Namely any element of n~'(hak) is of the form (h3,a,a '3 tak) for some
B € Hn K Hence n~'(hak) C {(hB,a,a”'p7 ak) : B € HNK*}. It

remains to show

n~(hak) > {(hB,a,a” ' ak) : B € HNK"}. (2.19)
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First for any 8 € HN K®, note that (hf3,a,a '3 ak) € H x {a} x K. Indeed
hB € H is obvious and a !~ lak € K is seen as follows: From f € K¢,
we have 37! € K = aKa™', so a™'f7'a € K, thus a ! 'ak € K. Next
(hB,a,a B tak) € n~t(hak), as n(hB,a,a B ak) = hB3-a-a~ 1B~ tak = hak.
This implies (2.19).

(2): Otherwise (hf,a,a '~ tak) = (hvy,a,a vy tak), but then hj3 = hvy,
so = =, which contradicts the assumption. (3) follows from (1) and (2). [

We restate Lemma 2.16 (3) as follows:

Corollary 2.17. For a double coset telergy n : H x {a} x K — HaK, any
fiber 7 (z) (x € HaK) is, as a set, bijective to a subgroup H N K, where
K := aKa™'. (Note: In general “bijective” is not “isomorphic”. In fact a
fiber n~!(x) is generally not a group.)

3 Technical results

We show some technical results used later.

Lemma 3.1. Let HaK be a double coset of a group G, where a € G, and H
and K are subgroups of G. Then the following hold:

(A1) HaK = HK® (bijective).

(A.2) HNK® and H* ' N K are conjugate (so bijective).
Moreover if HaK 1is finite, then the following hold:

(B.1) H, K, H*' and K* are finite.

(B2) |[HN K| = |H* ' NK|.

HI|K]| [H || K]
B.3) |[HaK| = |HK® = | ar = = .
(B3 = | [HNK* " |H N K|

Proof. (A.1): First HaK = HaKa 'a = HK%. Here HK% = HK* (indeed
a translation z € HK® — za € HK®a gives a bijection). Consequently
HaK = HK*“.

(A2): a (HNK"a=H" NK.

(B.1): If HaK is finite, then HK® is finite (as HaK = HK® by (A.1)).
Since H, K* C HK?*, the finiteness of HK* implies that H and K* are finite.
Consequently their conjugates H o' and K are finite.

(B.2): This follows from (A.2).

(B.3): First by (A.1), |[HaK| = |HK®|. Next by Formula 2.11, |[HK"| =

T —=a7- Here |K?| = |K| (as K® and K are conjugate), so |[HK®| =
||£|FLKF,|‘ H a @ and i HK®

‘ H | al a~! ’ H | — | || |
Hn KT Here |[HNK| = |H* NK]|by (B.2). Thus HOKT = (7o 0 K|
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Any clan a1 HyasHs - - - a, H, of a group G may be expressed as a product
of a sect and an element of G. To see this, we first write it as follows:

a1H1a2H2 tee aan
= alHlafl(a1a2)H2(a1a2)*1(alagag)Hg(alagag)*l T (31)

e (ala2 . an)Hn(ala2 I an)_l(ajlaa e an)‘

Set H! := (a1ay---a;)H;(ajas---a;)™', i = 1,2,...,n and g := ajas - ay.
Then (3.1) is written as

arHyasHy -+ apH, = H|H,--- H.g. (3.2)

Here g € G and any H] (i = 1,2,...,n) is a subgroup of G (because H] is
conjugate to H;). Thus H{H)--- H is a sect, and the following is obtained:

Lemma 3.2. Any clan ayHyasHs - - - a,H, of a group G may be expressed as
a product of a sect and an element of G as in (3.2).

We keep the above notation.

Claim 3.3. The following equivalences hold:

a1HyasHy - - - a, H, is finite &) H{, H,, ..., H, are finite

b
<(——)> a1Hy,asHs, ... a,H, are finite

<(—L)> a1Hy X aoHy X - -+ X a,H, is finite.

Proof. (b) is from a;H; = H; (bijective). (c) is trivial. (a) is confirmed as
follows:

a1HyaoHy - - - a, H,, is finite
<= H{H)---Hgis finite (from (3.2))
< Hi{H}---H] is finite (see Remark 3.4 below)
<= H,H,,..., H are finite (by Corollary 2.3)
<= H,,H,,...,H, are finite (as H] is conjugate to H;). [l

Remark 3.4. H{H)---H] and H{H)---H/g are bijective under the right
multiplication by g.

Note next the following:
Claim 3.5. In the case of finite a;HyasHs - - - a, H,,, the following hold:
(1) |CL1H1&2H2 cee &an‘ = ’HiHé cee H,;L’

(2) |6L1H16L2H2" CLan| S |H1||H2| R |Hn|
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Proof. (1): This is confirmed as follows:

layHyasHy - - - a, H,| = |H{Hy--- H)g| from (3.2)

3.3
= |H{H}---H)| from Remark 3.4. (3:3)

(2): Note first that |H{H---H)| < |H{||H}|---|H]| by Corollary 2.3.
Here |H!| = |H;| (1 = 1,2,...,n), because H/ is conjugate to H;. Thus
\H{H} - H.| < |H||Hy|---|H,|. This with (1) yields (2). O

We summarize Claim 3.3 and Claim 3.5 (2) as follows:

Proposition 3.6. For a clan a1Hia2Hs - --a,H,, the following equivalences
hold:

a1HyasHs - - - a,Hy, is finite <= Hy, Hs,..., H, are finite
< a1Hy,a2H>, ..., a,H, are finite
<~ a1 H, X asHy X --- X a, H, is finite.

Moreover in this case, |ayHyasHs -+ - an Hy,| < |Hy||Hal| -« - |Hy|.

4 Guilds and their synergies

Let A be an arbitrary subset of a group GG, and H and K be subgroups of G.
Then the subset of G given by

HAK :={hak:he Haec A ke K} (4.1)
is called a guild of G. Its synergy (more precisely, guild synergy) is given by
v:HxXxAx K— HAK, ¢(h,a,k):= hak. (4.2)

Remark 4.1. In the particular case that A is a singleton {a} where a € G,
this is a double coset telergy ¢ : H X {a} x K — HaK.

A distinguished property of a guild HAK is that it admits a biaction — a
both-sided action with left H-action and right K-action:

H~ HAK ~ K, where foru € H and v € K,

4.3
hak € HAK — u - hak - v := (uh)a(kv) € HAK. (4:3)

Definition 4.2. A clan a;HyasHsa3Hs - - - a, H, is monic if a; is the identity,
that iS, of the form H1a2H2a3H3 st CLan.

Note that sects are special cases of monic clans. Indeed a sect H1Hsy--- H,,
is a specialization of a monic clan HyasHsas3Hs - - - a, H, by setting ay = a3 =
- = a, = e (the identity). Thus

{sects of G} C {monic clans of G}. (4.4)

Note next that a sect, a monic clan, and a biclan are special cases of guilds:
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(I) A sect H1H2 - Hn is a gulld HAK with H = Hl, A= H2H3 - 'Hn—l
and K .= H,.

(IT) A monic clan HyasHsazHs---a,H, is a guild HAK with H := Hy,
A= a2H2a3H3 s an,lHn,lan and K := Hn'

(III) A biclan (Hya1Ky)(Hoa2K5) -+ - (Hpa, K,,) (a product of double cosets)
is a guild HAK with H := Hy, A = (a1 K,)(Haa9K3) - -+ (Hpa,) and
K =K,.

From (II), {monic clans of G} C {guilds of G}. This with (4.4) gives
{sects of G} C {monic clans of G} C {guilds of G}. (4.5)

Note that a monic clan HyayHsasHs - - - a, H, is rewritten as follows (below,
H;H; = H; follows from the closedness of H; under multiplication):

H1a2H2a3H3 tee aan = HlCLQHQHQ(IgHgHg cee CLan by HZHZ = Hz
= (Hla2H2)<H2a3H3) s (anlaan).

(4.6)
Here the last one is a biclan, so the following is obtained:
Lemma 4.3. A monic clan is equal to a biclan. In fact

H16L2H26L3H3 tee aan = (HlagHz)(HzagHg) te (Hn_laan).
Consequently, monic clans are considered as special cases of biclans:

{monic clans of G} C {biclans of G}. (4.7)

Conversely, biclans are considered as special cases of clans. Indeed a biclan
(Hya1K1)(H2a2K5) - - - (Hpa, K,,) may be regarded as a coset product, i.e. a
clan as follows:

Hi(a1Ky)Hy(aoK?) - - - Hp(a, Ky). (4.8)

Thus {biclans of G} C {clans of G}. This with (4.7) yields
{monic clans of G} C {biclans of G} C {clans of G}. (4.9)
Here the following actually holds:

Claim 4.4. {monic clans of G} = {clans of G}.

Proof. First note that {monic clans of G} C {clans of G}, because a monic
clan HyaoHs - - - a, H, is equal to a clan a;HyasHs - - - a, H,, with a; = e (the
identity). Conversely {monic clans of G} D {clans of G}, because a clan
a1HyaoHy - - - a, H, is equal to a monic clan Hya1HiaxHs - - - a, H, with Hy =
{e} (the identity subgroup). O

By Claim 4.4, “C” in (4.9) are actually “=", thus the following holds:
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Proposition 4.5. For any group G,
{monic clans of G} = {biclans of G} = {clans of G}. (4.10)
This combined with (4.5) yields the following:

Corollary 4.6. The following inclusion relations hold:

{sects of G} C {monic clans of G} = {biclans of G} = {clans of G}
C {guilds of G}.

Remark 4.7. Note that for a clan a; HiaeHea3Hs - - - a, H,, and its cutoff bi-
clan HyasHsa3Hs - - - a, H,, in general

a1H1a2H2a3H3 tee aan 7é H1a2H2a3H3 cee aan, (411)

but they are bijective — in fact the former clan is a ‘translation’ of the latter
clan by the left multiplication of a;. In particular in the finite case, we have

|a1H1a2H2a3H3 ce Clan| = |H1(L2H26L3H3 ce Clan| (412)

Proposition 4.5 ensures that we may interchangeably use clans, monic clans,
and biclans depending on situations — they have their own advantages.
We now return to guilds.

Lemma 4.8. Any guild HAK admits a double coset decomposition:

HAK = [[Ha"K with o™ € A (i € I). (4.13)

iel

Proof. First we write HAK = |J,., Hal. Here by the basic property of
double cosets (two double cosets are either disjoint or identical), for a,b € A
either HaK N HVK = () or HaK = HbK. Therefore among HaK (a € A),
taking representatives Ha"K (a) € A,i € I), we obtain the double coset
decomposition HAK = [[,.; Ha" K. O

Remark 4.9. Geometrically, the double coset decomposition (4.13) is the or-
bit decomposition of HAK under the biaction H ~ HAK ~ K in (4.3).

Lemma 4.10. If a guild HAK is finite, then H, A and K are finite.

Proof. Let e be the identity. Noting that e € H, K, we have HAK D eAe = A.
The finiteness of HAK then implies that A is finite. Note that to show that
H and K are finite, we cannot apply this argument (because in general e € A,
in which case generally HAK 2 Hee = H and HAK 2 eeK = K). Instead
consider the double coset decomposition HAK = [[,., H aW K. The finiteness
of HAK implies that HaW K is finite. Here HaW K D eaW K = aW K, so the
coset aV K is finite, thus K is finite. Similarly Ha® K > HaWe = Ha®, so
the coset Ha'” is finite, thus H is finite. Il
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By definition, a guild HAK consists of hak (h € H,a € A,k € K). Thus,
in the case that H, A and K are finite, we have |HAK| < |H||A||K|, so HAK
is finite. We restate this result combined with Lemma 4.10 as follows:

Corollary 4.11. A guild HAK is finite if and only if H, A and K are finite;
moreover in this case |HAK| < |H||A||K]|.

While a guild HAK has its double coset decomposition HAK = [[ Ha" K,
i€l
the direct product H x A x K also has a decomposition:
HxAxK=]]Hx{b}xK, (4.14)
beA

with no need to take representatives. Note that in general H x A x K is not
a group.

Definition 4.12. The decomposition (4.14) is called the satellite decomposi-
tion of H x A x K with each H x {b} x K a satellite.

Observation 4.13. As for the biaction H ~ HAK +~ K on HAK (see
(4.3)), H x A x K also admits a biaction:

H~HxAxK~ K, where foru € Hand v € K,
(hya,k) € Hx AX K — u-(h,a,k)-v:= (uh,a,kv) € Hx Ax K.
(4.15)

The orbit decomposition of H x A x K under this biaction is nothing but the
satellite decomposition (4.14).

While HAK is a guild, H x A x K is also regarded as a guild. To see this,
noting that H x A x K is a subset of a direct product group G' := H x G x K,
we set

H' := H x {e} x{e} and K':={e} x{e} x K, (4.16)

which are subgroups of G’. We also set A" := {e} x A x {e}, which is a subset
of G'. Then H x A x K is rewritten as H'A'K’, being a guild of G'. This
confirms the following:

Lemma 4.14. Let HAK be a guild of a group G. Then H x A X K is a guild
of a direct product group H x G x K.

In the notation above Lemma 4.14, b € A is expressed as (e,b,e) € A’,
accordingly each satellite H x {b} x K in the satellite decomposition (4.14) is
expressed as H'(e,b,e)K’, which is a double coset of the group G’. Thus the
following holds:

Lemma 4.15. The satellite decomposition (4.14) of H x A x K is the double
coset decomposition of H x A x K in the direct product group H x G x K.
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Remark 4.16. The biaction H ~ H x A x K v\ K given by (4.15) may be
also alternatively defined inside the group H x G x K under the identification
of H with H x {e} x {e} and K with {e} x {e} x K. Namely it is regarded
as a biaction

Hx{e} x{e}nHxAxK~{e}x{e}x K
given by

(h,a,k) € Hx Ax K+ (u,e,e)- (h,a,k)- (e, e,v)

4.17
= (uh,a,kv) € Hx Ax K. (4.17)

Supplement: Extended synergy

For a guild HAK of a group G, let ¢ : H x Ax K — HAK, ¥(h,a,k) := hak
be its synergy. Then the extended synergy is defined by

U:HxGxK— HGK,  W(h,g,k):= hgk. (4.18)

Here HGK = G (from G D HGK D eGe = G). Thus, setting G’ := HxGx K
(a direct product group), we have ¥ : G’ — G, which is a map between groups
G’ and G, i.e. a group map (but generally not a group homomorphism). Now
H x Ax K is a guild of G’ (Lemma 4.14), so ¢ : H x Ax K — HAK is a
map between guilds, i.e. a guild map. We take

e HAK =]].., Ha"DK: the double coset decomposition of HAK, and

el
o HxAxK = [],c4 Hx{b} x K: the satellite decomposition of H x Ax K,
which is also the double coset decomposition of H x Ax K (Lemma 4.15).

Then 9 is regarded as a map

Yo [[H x {0} x K — [[Ha"K, (4.19)

beA el

mapping a double coset (a satellite) H x {b} x K to a double coset HbK (=
Ha"WK for some i € I).

5 Satellites and fiber theorem

Let HAK be a guild of a group GG, where H and K are subgroups of G and A
be a subset of G.

Definition 5.1. For each double coset Ha” K in the double coset decompo-
sition HAK = [[,., H a® K, we adopt the following terms:

(1) A satellite H x {b} x K mapped to Ha9 K under the synergy v : H x
A x K — HAK is said to be over Ha'”) K; this condition is equivalent
to HWK = HaVK.
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(2) The number of satellites over Ha" K is called the satellite index of
Ha" K, and denoted by s (possibly infinite — but later we mainly
focus on the finite case). By convention, for any z € HaW K, s is also
called the satellite index of z.

Note the following:
Lemma 5.2. For a finite quild HAK , any satellite index s is finite.

Proof. Note first that A is finite by Corollary 4.11. Consequently the number
of all satellites H x {b} x K (b € A) is finite. In particular the number s of
satellites over HaW K is finite. O

Note next the following:

Lemma 5.3. Let HAK be a guild, let ¢ : H x A x K — HAK be its synergy
and let HAK = 1], HaDK be its double coset decomposition. For each
HaW K, let s% be its satellite index and let H x {biD} x K (j € JO) be the
satellites over HaW K. Then the following hold:

(1) v (HaK)= ] Hx {9} x K.

jeJ)
(2) Suppose that HAK is finite; so H, K and s are finite (Corollary 4.11
and Lemma 5.2). Then |~ '(Ha"K)| = sO|H||K].

Proof. (1) is just from the definition of “satellites over Ha" K™,

(2): From (1), we have | (HaWK)| = > e (B} x K. Here
|H x {b%)} x K| = |H||K| (constant mdependent of j) and |J®| = 5@ (by
the definition of s®). Thus [y (HaWK)| = s |H||K]. O

We keep the notation of Lemma 5.3. Pulling back the double coset decom-
position HAK =[], Ha K via the guild synergy v : H x A x K — HAK,
we obtain

NHAK) =[] (5.1)

el

Here each ¢~ ' (HaWK) consists of the satellites over Ha'” K, that is, as in
Lemma 5.3 (1),

N HaK) = J] Hx {p} x K. (5.2)
]E,]( i)
We consider the restriction of ¥ to this:
Y ] Hx {0} x K — Ha"'K. (5.3)
jeJ®
Denote the further restriction of 1 to H x {b@} x K by 1@ Then for each
v € Ha" K, the fiber ¢»~'(z) is, from (5.3), expressed as a disjoint union:

= T »* (@) (5.4)

jeJ@®
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Convention 5.4. Let X, (A € A) be a collection of a set X (i.e. X) = X),
where the cardinality [A| of A may be infinite. Then J], , X\ is called a
disjoint union of |A| copies of X.

Theorem 5.5 (Fiber theorem for guild synergies). Let HAK be a guild,
letp: Hx Ax K — HAK be its synergy and let HAK = [],; HaV K be its
double coset decomposition. For each HaW K, let H x {0} x K (j € JW) be
the satellites over it and denote the cardinality of J® by s (i.e. the satellite
indezx of HaWK). Then the following hold:

(1) Denote by ) . H x {b} x K — HV WK (= Ha®"DK) the restriction
of Y to Hx {b} x K. Then for any x € Ha"W K, the fiber w(ij)_l(x) is,

as a set, bijective to H N K (regardless of the choice of x € Ha(i)K),

where K9 = M Kq® ™"

(2) For any x € Ha" K, the fiber v~ () is a disjoint union:

Y (z) = H zﬁ(ij)_l(x) with @/J(ij)_l(x) ~ Hn K" (bijective as sets).

jeJ@
(3) Foranyx € HaVK, the fiber Y~1(x) is bijective to the disjoint union of
s copies of HN K (regardless of the choice of v € HaWK).
(4) All fibers =1 (z) (z € Ha(i)K_) are bijective — in fact to the disjoint
union of s copies of H N K,
Proof. (1): Since H x {b()} x K is over Ha®) K, we have (by definition)
HVYIK = HdV K. (5.5)
Noting that

P Hx (b9} x K — HYEK (= HdVK)

(i5) (i5) (5.6)
(h, b k) —s Wb

is a double coset telergy (Example 2.15), we apply Corollary 2.17 to (),
obtaining g
D (2) = H 0 K" (bijective as sets). (5.7)

We shall rewrite K. Note first that from (5.5), b@) = ha®k for some h € H
and £ € K. Then

FO . i) pepin) Tt — haD kK (haWk)™ = ha Dk Kk 1@ p1
— haPKa® "Bl as kKK = K

= hE"h
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Hence K = h K 1=1. Then

HNK" = gnhK“h "t = hHh ' AhK*“h~! as hHh ' = H
= h(HN K" )h",

So H N K*" is conjugate to H N K. In particular H N K" ~ g g
(bijective). This with (5.7) yields v@ ' (2) = H N K9 (bijective).
(2) and (3): First we have (see (5.4))

(x) vl2)= J] 09 (2).

jeJ@®

Here ¢! (z) = HN K by (1), and so (2) is confirmed. The cardinality of
J@ is by definition equal to s®). Thus the right hand side of (%) is bijective to
a disjoint union of s copies of HNK*”; so (3) is confirmed. (4) is immediate
from (3). O

Remark 5.6. Notice that even for the description of the synergy v, a telergy
— the double coset telergy (%) — emerges.

In the case that HAK is finite, from Theorem 5.5 (3) we have [¢)~!(z)| =
sO|H N K|, which is independent of the choice of z € Ha® K but depends
only on 7. We formalize this as follows:

Theorem 5.7 (Fiber order formula). Let HAK be a finite guild, let 9 :
Hx Ax K — HAK be its synergy and let HAK = 11,., HaV K be its double
coset decomposition. For each HaW I, let s be its satellite index. Then the
order |F®| of the fiber F©) := =1 (x) over any x € HaWK is given by

IFO| = sO1H N K. (5.8)

Example 5.8. We consider the simplest case that A is a singleton, i.e. A =
{a} for some a € G. Then the double coset decomposition of HAK is itself:
HAK = HaK; for consistency with the above notation, we shall denote a as
aM. For the synergy H x {aM} x K — HaWK, the satellite H x {aV} x K
is trivially a unique satellite over Ha" K, so the satellite index s of Ha(") I
is 1. Then by the fiber order formula, |FO| = sO|H N K| = |[HNK*"|. In
the case al) = e (i.e. HAK is a sect HK), this reduces to |FV| = |[H N K|.

Example 5.9. Let Dy = (a,b : a* = b*> = 1, bab™! = a3) be the dihedral
group of degree 4 (order 8) — the identity e is denoted by 1 with the intention
of saving space in Figure 5.1 (which illustrates this example). Take order
2 cyclic subgroups H; := (b), Hy := {(ab) and Hs := (a?b), and consider a
sect HiHyHs. Then take its synergy ¢ : H; X Hy x H3 — H{HyH3 and its
double coset decomposition HyHoHs = HiaWHs 11 Hya® H; with ¢ = 1 and
a'® = ab. Note the following:
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o As illustrated in Figure 5.1,
H, x {1} x Hs is a unique satellite over Hya") Hs, so s = 1.
H, x {ab} x Hs is a unique satellite over Hya® Hs, so s = 1.

o Hl mHg == {1}, SO |Hl ﬂH3| =1.
Hy N HY” = Hy, so |H N HY?| = |Hy| = 2.

Then applying the fiber order formula (5.8) to the case that H := Hy, A := Hy
and K := Hjs, we obtain the following:

(1) [FW| = sW|H, N Hz| = 1 for any fiber FY of ¢ over HyaV) Hs.
(2) |F@| = s@|H, N HY”| = 2 for any fiber F® of ¢ over Hia® Hs,.

Thus a fiber of the synergy ¢ : Hy X Hy x H3 — HyHyHj3 consists of either
one or two elements (see Figure 5.1).

H1 X H2 X H3
Hy x {1} XH3 Hy x {ab} XH3

(1,1,1) (b,1,1) (1,1,a%b) (b,1,a%b) (1, ab 1) (b, ab a®b) (b,ab,1) (1,ab,a?b)

N S B NN

111b1111a2bb1ab 1-ab-1 b-ab-1
=b-ab-a?b =1-ab-a?b

Hlang

H,1H;
H,{HyHs;

Figure 5.1: The synergy ¥ in Example 5.9: To save space, the identity e is
denoted by 1

6 Order formulas and intersection formula

We begin with the following:

Lemma 6.1. Let HAK be a guild, let ¢ : H x A x K — HAK be its synergy
and let HAK = [],; Ha" K be its double coset decomposition.

(1) Take the fiber F% = =Y () over anyx € Ha"WK. Then ' (HaWK) =
FO x HaWK (bijective as sets).

(2) Suppose that HAK is finite. Then | {(Ha"WK)| = |F®||Ha" K|.

Proof. (1): First we express ¢ ' (HaPK) as a disjoint union of fibers:

o (HaK) = [T ). (6.1)

yeEHa(O K
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Here 1~ (y) = F® (bijective as sets) by Theorem 5.5 (4). Thus

Y (HaWK) = T F®
yeHa(O K (62)
~ O x HoW K.

(2): This is immediate from (1). O

Remark 6.2. Suppose that HAK is a finite guild. We have two expressions
of [ N (Ha "W K)|:

(i) [ (Ha"K)| = s9|H||K| (Lemma 5.3 (2)), where s is the satellite
index of Ha" K.

(ii) |¢*1(Ha(i)K)| = |F(i)||Ha(i)K| (Lemma 6.1 (2)), where FO .= ()
is the fiber over any € HaW K.

By equating the right hand sides of (i) and (ii), we have

|IFO||HaD K| = s H||K)|. (6.3)
Here by Lemma 3.1 (B.3), |[HaWK| = M, so |[FO| = s®|H N K|,
|H N K®

This reproves Theorem 5.7.

For a finite guild HAK, let HAK = [[,.;, HaWK be its double coset
decomposition; note that the finiteness of HAK implies that every Ha® K
is finite. For each Ha” K, its satellite index is denoted by s this is also
finite by Lemma 5.2. By convention, for any z € HaW K, s is also called the
satellite index of . Then:

Definition 6.3. The totality of satellite indices of all z € Ha™ K, that is,
m® = sO|HaW K] is called the multiplicity of Ha" K.

Lemma 6.4. For a finite guild HAK, let v : H x A x K — HAK be its
synergy and let HAK [Lic; Ha O K be its double coset decomposition. For
each HaW K, let m9 be its mult@plzczty Then

W (HaDK)| = mD|H N K

(6.4)

Proof. By Lemma 6.1 (2), [ N HaVK)| = |F||HaK|. Substituting |[F?| =
sO|H N K| (Theorem 5.7) into this yields the following:

[ (HaVK)| = s H N K| HdVK]|.

Since m(® := s®|Ha® K|, we obtain [y (Ha® K)| = m®|H N K|,
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Theorem 6.5 (Intersection formula). Let HAK be a finite guild and let
HAK =11, Ha DK be its double coset decomposition. For each HaWK | let
m® be its multiplicity. Then

HIAIIK] = Ym0 K.
iel
Proof. Under the synergy v : H x A x K — HAK, the pullback of the double
coset decomposition HAK = [[,., H aW K gives a decomposition:

(6.5)

HxAx K=][¢"(Hd"E). (6.6)
el
Thus |H x A x K| =Y [ (Ha" K)|, that is,
i€l
[HI[A||K| =Y [¢ (HaV K))|. (6.7)
el

Here |1/J*1(Ha(i)K)| = m®|H n K"
Diel m@|H N K.

Lemma 6.4. Hence |H||A||K| =
]

Remark 6.6. We point out the following correspondence between objects in
algebraic geometry and those in higher group theory used in the above discus-
sion:

Algebraic geometry ‘ Higher group theory

algebraic variety X guild HAK
structure sheaf Oy — X | guild synergy H x A x K - HAK
Zariski topology on X double coset decomposition of HAK

We shall give an example for (6.5).
Example 6.7. As in Example 5.9, for the dihedral group
Dy={a,b:a* =0*=1, bab™' = a®),

take order 2 cyclic subgroups Hy := (b), Hy := (ab) and Hz := (a*b), and con-
sider a sect HyHyHj; its double coset decomposrclon is H1H2H3 HiaMH,TT
Hia'® Hz with ' = 1 and a® = ab. Note that s = s =1 (Example 5.9)

and |H,a" Hs| = M (Lemma 3.1 (B.3)), where
|H, N HS
HynHSY = {1} (from o™ =1 and Hy N Hy = {1}), (6.5)
HyNH® = Hy  (from Hy, = H?),
thus T
|H1a(1 H3|_—‘| 1r|j|[";|’ —‘H1||H3|:4,
(6.9)
Ha® Hy| = AL g o
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Hence

m® = 3(1)’H1a(1)[{3| =1-4=4, (6.10)
m® = s® | Hia®Hs| =1-2=2. '
Accordingly
mO|H, N HSY | = mW|H, N Hs| =4-1=4, (6.11)
m®|H, N He? | = m@|H,| =2-2=4. '
Now the intersection formula (6.5) applied to the current case is
| ||| Hs| = mM Hy 0 =y [+ m® | Hy 0 HY, (6.12)

which from the above data reads as 2-2-2 =4 + 4.

Comparison with Bézout’s theorem

Our intersection formula (6.5) has an analog in algebraic geometry. First note
that an intersection point p of two plane curves in the projective plane P? is
not merely set-theoretic, but scheme-theoretic — formally a multiple point mp,
i.e. p equipped with multiplicity m (more precisely, intersection multiplicity —
the order of tangency). For a plane curve C' defined by a polynomial f (i.e. C
is the zero set of f), we define deg C' to be the degree of f. Then:

Bézout’s theorem ([1] p.140). For plane curves C' and D in the projective
plane P?, deg C'deg D is equal to the sum of intersection multiplicities at the
points of C' N D.

We shall restate this more explicitly. Say that the set of intersection multi-
plicities at the points of CND is {my, ms,...,m;}. Foreachm; (i =1,2,...,1),
denote by (C'N D), the set of intersection points with intersection multiplicity
m;, and by |(C' N D);| the number of its points. Then Bézout’s theorem is
restated as

I
dengegD:ZmiKCﬂD)i]. (6.13)

i=1

This is analogous to our intersection formula (6.5).

Remark 6.8. In spite of the above analogy, there is a significant difference
between algebraic geometry and higher group theory. The former is based upon
a duality between algebra (commutative rings) and geometry (zero sets). In
contrast, in the latter, algebra and geometry are not separated — for instance,
asect HyHs -+ H, of a group G is both algebraic (as an analog of a polynomial)
and geometric (as a subset of G); on the other hand, in algebraic geometry a
polynomial f(xy,za,...,x,) is merely a symbol, and only a posteriori its zero
set is a geometric object (an affine variety in the projective space P").
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Specializations to sects and clans

The intersection formula (6.5) for guilds is specialized to sects and clans. We
first consider the case of length 2, i.e. double cosets:

Example 6.9. A guild HAK with A = {a} for some a € G is a double coset
HaK (a clan of length 2; or a sect of length 2 if a = e). For consistency, we
write a as a(!). Consider the case of finite HaK. As in Example 5.8, stV = 1, so
m) = sW|HaK| = |HaK|. Thus the intersection formula |H||K| = m®|H N
K| is given by |H||K| = |HaK||H N K%|, that is,

|H|| K]

|H6LK| = m, (614)

which is the classical order formula of the double coset Ha K.

We next consider the cases of sects and clans of length greater than 2.

Example 6.10. To a finite sect HyHs--- H, (n > 3), we apply (6.5) to the
case that H := H,, A:= HyHs---H,,_1 and K := H,. Then

\Hy|[HoHy -+ Hyoo| | Ho| =Y m@Hy 0 HEY|. (6.15)

el

Example 6.11. To a finite monic clan HiasHs - --a,H, (n > 3), we apply
(6.5) to the case that H := Hy, A := agHsa3Hs - a,_1H,_1a, and K := H,.
Then

|HillagHyaz Hs - - - ay—1 Hy 10, || Hp| = Z m|Hy 0 Hz(i)

il

. (6.16)

Remark 6.12. For any subset S of a group GG, note that S and xSy for any
x,y € G are bijective under s € S — xsy € xSy. In particular if S is
finite, then |xSy| = |S|. Applying this to the case that x := as, y := a, and
S := HsazHs3---a, 1H, 1 (n > 3) in (6.16), we have

’agHQCLgHg e an,lHn,lanl = |H2a3H3 s an,lHn,l\. (617)
Thus for a finite monic clan HyasHs - - - a, H, (n > 3), the following holds:

|H1||H2a3H3 e an—lHn—1||Hn| - Z m(Z)|H1 N Hz(i)

el

. (6.18)

7 Partitioned intersection formulas

We begin with the following:

Definition 7.1. A sect H1H,--- H, of a group G is said to be permutative if
H;H; = H;H, for any i,j € {1,2,...,n}. cf. commutative.
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For example, when G is an abelian group, all sects of G are permutative.
The following is just a restatement of Lemma 2.4 (2):

Lemma 7.2. If H H,--- H, is a permutative sect of a group G, then for any
{i1,d9,...,ix} C{1,2,...,n}, the sect H;,H;,--- H;, is a subgroup of G.

Let HiHy--- H, (n > 3) be a permutative sect of a group G. Consider any
partition of it into three parts H, A and K:

/

HyHy - Hy Hypr Hyo -+ Hy Hy1 oy H, (7.1)

H A K

Then H and K are subgroups of G (Lemma 7.2), so HAK gives a guild ex-
pression of HyHs --- H,. Now suppose that HAK is finite. Applying Theorem
6.5 to HAK then gives the following result:

Theorem 7.3 (“Partitioned” intersection formula for sects).
If HHHy - -- H, (n > 3) is a finite permutative sect, then for any partition (7.1)
of HiHy - Hp,
|H1H2 e Hp||Hp+1Hp+2 T Hq||Hq+1Hq+2 e Hn|
— Zm(i)KHlH? o H)) N (Hyp1 Hyo - - Hy)™"

i€l

(7.2)

)

where I,m® and a¥) are as in Theorem 6.5 applied to HAK in (7.1).

Note that if G is abelian, then a® in the formula (7.2) is unnecessary
because (Hyp1 Hypo - - - Hp)™ = Hyo1Hypo - - - Hy; indeed

i . N—1
(Hyo1Hypo - Hp)™ = D Hy \Hyn - - - Hya

. . (7.3)
= Hyy1Hyyo--- H, as G is abelian.

This holds for more general groups — Dedekind groups. Here:

Definition 7.4. A group is said to be Dedekind if any subgroup of it is normal.
In particular any abelian group is Dedekind.

Lemma 7.5. Let G be a Dedekind group. Then for any subgroups H and K
of G, we have HK = KH.

Proof. This is confirmed as follows:

HK = | | Hk = | J kH as Hk = kH by the Dedekindness of G

keK keK
= KH. 0

The following is immediate from Lemma 7.5:
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Lemma 7.6. Any sect HiHy--- H, of a Dedekind group G is permutative; so
it is a subgroup of G by Lemma 7.2.

Consequently for any finite sect HyHs --- H,, of a Dedekind group G, the for-
mula (7.2) is applicable. Moreover therein a®® is unnecessary. In fact the
following holds:

Claim 7.7. (Hyy Hyro - Hy)*" = Hyp i Hyyo - - H,,.
Proof. Note first that
(Hy1Hypo - H))™ o= a® (Hyy Hyo -+ Hy)a® ™'
=V H, 10" 4D H, pa® " g H,a®”

_ g7a® pra® a(®
—Hq+1Hq+2“'Hn :

1

To rewrite the last expression, note that since GG is Dedekind, for any a € G
and any subgroup H of G we have aHa™' = H, that is, H* = H. In particular
H]‘?(l) =H; (j=q+1,¢+2,...,n). Thus

@ ra(® a(®
Hq+1H o My = HypnHypp oo - Hy. (7.4)

q

This confirms the assertion. O

We summarize the above results as follows:

Corollary 7.8. Let HiHy--- H, (n > 3) be a finite sect of a Dedekind group.
Then for any partition of (7.1),

|HIH2 T HPHHPHHPH e Hq||Hq+1Hq+2 T Hn|
= > mO(HHy - Hy) O (Hyn Hyso - H)|, (79
icl
where I and m® are as in Theorem 6.5 applied to HAK in (7.1).

Observation 7.9. For a Dedekind group, all sects are equal to subgroups
(Lemma 7.6). Thus a Dedekind group contains essentially no higher order
objects — in this sense, any Dedekind group is of first order in sects. Therefore
from the viewpoint of higher group theory, sects of a Dedekind group seem
uninteresting — but actually not: A finite sect of a Dedekind group admits
various combinatorial formulas as in (7.5) depending on its partition.

Remark 7.10. Even if a sect HyHs - H, (n >2) of a group G is equal to a
subgroup K of G, their synergies are distinct:

Hyx Hyx - x H, — HiHy--H,,
{ 1 2 1442 (76)

K — K (the identity map).

The former synergy carries higher order information, which, in the case of
finite H1H - - - H,,, results in our various formulas for it.
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Permutative clans and intersection formulas

We next generalize the above results for permutative sects to permutative
clans. Here:

Definition 7.11. A clan a;HyaoHs - --a,H, of a group G is permutative if
HiHj = H]Hz and aiHj = Hjai for any Z,] € {1,2, c. ,n}.

Whenever we need to distinguish this concept and the permutativity of a sect,
we say clan-permutative and sect-permutative. The following is clear from the
definition of clan-permutativity:

Lemma 7.12. If a clan a1HyasHs - - - a, H, is clan-permutative, then the sect
H\H5--- H, is sect-permutative; so it is a subgroup by Lemma 7.2.

Note next the following:

Lemma 7.13. (1) Ifa clan ayHyasHs - - - a, H,, of a group G is permutative,
then
a1H1a2H2 cee CLan = ayag--- CLnHlHQ tee Hn7 (77)

and the right hand side is a coset. Moreover for any
{Z’172.27 s 7ik}> {jl?j?a B 7jk} C {1727 s 7n}7

ailHjlai2Hj2 T a’ikij = Qjy Qg = - aikHlej2 - H

jr» and the right hand
side is a coset.

(2) In (1), if ayHyaoHs - - - a, H,, is finite, then
]a1H1a2H2-~-aan\ = ’HleHn‘, (78)
and moreover |a;, Hj a;,Hj, - - - a;, H;, | = |Hj, Hj, - - Hj,|.

Proof. (1): First by the clan-permutativity, (7.7) holds. Its right hand side
is a coset as ajay---a, € G and HyHs--- H, is a subgroup of G (by Lemma
7.12). This confirms the first assertion. The second assertion follows from the

first one applied to the permutative clan a;, H;, a;, Hj, - - - a;, Hj, .
(2): Note first that for any finite coset aH, we have |aH| = |H|. Thus the
assertion is immediate from (1). O

For later use, we simplify the first assertion of Lemma 7.13 (1) as follows:

Corollary 7.14. Any permutative clan is equal to a coset.

Let ayHyasHs -+ - a,H, (n > 3) be a permutative clan of a group G. We
partition it into three parts as follows:

arHyasHy - - - apHp Gp+1Hp+1ap+2Hp+2 T CLqu aq+1Hq+1aq+2Hq+2 ceanH,y, .
N g o\
vV vV

7.9)

~~
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Using the clan-permutativity, we rewrite this. Move factors H;, Hs, ..., H,

to the left and factors H, 1, Hyyo, ..., Hy—1 to the right (next to H,), and
partition the resulting clan into three parts H, A and K as follows:

alHlagHg cee aan
= H1H2 s szglag s CLpCLp+1Hp+1CLp+2Hp+2 cee aquClq+1CLq+2 s CL@
Vv Vv
H A (7.10)
X Hyy1Hyyo - Hy 1 H,yp

e

K

Note that H and K are subgroups of G (Lemma 7.2), so HAK gives a guild ex-
pression of ay HyasHs - - - a, H,,. Suppose now that HAK is finite. Then apply-
ing Theorem 6.5 to HAK yields the following, where we set z := ajay - - - ap11
and ¥ 1= Qgy10g12 - - Ay
|H1Hy - Hp||vHy1ap2Hpyo - agHyy|[Hyr1 Hypo - - - Hy
- Z m(i)|(H1H2 T Hp) N (Hq+1Hq+2 T Hn)a<l)|' (7.11)

iel
Here (see Remark 6.12),

[wHp1aps2Hpio -+ agHey| = [Hpp1 Hpio -+ - Hl. (7.12)
We thus obtain the following:

Theorem 7.15 (“Partitioned” intersection formula for clans).
If ayHyasHy - - - a, H, (n > 3) is a finite permutative clan, then for any par-
tition of it into three parts of the form (7.9), letting I, m¥) and a¥ be as in
Theorem 6.5 applied to HAK in (7.10), we have
|Hl[—12 U Hp||Hp+1Hp+2 T Hq||Hq+1Hq+2 U Hn|
=> " mO|(HyHy - Hy) O (Hyr Hypo - Ho)*|. (7.13)
iel
We shall consider clans of Dedekind groups. Note first the following:

Proposition 7.16. Let G be a Dedekind group. Then the following hold:

(1) Any sect of G is permutative; so it is equal to a subgroup of G by Lemma
7.2.

(2) Any clan of G is permutative; so it is equal to a coset of G by Lemma
7.13 (1),

Proof. (1): See Lemma 7.6.

(2): Let ayHyagHs - - - a, H, be a clan of G. Then by the Dedekindness of G,
a;H; = Hja; for any 1,7 € {1,2,...,n}, and moreover by Lemma 7.6, H;H; =
H;H, for any i,j € {1,2,...,n}. Hence ayHyasH> - - - a,, H,, is permutative. [
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For a Dedekind group, any clan a3 HyasHs - - - an, H,, is permutative (Propo-
sition 7.16 (2)), and so, in the case of finite ajHyasHs---a,H,, the for-
mula (7.13) is applicable to it; moreover therein a®® is unnecessary, because
(Hyp1Hggo - - Hn)“m = Hy1Hyo - - Hy, (see Claim 7.7). We summarize these
results as follows:

Corollary 7.17. Let a;HyasHs -+ - a, H,, (n > 3) be a finite clan of a Dedekind
group. Then for any partition of it into three parts of the form (7.9), letting I
and m® be as in Theorem 6.5 applied to HAK in (7.10), we have

‘H1H2 T HpHHeral+2 e Hq|’Hq+1Hq+2 T Hn‘
= > mO|(HiHy - Hy) O (Hyn Hyso - )l (71

i€l

Observation 7.18. Proposition 7.16 (2) implies that a Dedekind group con-
tains essentially no higher order clans. In this sense, any Dedekind group is of
first order in clans. This suggests that clans of a Dedekind group are uninter-
esting from the viewpoint of higher group theory — but actually not: In fact,
a finite clan of a Dedekind group admits various combinatorial formulas as in
(7.14) depending on its partition.

Remark 7.19. FEven if a clan ayHyasHs - --a,H, (n > 2) of a group G is

equal to a coset DK of G, their synergies are distinct:

{ a1H1 X GQHQ X X CLan — a1H1a2H2 . -aan, (715)

bK — DK (the identity map).

The former synergy carries higher order information, which, in the case of
finite a; HyaoHs - - - a,, H,,, results in our various formulas for it.

8 Boosters and their local bijectivity

For a finite sect HyH, - -+ H,, the following formula holds (see (6.15)):

\Hy|[HoHy - Hoool|Ho| = > m @ Hy 0 HE

i€l

: (8.1)
For n = 2,3, the left hand side is [H;|[H2| (by convention) and |H:||Ha||Hj|.
We then ask:

Forn > 4, does there exist a formula for |H||Ha| -+ |H,|?

The answer is YES, but its deduction is beyond the scope of guilds, and requires
introducing more concepts — for instance, in addition to the guild synergy, a
further “upper structure” (lying above the guild synergy).
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First recall that in deducing (8.1), we used the guild expression HAK with
H = H,, A= HyH;---H,_ 1 and K = H,, but here we use the notation
HyH,...H, itself. Then two basic ingredients in deducing (8.1) are as follows:
e the guild synergy:

w : H1 X H2H3 .. 'Hn,1 X Hn — H1H2H3 . 'anlHna

(8.2)
(h1,hohs - hy1, hy) = hihohg - hy 1 hy,
e the satellite decomposition:
Hy x HyHs -+ H,_y x Hy = [ Hix {b} x H,, (8.3)

beHoHs---H,,_1

where each Hy x {b} x H, is a satellite. These two ingredients are not enough

for deducing a formula for |H,||Hs| - - - |H,|. In addition, we need the following
“upper structure” on H; X HyHs --- H, 1 X H,, and the decomposition of H; x
Hy x -+ x Hy:

e the booster:

QOZH1XH2X"'XHTL—>H1XHQHg“'Hn,1XHn7

8.4
(h17h27h37"'7hn—17h’n) — (hlah2h3"'h‘n—lah’n>a ( )

e the planet decomposition:
Hyx Hyx - x Hy= [ Hix{(c2,s,...,co1)} x Hy, (8.5)

(2,3, sCn—1)EHaX Hy X X Hy—q
where each Hy X {(cg,¢3,...,¢,1)} X Hy, is called a planet.

Observation 8.1. Using the booster , we may express the sect synergy m :
Hy x Hy x -+~ x H, — HH,--- H, as a composition 7 = 1) o ¢

i Hyx Hy - x Hy 25 Hy x HyHy- - Hy oy x Hy ~25 HyHy -+ Hy. (8.6)
We may thus say that the booster ¢ lies above the guild synergy .

Remark 8.2. The booster ¢ is considered as a ‘partial synergy’ contracting
HQ X H3 X oo X Hn—l to H2H3"'Hn_1.

Definition 8.3. For a satellite S := H; x {b} x H,, we say that a planet
P := H x {(e,¢3,...,cn_1)} X H, is over S if the booster ¢ maps P to S,
i.e. p(P) = S; this is the case exactly when cycs---¢,—1 = b. The restriction
wp of p to P, that is, pp : P — S is called a planet booster of S.

The following holds:
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Lemma 8.4. For any planet P :== H X {(cs,c3,...,¢h—1)} X H,, the planet
booster

®Yp: Hl X {(CQ,Cg, ... ,Cnfl)} X Hn — H1 X {b} X Hn7
(hh (c2,c3, ... 7cnfl)7hn) — (h1,cac3 - 1, hy) <: (hi,0, hn))

is bijective.

Proof. The surjectivity of ¢p: It suffices to show that for any (hq,b,h,) €
Hy x {b} x H,, there exists an element of Hy x {(cs,c3,...,¢,-1)} X H, that
is mapped to (hy,b, hy,) under @p. This is clear; just take

(hl, (02, C3,... ,Cn,1>, hn) c H1 X {(CQ, C3,... ,Cnfl)} X Hn (87)
The injectivity of ¢p: For two elements

(h17<c27c3a"'7cn—l)7hn) and (kla(c2yc3a"'7cn—l)akn)

of Hy x {(ca,¢3,...,¢h-1)} X H,, we have

@P(hla (027 C3y .- 7Cn—1)7 hn) = @P(kjly (027 €3y, Cn—l)y kn)
<= (h1,cac3+ - o1, hy) = (K1, coc3 -y, k)
@hlzkl, h, =k,

— (hl, (o, 3,y Cno1), hn) = (k:l, (CoyC3yvyCnot), k’n)
This confirms the injectivity of ¢p. m

Remark 8.5. By Lemma 8.4, the booster ¢ is locally bijective — bijective on
each planet P. Thus ¢ is considered as an analog of an étale map in topology,
which is a local homeomorphism.

In contrast to the bijectivity of ¢p, the restriction ¢ of the guild synergy
¥ to a satellite S = Hy x {b} x H,, that is,

g Hy x {b} x H, — HbH, (8.8)
is surjective but not necessarily bijective.

Remark 8.6. Note that (8.8) is a double coset telergy. Thus by Corollary
2.17, all fibers 5" (x) (z € H bH,) are bijective to a subgroup H, N H?, where
HY := bH,b~!. This is an analog of a submersion in differential topology,
in that all fibers of a surjective submersion f : M — N between smooth
manifolds M and N with M compact are diffeomorphic to a submanifold of
M (Ehresmann’s fibration theorem).

35



For brevity, denote an element (cg,c3,...,¢p—1) of Hy X Hy X -+ X Hy_4
by ¢, and accordingly the planet decomposition (8.5) by

Hy x Hyx---x H, = [[ Hix{¢} x H,. (8.9)

CEHa X H3X-+xHyp_1

Let HiHy -+ Hy, = [1,¢; HiaWH,, (a9 € HyHs--- H,_,) be the double coset
decomposition.

Convention 8.7. The guild synergy # in (8.2), the booster ¢ in (8.4) and the
sect synergy m = 1 o ¢ are regarded as maps between disjoint unions in terms
of the planet decomposition, the satellite decomposition and the double coset
decomposition:

Yoo ] Hiox b} x Hy — [[ Hia" H,, (8.10)
beHyH3---H,,—1 el

p: JI Hix{e}xH, — [] Ho x{b} x Hy, (8.11)

CEHyxHyx-XxHp_1 beHyHs---H,,_1

m [ Hx{¢}xH, — [[Ha"H,. (8.12)

ceHoxHyx X Hp_q el

Lemma 8.8. Let

P : H Hlx{E}an—>HH1><{b}><Hn.

CEHoxHyx--xHy,_1 beEHyHs---H,,_1

be the booster (8.11). For a satellite S := H; x {b} x H,, denote by ps the
cardinality of the set of planets over S. Then the following hold:

(1) The preimage = *(S) is bijective to a disjoint union of ps copies of S.

(2) For any subset T of S, its preimage ¢~ 1(T') is bijective to a disjoint union
of ps copies of T'.

Proof. (1): We write ¢~1(S) as a disjoint union:

o9 =11 P™. (8.13)

keKg

where P*) (k € Kg) are the planets over S; the cardinality of Kg is by
definition pg. Now denote the restriction of ¢ to P® by ¢® . pk) - g
(which is the planet booster of P®)). This is a bijection (Lemma 8.4), so
P®) =~ S (bijective), thus (8.13) implies that ¢~'(S) is bijective to a disjoint
union of pg copies of S.

(2): We keep the notation in the proof of (1). Setting Q) := *)
then we have

-1

(1),

e N(T)= ] @¥ (the ‘restriction’ of (8.13)). (8.14)
keKg
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Since p*) . P(*) —5 S is a bijection (Lemma 8.4), its restriction p*) : Q) — T
is also a bijection, so Q*) = T (bijective). Then (8.14) implies that o~'(T) is
bijective to a disjoint union of pg copies of T'. m

plign) plis2) plii3)

DI IEEE

S S S(i)

Tl

HiaWH,

Ty

Figure 8.1:  S) is a satellite over a double coset Hya™ H,,, and each P#*) ig
a planet over S, Curves illustrated inside S (resp. P(W*)) are fibers over
r,y € Hia" H, under ¢ (resp. ¢ 09 (= 7). While ¢ is an analog of an étale
map (Remark 8.5), ¢ is an analog of a submersion (Remark 8.6).

Remark 8.9. The booster ¢ is an analog of an étale map (Remark 8.5) and
the guild synergy v is an analog of a submersion (Remark 8.6), as illustrated
in Figure 8.1. Then the factorization (8.6) of the sect synergy into the booster
and the guild synergy is comparable to the Stein factorization in algebraic
geometry — the factorization of a proper surjective map into a finite covering
and a proper surjective map with connected fibers.

9 Factorized intersection formula for sects

For simplicity, we adopt the following:

Notation 9.1. Write a sect HiHy -+ H,, (n > 2) as HAK (guild expression)
with

H = Hl, A= HQHg"'anl, K = Hn,
and A:= Hy x Hy x --- X Hy_1. (9.1)
Convention: If n = 2, then A = A = {¢}.

Then
HAK:HlHQHn, HXAXK:H1XH2H3"'HTL_1XHTL,
HxﬁxK:HItzngx'--an_len.
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Accordingly

gp:HxﬁxK—>H><A><K: the booster,
Y:HxXxAx K— HAK: the guild synergy, (9.2)
W:@Z)O@:HX/TXK—>HAK: the sect synergy.

Note that by Corollary 2.3,
HAK (= H Hy--- H,) is finite <= H;, Hy, ..., H, are finite. (9.3)
We claim that
HAK (= HiH,--- H,) is finite <= H, A and K are finite. (9.4)

In fact the finiteness of HAK (= H{H, - - - H,,) is equivalent to the finiteness of
H, (= H),H,,...,H, (= K) by (9.3). Here the finiteness of Hy, Hs,..., H,_1
is equivalent to the finiteness of HoHs -+ H,_1 (= A) by Corollary 2.3. Hence
(9.4) holds. Note moreover that the finiteness of Hy, Hs, ..., H,_1 is also equiv-

alent to the finiteness of Hy x Hz X -+ X H, 1 (= A). Namely the following
holds:

A is finite <= Hy, Hs, ..., H,_; are finite (0.5)
< A is finite. '
Besides, we claim that

HAK is finite <= H x A x K is finite. (9.6)

In fact the finiteness of HAK is equivalent to the finiteness of H, A and K by
(9.4), which is further equivalent to the finiteness of H x A x K.
We summarize the above equivalences as follows:

Proposition 9.2. For a sect HAK with H := Hy, A := HyH3--- H, 1, K :=
H, and A:= Hy x Hy X --- x H,_1, the following equivalences hold:

HAK is finite <= H, A and K are finite
— H, A and K are finite

N (9.7)
< H x A x K is finite
< H x A x K is finite.
Now we take the double coset decomposition of a sect HAK:
HAK = [[Ha"K, (a® € A). (9.8)

iel
For each double coset HaV K, we write ¢~ (Ha) K) as a disjoint union:

N HaVK) = ] 8%, (9.9)

jeJ@®
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where S (j € J@) are the satellites over Ha K. Let s®) denote the number
of satellites over Ha) K (or the cardinality of J® if it is infinite), i.e. s is
the satellite index of Ha') K. By convention, for any € Ha” K, this number
is also called the satellite index of 2. Next for each satellite S#) over HaW K,
we write ¢~ 1(S)) as a disjoint union:

S0—1(8(17')): H p(ijk)’ (9.10)
ke K (i5)

where PW* (k € K()) are the planets over S,

Definition 9.3. (1) For each satellite S, the number of planets P
(k € K@) over S®) (or the cardinality of K () if it is infinite) is the
planet index of the satellite S®), and denoted by p().

(2) For each double coset Ha” K, the number of planets over HaW K (or
the cardinality of the set of planets over Ha K if it is infinite) is the
the planet index of the double coset Ha" I, and denoted by ¢.

Before proceeding, we recall a basic fact on cardinalities of sets.

Fact 9.4. For a set A, let Card(A) denote its cardinality. Then for a disjoint
union S = [],c, A, the cardinality of S is the cardinal sum ([7] p.38) of the
cardinalities of Ay (A € A):

Card(S) = Z Card(A,) (cardinal sum). (9.11)
AeA

Here if Ay (A € A) and A are finite sets, then the right hand side is just a
finite sum of natural numbers.

We return to our context. Fix a double coset Ha” K and let S (5 € J®)
be the satellites over it. For each satellite S, let P be the set of planets
over it. Then:

Claim 9.5. The set QW of planets over Ha'"" K is a disjoint union of P#)
(j € JD):
Q¥ = T[ P (9.12)
jeJ@®

Proof. Note first that

(the planets over HaWK) = () 0 )Y (HaWK) by definition
o (VT (HAVK))
T 89 = T ¢t (s)
jeJ@ jeJ®
H (the planets over SU).
jeJ@)
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Hence

(the planets over HaWK) = H (the planets over S()), (9.13)
jeJ@)
Here noting that planets are disjoint, we obtain Q@ =[] iea® P, O

From (9.12), Card(Q®) = > ics® Card(P). Here by definition,

Card(Q®) = ¢ (the planet index of Ha" K),
Card(P®™)) = p(@) (the planet index of S()).

Accordingly ¢ =" pli). We formalize this as follows:
jeJ®

Lemma 9.6. For a sect HAK with H := H,, A .= HyH3---H,,_1 and K :=
H,, take its double coset decomposition HAK = [[,.; Ho WK and for each
double coset HaW K, let S%) (5 € JW) be the satellites over it. Then the
planet index ¢ of Ha"W K and the planet indices p™@) of SW) (j € JO) are
related as follows:

q“ :Zp(m (cardinal sum; see Fact 9.4). (9.14)
jeJ@®

For the guild synergy v : H x A x K — HAK, we denote its restriction to
a satellite S@) by 1) which maps S to HaWK:

W) 86y gaO K, (9.15)

By Theorem 5.5 (2) (therein S is denoted by H x {0} x K), the following
holds: For xz € HaW K,

Y (z) = H zﬁ(ij)_l(x) with 1/1(’7)_1@) ~ g K (bijective as sets).
jeJ®

(9.16)

So irrespective of x € Ha" K, its fiber ¢y~!(x) is, as a set, bijective to the dis-

H(2).

joint union of s® copies of HN K" . For simplicity, we set F(@) := (@)~
Then (9.16) is rewritten as

V() = H F@) with FO) =~ g g (bijective as sets). (9.17)
jeJ@

Convention 9.7. In what follows, unless otherwise stated, “bijective” means
“bijective as sets”.

Note the following:
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Claim 9.8. For F) in (9.17), its preimage ¢~ ' (F')) under the booster o is
bijective to a disjoint union of p@ copies of H N K"

Proof. First o' (F()) is bijective to a disjoint union of p{™) copies of F@) by
Lemma 8.8 (2) (note that pg therein is now p(). Here F) = 0 K* (see
(9.17)), thus the assertion follows. O

We keep the above notation and let 7 =Y oy : H X Ax K — HAK be the
sect synergy of HAK (see (9.2)). Any fiber 7—(z) (v € Ha" K) is rewritten
as follows:

m@) = Woy) @) = ¢ (v) = ¢ (H F&) by (9.17)
- 11+

jeJ@®
& H <disjoint union of p™) copies of H N K “(i)> by Claim 9.8
jeJ@®
= disjoint union of 3" p) copies of H N K at,
jeJ@®
Here Y p®) = ¢ (see (9.14)), so 7~ *(z) is bijective to the disjoint union of
jeJ@®
¢ copies of HN K o We formalize this as follows:

Theorem 9.9 (Fiber theorem for sect synergies). Write a sect as HAK
(as in Notation 9.1). Let HAK = [[,.; HaWK be its double coset decompo-

sition and let m: H x A x K — HAK be its sect synerqgy. For each HaW K,
let ¢ be its planet index. Then for any x € Ha®" K, the fiber 7= (z) is, as a
set, bijective to a disjoint union of ¢ copies of H N K“(i); consequently in the
case of finite HAK,

7 ()| = ¢@|H N K

(fiber order formula). (9.18)

We keep the notation of Theorem 9.9, and focus on finite HAK. We claim
that ' . _
Im Y(Ha"K)| = ¢V|H N K"

Indeed from 7~} (HaWK) = [[7~!(x), we have

xeHa(OK

7 (HaVK) =) r ()

r€Ha(OK

=y |H K"

z€EHa(OK
— ¢ H N K

DK (9.19)

by (9.18)

(i)K|.
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Definition 9.10. We set p := ¢@W|Ha» K|, which is called the absolute
multiplicity of Ha®K. cf. the multiplicity m® = s@|HaWK| of HaWK
(Definition 6.3).

Using the absolute multiplicity p*), we rewrite (9.19) to obtain the follow-
ing:

Corollary 9.11. In the notation of Theorem 9.9, if HAK is finite, then

Im (HaVK)| = u®|H N K.

(9.20)

Under the above preparation, for a finite sect HyHs--- H, we deduce a
“factorized” intersection formula to express |H,||Hs|---|H,|. As usual, we
write HiHy -+ - Hy, as HAK with H := Hy, A= HyH3--- H,, 1, K := H,, and
A= Hy x H3 X --- X H,_,. Take the double coset decomposition HAK =
[Lic; Ha"K, (a® € A). Pulling back this via the sect synergy 7 : Hx Ax K —
HAK gives

YHAK) =[]~ (Hd"K (9.21)

el

Here the left hand side is H x A x K (as 7 is surjective), so

Hx Ax K =]]r"(Hd"K). (9.22)
iel
Here since HAK is finite, H, A and K are finite (Proposition 9.2). Then from
(9.22), the following holds:

|Hx Ax K| =Y |r ' (Hd"E)|. (9.23)
el
Here |H x A x K| = |H||A||K| and |7~ (Ha" K)| = @ |H 0 K| (Corollary
9.11). Thus
K] =3 n1H 0 K
i€l
Substituting H := Hy, A := Hy x Hy X -+ x H,_1 and K := H, into this
yields

(9.24)

|HA||Hy x Hy x -+ x Hyoo|[Ha| =Y 5@ Hy 0 HEY|. (9.25)
el

Here |H2 X H3 X e X Hn—1| = |H2||H3| s |Hn—1|7 SO

|Hy||Hy| - |[Hy| = Zu(i)fﬂl N Hz(i) :

iel

(9.26)

We formalize this as follows:
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Theorem 9.12 (Factorized intersection formula for sects).

For a finite sect HiHy---H, (n > 2), let HHy---H, = [[,.; Ha" H, be
its double coset decomposition and for each Hia®WH,, let ) be its absolute
multiplicity. Then

[HO[|Hy| -+ | Ho| =Y uOH 0 HEY. (9.27)

icl
Here:

Lemma 9.13. Whenn = 2,3, (9.27) coincides with the following intersection
formula in Example 6.10:

\Hy|[HoHy -+ Hyo| | Ho| =Y m@Hy 0 HEY|. (9.28)

iel

Proof. For n = 2,3, the left hand side of (9.28) is | H;||Ha| (by convention) and
|H, || Hy||Hs|. In fact for n = 2, A= A = {e} (by convention) and for n = 3,
A:g:HQ; inparticularforn:2,3,HXAXK:HXZXKandSO
1 = m@ (the absolute multiplicities coincide with the multiplicities). Thus
two formulas (9.27) and (9.28) coincide for n = 2, 3. O

10 Permutations of factors of sects

A permutation of factors of a sect HyHs - -+ H, (n > 2) of a group G generally
results in another sect: for a permutation ¢ € &,,, in general

Hyoq)yHo(2) - Homy # HiHy--- H, (as subsets of G). (10.1)
In the finite case, it may even occur that
|Ho()Ho(2) + Ho(n)| # [HiHz - Hy|. (10.2)
However we always have
| Ho)|[How)| - - [How)| = [Hal[Hal - - [Hnl. (10.3)

Now we apply Theorem 9.12 to the sect H,1)Hy(2) -+ Hyn) and denote the
resulting (9.27) as

) agi)

| Ho) [ Ho@)| -+ | Hom) = Y 4| Ho) N HEE |- (10.4)

i€ly

Here the right hand side a priori depends on the permutation o, but a poste-
riori not — in fact the left hand side does not depend on o; see (10.3).
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Permutative sects

For a sect HiHy -+ H, (n > 2), take an arbitrary partition

\[—[1H2 e H’L'Lﬁ'i1+lH’L'1+2 e Hi%Hi2+lHi2+2 T Hl?}
v

: '{—[ik+1Hik+2 e H@-
o (10.5)

Setting

Hl = H1H2 ce Hi17 H2 = Hi1+1Hi1+2 ce HZ‘Q,

10.6
ooy Hpgpr = Hik+1Hik+2 - Hy, ( )

we write (10.5) as HiHa - Hyy1. Suppose now that HyHs - H, is permu-
tative. Then H; (j = 1,2,...,k + 1) are subgroups of G (Lemma 7.2), so
HiHs - Hyyq is a sect. In the case of finite HiHy -+ H, (= HiHo - His1),
we may apply Theorem 9.12 to the finite sect HiHso - - - Hp1 — say that

HiHo - Hpgr = [[ HibWHypq : double coset decomposition,
, i€t ' (10.7)
vU) : absolute multiplicity of H1bWH 41,

then we obtain the following:

Theorem 10.1 (Intersection formula for permutative sects).
Let HiHy- - H, (n>2) be a finite permutative sect. Then for any partition

HiHy--- Hyy Hiy 1 Hiyyo - Hiy - Hy 1 Hi o Ho,

Hi Ho Hit1

5 .
~

letting J, b9 and vV) be as in (10.7), we have

[Hal[Hal -+ [Hia| = D v 1My AL, (10.8)
jeJ
That 1is,
|H1Hy - Hyy [|[Hiy 1 Hyy 20 Hiy |-+ |Hipp1 Hipyo - Ha
= Z VO |(HyHy - Hyy) OV (Hiyg1 Hiy o - Ho)'). (10.9)
jeJ

11 Factorized intersection formula for clans

For finite sects, we deduced the factorized intersection formula (9.27). In this
section, more generally we deduce it for finite clans. Note that it suffices to
derive it for finite monic clans, i.e. of the form HyasH> - - - a, H,, because any
clan ay Hyas Hs - - - a, H, may be regarded as a monic clan Hya; HiasHs - - - a, H,
with Hy = {e} (the identity subgroup).

For a monic clan HyasHsy---a,H, (n > 2), we introduce fundamental
materials corresponding to those used in deducing (9.27):
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Definition 11.1. (a) The guild synergy is given by

Y Hy X agHyazHg - - - ap_H, 10, X Hy, — HyapHa3H3 -+ - a,1 Hy_1a,H,,
(h1,aghoaghs - - - an_1hp_1an, hy) — hiashoashs - - - Gp_1hp_1anhy,.

(b) The booster is given by

QY H1 X (IQHQ X X an_lﬂn_lan X Hn
— H1 X a2H2a3H3 cee an,lHn,lan X Hn7
(hl, ashg, azhs, ..., an_1hyp_10p, hn) — (hl, ashoaghs - - 'an—lhn—lam hn)-

(¢) The clan synergy (precisely speaking, the modified one in Convention 2.12)
is given by

T Hl X CLQHQ X oo X an_lHn_lan X Hn — H1a2H2 . -an_lHn_laan,
(hla a2h27 s 7an—1hn—1anu hn) L h1a2h2 e an—lhn—lanhn-

Note that m =1 o .
Remark 11.2. The original clan synergy is given by (see (2.8))

m: Hy XaHy X -+ Xap_1H,_1 Xa,H, — HiayHs---a,_1H,_1a,H,,
which however does not fit our current purpose, as m # 1 o .

To simplify notation, we use the following:

Notation 11.3. Write a monic clan HyasHy---a,_1H, 1a,H, (n > 2) as
HBK (guild expression) with

H = Hl, B .= CLQHQCLgHg tee an_lHn_lan, K = Hn,
and B := ayHy ¥ asHs X -+ X ap_1Hp_1ay, (11.1)
where note that if n = 2 then B = B = {as}.

Then

Y: Hx Bx K— HBK: the guild synergy,
¢: Hx Bx K — Hx Bx K: the booster, (11.2)
T=voyp: HX Bx K — HBK: the clan synergy.
Note that from Proposition 3.6,
HBK (= HyagHs - - - a, H,) is finite <= H;,asH,,. .., a,H, are finite.
(11.3)
We shall modify the right hand side. First note that

Qp_1H,_1 is finite <— a,,_1H,_1a, is finite, (11.4)
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as a,_1H,_1 and a,_1H,_1a, are bijective under the right multiplication by

ay. Similarly
a, H, is finite <= H,, is finite.

Hence (11.3) is modified as follows:
HBK (= HiasH; - - - a, H,) is finite
<— Hi,asHs,a3H;s,...,a, 1H, 1a,, H, are finite.
Note here that

asHy,a3Hs, ..., a,_1H,_1a, are finite

< agHy x agHs X -+ X ap_1H,_1a, (= é) is finite.

Thus (11.6) is simplified as follows:
HBK (= HyiayHs - - - a, H,) is finite
— H, (= H),B, H, (= K) are finite.

Note next the following from Proposition 3.6:

CL2H26L3H3 st an—lHn—l is finite
< agHy X azHs X -+ X a,_1H,_; is finite.

Multiplying this by a,, from the right yields the following:

a2H2a3H3 cee an,lHn,lan is finite
< agHy X azHsz X -+ X a,_1H,_a, is finite.

That is, B
B is finite «—= B is finite.

This and (11.8) yield
HBK is finite <= H, B and K are finite
— H, B and K are finite.
Here

H, B and K are finite <= H x B x K is finite,
H, B and K are finite < H x B x K is finite.

Hence we obtain the following:

(11.5)

(11.6)

(11.7)

(11.8)

(11.9)

(11.10)

(11.11)

(11.12)

(11.13)

Proposition 11.4. For a monic clan HBK with H :== Hy, K :== H,,, B :=
ClQHQCLgHg"'anlenflan and B = a/2H2 X CL3H3 X e X an,lHn,lan, the

following equivalences hold:
HBK is finite <= H, B and K are finite
— H, B and K are finite
= Hxész’sﬁnite
<= H x B x K is finite.
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Now we consider the following decompositions:

e HxBxK = [],c5H x{b} x K: the satellite decomposition, where each
component H x {b} x K is a satellite.

« HxBx K = I.c5 H x {c} x K: the planet decomposition, where each

H x {c} x K is a planet.

A satellite (resp. a planet) is denoted by S (resp. P). If P is over S,
i.e. p(P) =9, then the restriction pp : P — S of the booster ¢ to P is called
a planet booster. The following holds:

Lemma 11.5. Any planet booster pp : P — S is bijective. (Thus the booster
¢ is locally bijective — bijective on each planet P.)

Proof. This is shown by the same argument in the proof of Lemma 8.4. ]

Lemma 11.6. Let o : H x B x K — H x B x K be the booster (11.2). For
a satellite S (C H x B x K), denote by pg the cardinality of the set of planets
over S. Then the following hold:

(1) The preimage ¢~ (S) is bijective to a disjoint union of ps copies of S.

(2) For any subset T of S, its preimage = (T) is bijective to a disjoint union
of ps copies of T'.

Proof. This is shown by the same argument in the proof of Lemma 8.8 (modulo
replacing Lemma 8.4 with Lemma 11.5). O

As before, we write a monic clan HyasHsazHs - -+ a,H, (n > 2) as HBK,
where

H = Hl, B = a2H2a3H3 te an_lHn_lan, K = Hn (1115)
Take its double coset decomposition HBK = [[,., H a" K.

Definition 11.7. (1) For a double coset Ha'") K, a satellite S is over Ha) K
if the guild synergy ¢ maps it to HaW K, ie. ¥(S) = Ha" K. The
number of satellites over Ha” K (or the cardinality of the set of satellites
over HaW K if it is infinite) is the satellite index of Ha™ K, and denoted
by s®.

(2) For each double coset HaW K, let S (j € J@) denote the satellites
over it. Then for each satellite S), a planet P is over SU9) if the booster
¢ maps it to S ie. o(P) = S%. The number of planets over S
(or the cardinality of the set of planets over S if it is infinite) is the
planet index of the satellite S, and denoted by p().
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(3) For a double coset Ha K, a planet P is over HaW K if the clan synergy
7 maps it to HaWK, i.e. 7(P) = HaWK. The number of planets over
Ha K (or the cardinality of the set of planets over Ha" K if it is infinite)
is the planet index of the double coset Ha™W K, and denoted by ¢®

The following holds — the proof is the same as that of Lemma 9.6.

Lemma 11.8. For a monic clan HBK (see (11.15)), take its double coset
decomposition HBK = [],, Ha"K and for each double coset Ha OK, let
S (5 € JD) be the satellztes over it. Then the planet index ¢ of Ha(Z
and the planet indices p@) of SW) (j € JO) are related as follows:

¢V = Zp(ij) (cardinal sum; see Fact 9.4). (11.16)
jeJ@

Theorem 11.9 (Fiber theorem for clan synergies). Write a monic clan
HyayHsa3Hs -+ - anH, (n > 2) as HBK (see (11.15)), and take

HBK = 1], HaWK: its double coset decomposition,
7:Hx BxK— HBK: its clan synerqgy.

For each HaWK , let ¢ be its planet index. Then for any x € HaW K, the
fiber 71 (z) is, as a set, bijective to a disjoint union of ¢¥) copies ofHﬂKa(z);
consequently in the case of finite HBK,

|7 Yz)| = ¢V|H N Ka(i)| (fiber order formula). (11.17)

Proof. This is shown by the same argument in the proof of Theorem 9.9 (mod-
ulo replacing Lemma 8.8 with Lemma 11.6). 0

We keep the notation of Theorem 11.9, and focus on finite H BK. We claim
that . . _ .
7 Y(Ha"K)| = ¢P|H N K" ||Ha" K. (11.18)

Indeed from 7~ (HaWK) = [[7~"(x), we have

z€HaOK

™ K)|=) |7\ (x)

r€Ha(D K
=Y ¢HNKY| by (11.17)
z€HaDK
= ¢ HN K" ||HdVK]|.
Definition 11.10. We set ¥ := ¢®|HaW K|, which is called the absolute

multiplicity of Ha®"W K. cf. the multiplicity m® = sO|HaWK| of Ha"WK
(Definition 6.3).
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Then (11.18) is written as |7~ Y(Ha®W K)| = @ |H N K*“|. We formalize this
as follows:

Corollary 11.11. In the notation of Theorem 11.9, if HBK 1is finite, then

Im Y(Ha"K)| = u@|H N K

. (11.19)

Under the above preparation, we deduce a “factorized” intersection formula

for a finite monic clan HBK. First pull back its double coset decomposition
HBK = [],.; Ha"K via the clan synergy 7: H x B x K — HBK:

n'(HBK) = [[ = ' (Ha" K). (11.20)

il

Here the left hand side is H x B x K (as 7 is surjective), so

HxBxK=[[r"(Hd"K). (11.21)
el
Hence B ‘
|HxBxK|=Y_|r ' (Ha"K)|. (11.22)
el

Here |H x B x K| = |H||B||K| and |7 "' (HaV K)| = n®|H N K*"| (Corollary
11.11). Thus
|H||B||K| =Y p®lHn K. (11.23)
el
Here since H := Hy, B = asHy X asHs X -+ X a,_1H,_1a, and K := H,, the
left hand side is rewritten as follows:

|H||B||K| = |Hy||agHy X azHs X - -+ X ap_1 Hyp_10,||Hy|

= |H1[|ax Hy||agHs] - - |an—1 Hy1a,|[ Ho| (11.24)
= |H||Ha||Hs| - - - |Hp—1|[ |-
Accordingly (11.23) is rewritten as |H.||Hy|-- - |H,| = > u®@|H; N Hg(i)|. We

iel
thus reach the following:

Theorem 11.12 (Factorized intersection formula for monic clans).
For a finite monic clan HyasHyasHs - - - a,Hy, (n > 2), let

HyayHyasHy - - - a H, = [ [ Hia" H, (11.25)
iel
be its double coset decomposition, and for each HiaW H, let i be its absolute

multiplicity. Then

7 a(®
|Hy|[Hy| - |Ho| =) p®|Hy 0 HS,

iel

. (11.26)
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Here:

Lemma 11.13. When n = 2,3, (11.26) coincides with the following intersec-
tion formula in Example 6.11:

|H||asHoas Hs - - - a1 Hy— 10| Hy| = Zm(i)‘Hl nH"

icl

. (11.27)

Proof. First note that for n = 2,3, the left hand side of (11.27) is equal to
|H,||Hy| and |H;||Hs||Hs|. Indeed for n = 2, the left hand side |Hq|[{az2}||H2| is
equal to |Hy||Hs| (as [{az2}]| = 1) and for n = 3, the left hand side | H; ||aa Haas|| Hs)|
is equal to |Hy||Ha||Hs| (as |agHsas| = |Hs|; see Remark 6.12). Note next that
forn=2, B = B = {as} and for n = 3, B = B = asHsaz. In particular for
n=23, wehave Hx Bx K = H x B x K and so u® = m® (the absolute
multiplicities coincide with the multiplicities). Hence two formulas (11.26) and
(11.27) coincide for n = 2, 3. O

12 Index theorem for clans, I

Poincaré-Hopf index theorem [3] p.134 states: For a vector field on an oriented
closed manifold with isolated zeros, the sum of indices of zeros is equal to the
Euler number of the manifold. This kind of theorems hold for clans. They are
Index theorems I, II to be shown below.

We begin with preparation. For a finite monic clan HyaoHs - - - a,H,, we
deduced the formula (11.26). We may actually apply this formula to any finite
clans by ‘monicizing’ them, i.e. regarding a clan a; HyayH5 - - - a,, H,, as a monic
clan Hya; Hya9Hs - - - a, H,, with Hy = {e}, for which we take the double coset
decomposition:

HoalHlagHg---aan = HHob(j)Hn (121)
jedJ

For each HybY H,,, let vU) be its absolute multiplicity. Then by (11.26), we
have |Ho||Hy||Hs| - - |H,| = S v@|Hy 0 HYY|. Here from Hy = {e}, we have

_ jed
|Ho| =1 and |Hy N HY| = 1, so
[Hy[[Ho| - [Ho| = Y v, (12.2)
jeJ
Note that since Hy is the identity subgroup, the (Hy, H,)-double coset decom-
position (12.1) is actually a decomposition into left H,-cosets:
a1H1a2H2"'a,an = Hb(])Hn (123)
j€d

Definition 12.1. The decomposition (12.3) is called the (left H,-)coset de-
composition of the clan ayHiasHs - - - a, H,.
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Observation 12.2. While a monic clan Hya9Hs - - - a,H, admits a biaction
Hy ~ HyasHy - - a,H, ~ H, (see (4.3)), a non-monic clan a; Hyas Hs - - - a, H,,
merely admits a right H,-action ayHyasHs - a,H, v H,; the orbit decom-
position under this action is nothing but the coset decomposition (12.3).

We adopt the following:

Definition 12.3. For a double coset, its associated quantities such as satellite
index, planet index (Definition 11.7 (1), (3)) and absolute multiplicity (Defini-
tion 11.10) are specialized to those of cosets. Namely for a double coset Ha K,
if H = {e} or K = {e}, then the above quantities are called those of the coset
aK or Ha.

We then formalize the results obtained above as follows:

Theorem 12.4 (Index theorem I). For a finite clan ayHyaaHs - - - apn H, (n >
2), let ayHyaoHy -+ - a, H,, = ]_[jej b9 H, be its coset decomposition, and for
each b9 H, let v\9) be its absolute multiplicity. Then

[Hy[[H| - [Ho| =Y v, (12.4)
JjeJ

Here observe that while v depends on the clan ayH a2 H> - - - a, H,,, the sum
ZjeJ v depends only on Hy, H,, ..., H,, but not on ai,as,...,a, as seen
from (12.4).

Remark 12.5. In terms of the analogy of (12.4) with Poincaré-Hopf index
theorem, |Hi||Ha|---|H,| is considered as the ‘Euler number’ of the clan
(11H16L2H2 cee aan.
Now combining (12.4) with (11.26) yields 3° u®@|H, N H2Y | = 3 v, We
i€l jeJ

formalize this as follows:

Theorem 12.6. Let ayHiasHy - a,H, (n > 2) be a finite clan. Take its
coset decomposition ayHyaaHs - anH, =[], b9 H,, and for each b9 H, let
v be its absolute multiplicity. Next for the monic clan HyasHs - - - a, H,, take
its double coset decomposition HyasHs - - - a,H, = ]_[iel Hia"WH,, and for each
HiaWH, let u® be its absolute multiplicity. Then

ST H N HS =300 (12.5)

iel jeJ
For a monic clan Hya; HiasHy - - - a, H, with Hy = {e}, we trivially have
Hoa,HiasHs - - - a, H, = a;HiasHs - - - a, H,,. (12.6)
In contrast, for a monic clan HyasH> - - - a, H,, in general

HlagHQ s CLan 7£ alHlagHg tee CLan. (127)
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In fact the right hand side is a translation of the left hand side by a; from the
left — but, for this very reason, we have

|H1a2H2---aan| == |a1H1a2H2---aan|. (128)
Lemma 12.7. For a finite clan a1Hya2Hs - - - a, H,, the following hold:
(1) |ayHyaoHs - - anH,| = |HyasHs - - - a, H,| (already shown in (12.8)).

(2) The number of distinct left H,-cosets in ayHiasHs - - - an,H, 1is equal to
that of distinct left H,-cosets in HyaoHy - - - a, H,.

(3) Denote the number in (2) by . Then |a;HyasHs - - a, H,| = (| H,|.
(4) |H,| divides |a;HyasHs - - - a, Hy|.

Proof. (2): Let ayHyasHy -+ anH, = [}, bU) H, be the H,-coset decompo-
sition of a;HyasHy -+ -a,H,,. Then HiaxHy- - a,H, = HjEJ aflb(j)Hn is the
H,,-coset decomposition of HyiasHs - - a,H,, so (2) holds. (Note: The trans-
lation a; Hyas HyasHs - - - a, H,, — HiasHsa3Hs - - - a, H, by the left multiplica-
tion of a;' is a bijection, inducing a one-to-one correspondence between the
H,-cosets in these clans.)

(3): From |ayHyaoHy - -~ anHy| = Y., [b9 Hy| together with b9 H,| =
|H,|, we have |ayHyaaHy -+~ anHy| = 32, |Hy| = |J||Hy,|. By definition, [J|
is £, so the assertion is confirmed.

(4): This is immediate from (3). O

We restate statements in Lemma 12.7 as follows:

Corollary 12.8. For a finite clan ayHyaoHs - - - a,H,, the order |H,| divides
layHyagHy - - - a, Hy| (= |HyaoHy - - - ap, Hy|). Moreover letting ¢ denote the num-
ber of distinct Hy,-cosets in a;HyasHs -+ - a, H, (or in HiagHy - --a,H,), then
we have

\G1H1G2H2 T Clan’ ( ’Hla2H2 e ~aan\>

0= - (12.9)

| H,| | Hy|
When n = 2, (12.9) gives ¢ = ‘H|1[(f]—21|[[2|. On the other hand, |HyasHs| =

2

% by Lemma 3.1 (B.3). Thus ¢ = % This confirms the

1 2 1 2

following;:

Formula 12.9. For a finite clan ayHiasHy (or HiaoHs), let ¢ be the number
of distinct left Hy-cosets in it. Then
H
L]

=/ 12.10
[ 1 ] (12.10)

We give an example. For simplicity a double coset HiasH, is denoted by
HaK.
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Example 12.10. For G = &, (the symmetric group of degree 4), take H :=
(h) (order 4, generated by a cyclic permutation h := (1234)), a := (12)
(transposition) and K := (k) (order 2, generated by k := (14)(23)). Noting
that H = {e, h, h? h3}, we have HaK = eaKK UhaK Uh%*aK Uh3aK, that is,

HaK = aK UhaK Uh*aK Uh*aK. (12.11)

Here h%a = ak (Remark 12.11 (1) below), so h*aK = akK, that is, h?aK =
aK. Multiplying this by h from the left yields h*aK = haK. Moreover
haK # aK (Remark 12.11 (2)). Hence (12.11) reduces to

HaK = aK I haK (with aK = h*aK and haK = h*aK). (12.12)
Thus the number of left K-cosets in HaK is 2, i.e. £ = 2. Next note that
K% :=aKa™ = (aka™') = (h?) (Remark 12.11 (3)). Thus K* C H = (h), so

HNK®* = K® Here K* = Zy,s0 |[HNK®| = 2. Hence |H|/|[HNK®| =4/2 = 2.
Therefore ¢ = |H|/|H N K*| (cf. (12.10)).

Remark 12.11. In the notation of Example 12.10,
(¥)  h?*=(1234)>=(13)(24) = (24)(13).
Moreover the following hold:
(1) h?a = ak = (1423). Indeed

ak = (12)(14)(23) = (1423),
h’a = (1234)%(12) = (13)(24)(12) by (%)
— (1423).

(2) aK # haK. Indeed

oK = {a,ak} = {(12),(1423)}, haK = {ha, hak} = {(134), (243)}.

(3) aka™ = h?; equivalently ak = h*a, which is already shown in (1).

13 Index theorem for clans, II

Let a1HyasHs - - - a, H,, be a finite clan of a group GG. Recall that in deducing
the index formula (12.4), letting Hy = {e} (the identity subgroup of G), at
first we formally considered a monic clan HyayHiasHs - - - a, H,, and then took
its (Hy, H,)-double coset decomposition, which is actually the left H,-coset
decomposition of aiHyasHs - - - a, H,. For the convenience of later discussion,
without using Hy at all, we reformulate the deduction procedure of the index
formula (12.4).
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Convention 13.1. We identify
HO X (a1H1a2H2 T an_lHn_lan) X Hn
with
(a1H1a2H2 cee an,lHn,lan) X Hn (131)

via a bijection (e, B, hy,) — (5, hy,), where § € ayHyasHy -+ a, 1H, q1a,. Ac-
cordingly:
e The satellite decomposition

Hy x (ayHyapHy - ap1Hova,) x Hy =[] Hox {8} x H,

B€arHiazHa-an_1Hp—10n

is identified with

(G1H1G2H2 e anlenflan) x H, = H {8} x Hy, (13.2)

B€aiHyasHaan—1Hp—10an

and each {5} x H, is called a satellite.
e The guild synergy

¢ : H() X (a1H1a2H2 .- -an_lHn_lan) X Hn
— H (G1H1CL2H2 e an—lHn—lan)Hn

is identified with
(O (alH1a2H2 T Gn—lHn—lan) x H,

(13.3)
— (a1H1a2H2 s an,lHn,lan)Hn.
In response to the above convention, the following is adopted:
Convention 13.2. We identify
Ho X (a1H1 X a/2H2 X X an,lHn,lan) X Hn
with
(CLlHl X CLQHQ X+ X an_lHn_lan) X Hn (134)

via a bijection (e,7, hy) — (7, hn), where y € ayHy X agHy X -+ X a1 Hy 10y,
Accordingly:
e The planet decomposition

HO X (a1H1 X a2H2 X X Clnlen—lan) X Hn = H HO X {7} X Hn

y€arHixXasHa X Xan—1Hp_10n

is identified with

(a1H1 X CZQHQ X X an,lHn,lan) X Hn = H {"}/} X Hna (135)

y€arHiXagHao X -Xapn—1Hp—_1an
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and each {v} x H, is called a planet.
e The booster

@Y HO X (a1H1 X CLQHQ X e X an,lHn,lan) X Hn
— HO X (CLlHlagHQ cee an,lﬂn,lan) X Hn

is identified with

(o (a1H1 X a2H2 X X an_lﬂn_lan) X Hn (13 6)
— (a1H1a2H2 < an_lﬂn_lan) x H,. .

e The clan synergy

™ = @DO Q: HO X (CLlHl X CLQHQ X+ X an_lHn_lan) X Hn
— H, (G1H16L2H2 s an—lHn—lan)Hn

is identified with (below, 1) and ¢ are replaced with the simplified versions
(13.3) and (13.6))

™= ¢ oY : (CL1H1 X agHy X - -+ X an_lHn_lan) X Hn

(13.7)
— (alHl(lgHQ s an_lHn_lan)Hn.

Remark 13.3. (1) When n = 2,

e the booster ¢ : ayHyas x Hy — ayHyay X Hy in (13.6) is the identity
map; so the clan synergy m = v o ¢ : a;Hyas X Hy — ayHjasHs in
(13.7) coincides with the guild synergy ¢ : a; Hyasx Hy — a1 HyaoHo
in (13.3), and

e the planet decomposition (13.5) is a decomposition of a3 Hyay x Ho,
coinciding with the satellite decomposition (13.2).

In particular, when n = 2, “absolute multiplicity” coincides with “multi-
plicity”.

(2) For n > 3, the booster ¢ is not the identity map, and the clan synergy
7 (= 1 o ¢) is different from the guild synergy . Similarly the planet
decomposition is different from the satellite decomposition.

Deduction of another index formula

To simplify discussion, we first consider the case n = 2, i.e. a1 HiasHs; this is
denoted by uHv K for simplicity. We proceed as follows:

Step 1. Take the coset decomposition uHvK = [] VIK.
j€J
Step 2. Take the satellite decomposition uHv x K = ][ {8} x K, where
BeuHv
each {8} x K is a satellite. Note that in the current case n = 2, there is no
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need to consider the planet decomposition, as it coincides with the satellite
decomposition (Remark 13.3 (1)).

Step 3. Take the guild synergy ¢ : uHv x K — uHvK given by (5,k) €
uHv x K +— Bk € uHvK. For a coset b9 K, a satellite {3} x K is over it
if BK = bYW K. For each bYW K, let tY) be its satellite index, i.e. the number
of satellites over bV K and let 1Y) be its multiplicity, i.e. (V) := t0)|pV) K].
Here [bU K| = |K| (regardless of b)), so 1) = tW|K]|. In the current case
n = 2, the multiplicity {¥) coincides with the absolute multiplicity v9) of b K
(Remark 13.3 (1)). Thus v¥) = tY)|K|. Summation of this over j then gives

S o) = (T 10 K], (13.8)

jeJ jeT
On the other hand, |H||K| = Y v¥) by applying (12.4) to uHvK. Therefore
jed
|H||K| = (> tW)|K]|, that is, |[H| = > tY). We formalize this as follows:
jed jeT

Corollary 13.4. For a finite clan ayHiasHy of length 2, let ayHiasHy =
e, b9 H, be its coset decomposition, and for each b9 Hy let t9) be its satellite

index. Then .
|Hy| =) V). (13.9)

jeJ

For general n > 2, a similar formula holds. The proof is essentially the
same as that for n = 2 modulo the involvement of the booster and the planet
decomposition. First, relevant decompositions and maps are as follows:

(i) the coset decomposition:

aHyayHy -+ a, H, = [[ V9 H,. (13.10)

jeJ
(ii) the satellite decomposition:

(arHiaoHy - an 1 Hoova,) x Hy = [ {8} x Ha, (13.11)

B€aiHiazHy-an—1Hn—1an
where each {8} x H, is a satellite.

(iii) the planet decomposition:

(a1H1 X a2H2 X X an_lHn_lan) X Hn = H {’Y} X Hn; (1312)

y€arHiXagHayX - Xapn_1Hpn_1an

where each {7} x H, is a planet.
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(iv) the clan synergy m = v o ¢ with ¢ the guild synergy and ¢ the booster:
T (a1H1 X CLQHQ X+ X an_lHn_lan) X Hn
2, (arHyasHy - - - an_1Hy_1ay) x H, (13.13)

—— a1HiaxHy - a,_1H,_10a,H,.

For the sake of simplicity, we set C':= a;HyasHy -+ - an1Hyp 10y, K := H, and
C:=a1Hy X agHy X -+ X a,_1H,_1a,. Then (i)—(iv) are rewritten as follows:
(i)’ the coset decomposition: CK = [ bW K.

jel
(ii)" the satellite decomposition: C x K = [[ {f#} x K.
peC
(iii)" the planet decomposition: C'x K = [[{v} x K.
veC

(iv)’ the clan synergy m = o @ : 6’><K£>C’><K£>C'K.

We explicitly give 7 in (iv)’. To that end, for an element

7= (@b, ashs, ... an-1hyra,) € C, (13.14)
we set ¥ := arhiashg -+ - an_1h,_1a, € C. Then

W:éXK&CXK&CK, (v, k) — (7, k) — 7k. (13.15)

We use the following terms:

o A satellite {3} x K is over a coset bY) K if the guild synergy ¢ maps
{B} x K to bVK , ie. K =bIK.

o A planet {7y} x K is over a satellite {3} x K if the booster ¢ maps
{7} x K to {8} x K,ie. 7=0.

« A planet {7} x K is over a coset b K if the clan synergy m = 1 o ¢
maps {7} x K to bIK ie 7K = bIK.

For each coset bY) I, the number of planets over bY) K is the planet index
of b K, and denoted by ). The absolute multiplicity of b6¥)K is then, by
definition, given by v\ := @bV K|. Here [bY K| = |K| (regardless of b)),
so vU) = r0|K|. Summation of this over j gives

S0 = (3 U)K (13.16)

= jeJ

On the other hand, |H:||Hs|- - |H,1||[K| = ;c; v by (12.4). This com-
bined with (13.16) yields |Hi||Hz| - |Hn-1|| K| = (Zjler(j)ﬂK], that is,
|Hy||Ha| - [Hpa| = Y2, 7). The following is thus obtained:
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Theorem 13.5 (Index theorem II). For a finite clan ayHyasHs - - a,H,
(n>2), let ayHya9Hs -+ - a, H,, = HjEJ b9 H, be its coset decomposition, and
for each b9 H,, let rU) be its planet index. Then

[HA[[H| - [Hya] = ) r), (13.17)
jeJ
Here |Hy||Hs|- - - |H,_1| may be alternatively given by the factorized intersec-

tion formula (11.26) in the case of n — 1: we denote the relevant notations as

I, 1, ,uff)_l and a\” | and write (11.26) as

n—1

. a(i)l
(Hy[[Hy| -+ [Hooo] = > pl) 3| Hi 0 Hy™Y. (13.18)

ieln—l
By equating the right hand sides of equations (13.17) and (13.18), we obtain:

Theorem 13.6. In the above notation,

, A o
S>rD = N" W [ v H (13.19)
jeJ i€l, 1
We now give an example for Theorem 13.5 with n = 2 and a; = e,

i.e. HiaoHs; this is for brevity denoted as HaK .

Example 13.7. As in Example 12.10, take G = &4, H := (h) (order 4,
generated by a cyclic permutation h := (1234)), a := (12) (transposition)
and K := (k) (order 2, generated by k := (14)(23)). Then consider the

satellite decomposition H x {a} x K = [[ {z} x {a} x K. Here H consists of
zeH
e, h, h?, h3, so the satellites are

{e} x {a} x K, {h} x {a} x K, {h*} x {a} x K, {h*} x {a} x K,

which, under the guild synergy ¢ : H x {a} x K — HalK, are mapped
to eaK (= aK), haK, h*aK, h*aK respectively. Here aK = h?aK, haK =
h3aK, and HaK = aK Il haK (see (12.12)). Consequently:

(i) The satellites over aK (= h?aK) are two: {e} x {a} x K and {h?} x
{a} x K. So the satellite index sV of aK is 2.

(i) The satellites over haK (= h*aK) are two: {h} x {a} x K and {h3} x
{a} x K. So the satellite index s of haK is 2.

Thus [H| = s + 5?2 =4 (cf. (13.9)).
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14 Comparison with analogous formulas in ge-
ometry

Poincaré-Hopf index theorem [3] p.134 states: For a wvector field V on an
oriented closed manifold M with isolated zeros, say p; € M (j € J), we denote
by Ind,, (V') their indices and by x(M) the Euler number of M. Then

X(M) => "Ind, (V). (14.1)

jeJ

Our index formula (12.4) for a clan ay HyasHy - - - a,, H,, has an analogous form:

|H,||Hs| -+ |Hy| = Z v (19 absolute multiplicity). (14.2)
j€J
Based on this analogy, we adopt the following:
Definition 14.1. For a clan a;HyasH> - - - a, H,, the order product

| H[|Ho| - - [ H|

is called its Euler number and denoted by x(a; HyiasHs - - - a, Hy,); accordingly
(14.2) is rewritten as

x(a1HyasHs -+ - a, Hy) = Z ), (14.3)

jeJ
Recall another index formula (13.17), i.e.

|Hq||Hs| - |Hpo1| = Zr(j) (rV): planet index), (14.4)

jed

which is also analogous to Poincaré-Hopf index formula (14.1). Although
our two index formulas are in their forms analogous to Poincaré—Hopf index
formula, there is a subtle difference: Ind, (V') in Poincaré-Hopf index for-
mula may be positive or negative (see [3] p.133), and accordingly in the sum
> icsInd, (V), there may be a cancellation of terms (so that the total is al-
ways equal to x(M)). In contrast, in the right hand sides of our index formulas
(14.2) and (14.4), no cancellation of terms occurs, as v and r\9) are positive.
Actually our index formulas are in spirit (though not in their forms) close to
Riemann-Hurwitz formula (14.5) below, in that these formulas involve “upper
structures” — synergy and covering —, whose “ramification data” appear in
these formulas, and moreover no cancellation of terms occurs.

Riemann-Hurwitz formula ([6] p.569) Let 7 :T — S be a finite covering
between closed orientable surfaces of covering degree d with branch points q; €
S (j € J) and e; (> 2) their branch indices. Then

X(T) = dx(S)+ ) (e —1). (14.5)

JjeJ
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Note that in the sum >, (e; —

1.

finite covering
m: T — S

1), there is no cancellation of terms as e; —1 >

clan synergy (13.13)
T a1H1 X a2H2 X+ X CLn_lHn_l(ln X Hn
— a1HyasHs - - - a, H,

Riemann—Hurwitz formula
(14.5)

index formula (14.2)
(resp. index formula (14.4))

branch point g;

coset bU) H,, (in the decomposition (13.10))

branch index e;

absolute multiplicity v
(resp. planet index r®))

Euler number (7'

order product |Hy||Ha|- - - |H,|
(resp. |Hy[[Ho| - - [Hp1l)

In deducing our intersection formulas, a coset decomposition and a double
coset decomposition appeared, as in the following flowcharts:

(a) a monic clan HyasHy - -

: aan

~ its (Hy, Hy,)-double coset decomposition

~ intersection formula (6.16) for |Hy||agHoasHs - - ap—1 Hy—1a,|| H, |
and the factorized version (11.26) for |H,||Hs|- - |Hy|.
(b) a clan ayHyasHs - - - a, H,
~ its H,-coset decomposition
~+ index formula II (13.17) for |H,||Ha|- - |Hp1]|.

From the viewpoint of higher group theory, a coset and a double coset are
clans of lengths 1 and 2 respectively, and a coset decomposition is of first order,
while a double coset decomposition is of second order; accordingly the coset
decomposition carries informations only up to first order, while the double
coset decomposition carries informations up to second order (more informa-
tive). In fact, as in (a) and (b) above, the double coset decomposition gives
a formula for |Hy||Hs| - - |H,|, while the coset decomposition gives a formula
for |[Hy||Hz|- - |Hy—1| (one length shorter — information is reduced). Such a
reduction of informations already appears in more fundamental contexts:

(i) For a finite coset aH, we always have |aH| = |H| (regardless of a € G).
In contrast, for a finite double coset HaK, its order |HakK| generally

varies with a as |HaK| =

\H||K|/|H N K (Lemma 3.1 (B.3)).

(ii) For a finite coset aH, we always have |aH| = |Ha| (regardless of a € G).
In contrast, for a finite double coset HaK, in general |HaK| # |KaH|;
indeed by Lemma 3.1 (B.3),

[HaK|=|H||K|/|H N K°| = |H||K|/|H* N K],
|[KaH| = [K|[H|/[K N H,

(14.6)

where in general |[H* N K| # |K N H?| (see Example 14.3 below).
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Remark 14.2. While in general |HaK| # |KaH |, we always have |[Ha ' K| =
|KaH]|, indeed

\Ha 'K| = |H||K|/|H* N K| = |KaH], (14.7)

or alternatively from the fact that KaH is bijective to Ha 'K under the
inverse map:

KaH — (KaH) '=H '@ 'K '=Ha 'K (asH '=H, K ' =K),
kah € KaH —s (kah) ™' =h™'a %' € Ha 'K.

We give an example of |HaK| # |KaH|:

Example 14.3. G = &; (the symmetric group of degree 3): Take H = ((12))
(a cyclic subgroup of order 2 generated by a transposition (12)), a = (123)
(a cyclic permutation of order 3), and K = ((23)) (a cyclic subgroup of order
2 generated by a transposition (23)). Then

H*={(23)),s0 KNH*=K, thus |[K N H*| = |K| =2, (14.8)
H*' = ((13)),s0 KNH*" ={e}, thus [K N H* | = 1. '
Accordingly by Lemma 3.1 (B.3),
|HaK| = |H||K|/|H* NK|=2-2/1=4, (14.9)
|KaH| = |K||H|/|KNH=2-2/2=2. '

Remark 14.4. Concerning Example 14.3, the following peculiar phenomenon
happens: If we replace a = (123) with a larger set A = {e,a}, then the
magnitude of orders is reversed as follows:

|HaK| =4 > |KaH| = 2, whereas |[HAK| < |[KAH|. (14.10)
In fact:
Claim 14.5. (1) |[HAK| =4 and (2) |[KAH| = 6.

Proof. (1): Since A = {e,a}, we may write HAK = HeKUHaK ,ie. HAK =
HK U HaK. Here

HEK = HaK = {e,(12),(23),(12)(23) (= (123))}. (14.11)

Thus HAK = HK, so |[HAK| = |HK| = 4 (from (14.11)).
(2): Asin (1), we first write KAH = KH U KaH. Here
KH = {e,(12), (23), (23)(12) (= (132))} and

KaH = {e(123)e(=(123)), (23)(123) (= (13)),

(123)(12) (= (13)), (23)(123)(12) (= (123))}
={(123),(13)}.

Hence KAH = {e, (12),(23),(13),(123),(132)} (= &3), so |[KAH| =6. O

61



15 Bases, frames, and isogeny of clans

The Euler number of a clan ayHyaoHs - - - a, H, is given by |Hq||Hs| - |H,|
(Definition 14.1). Actually, as we see later, a clumsy phenomenon happens to
this (see Fact 15.7); but it will be resolved by introducing “words of clans”
(Definition 16.1). This and the next sections are devoted to its explanation,
examples, and related topics.

For a clan ayHyas Hs - - - a, H,, its coefficients are aq, as, . . ., a, and its basis
is Hy,Hs,...,H,. Here Hy, Hs,..., H, are possibly not distinct. Moreover
the basis does not care about the order of Hy, Hs,..., H,. e.g. the bases of
a1 Hyas Hy and by Hybo Hy are the same — both are Hy, Hy (possibly H; = Hs).
When we are concerned with the order of Hy, Hs, ..., H,, the “ordered basis”
is called the frame of the clan.

Definition 15.1. Two clans of a group G are isogenic if they have the same
basis and differ only by their coefficients.

Explicitly, two clans ay HyasHs - - - a, H,, and by K165 K5 - - - by, K, are isogenic if
and only if n = m and Ky, Ks, ..., K, are a permutation of Hy, Ho, ..., H,.
For a clan ayHiasHs - - - a, H,, the set of clans of G isogenic to it is given by

{bng(l)bgHa(g) . ana(n) b, be, ... b, €G, o€ Gn}, (15.1)

where G,, denotes the symmetric group of degree n consisting of the permuta-
tions of 1,2,....,n.

Definition 15.2. Two clans of a group G are strictly isogenic if they have the
same frame and differ only by their coefficients.

Explicitly, two clans ayHyasHs - --a,H, and by Kby K5 ---b,,K,, are strictly
isogenic if and only if n =m and Hy = Ky, Hy = Ks, ..., H, = K,,.
The sets of clans spanned by bases or frames

Fix subgroups Hy, Hs, ..., H, of a group G, and consider the set of clans of G
spanned by the basis Hy, Hs, ..., Hy:

B(Hl, HQ, ey Hn) = {ZL‘lHa(l)fL’QHO-(Q) te mnHO'(n) .

15.2
xiEG(izl,Q,...,n).UGGn}. (15:2)

Alternatively this is the set of clans of GG isogenic to a clan a; HyasHs - - - a, H,.
We say that B(Hy, Ho, ..., H,) is an isogeny set. Note that for any clan

lea(l)xQHa(Q) T :CTLHO'(TL) € B(H17 H27 s 7Hn)7

its Euler number |Hy1)||Ho(2)| - - - |Ho@my| (Definition 14.1) is always equal to
|H1||Ha| - - - |H,|, independent of o and x1, 3, . .., x,. Therefore:
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Lemma 15.3. The Euler numbers of clans in an isogeny set B(Hy, Ha, ..., Hy,)
are the same, equal to |Hy||Hs|---|H,|.

We next consider the set of clans of G spanned by the frame (i.e. ordered
basis) Hy, Ha, ..., Hy:

F(Hy,Hy, ..., H,) = {lelxgHg cexgHy e G(=1,2,. .. ,n)},
(15.3)
which is called a strict isogeny set — a subset of B(Hy, Hs, ..., H,) consisting
of clans of G strictly isogenic to a clan a;HiasHs - - - a, H,.

Definition 15.4. The strictly isogenic set F := F(Hy, Hs, ..., H,) forms a
clan semigroup with multiplication of two elements given by

oy - Hyy - yn Hyyo Hy - - -y Hy = 21y Hhoys Hy - - Y,
and with an identity H,H, - -- H,, — possibly there may be another identity.

Note the following;:

Fact 15.5. Take any h; € H; (i = 1,2,...,n). Then we have h;H; = H,;
(1=1,2,...,n), so

ththHQ"'han - HlHQHn (154)

However, in spite of (15.4) with the right hand side being an identity of F, the
left hand side is generally not an identity of F: possibly

ththHQ e han . y1H1y2H2 cee yan 7é y1H1y2H2 L ynH s (155)

that is, hyyyHihoyoHs - - - hyyn Hy # yiHiyoHs - - -y, H,,, where note that in
general h;y; # y; or even h;y; H; # y; H;.

Remark 15.6. In the above, while hyH{hsH> - - - h,,H,, is generally not a left
identity of the semigroup F in (15.5), it is always a right identity of F; indeed

y1HyyoHo - - yn Hy - hiHihoHy - - - hy Hyy = y1hi Hyyoho Ho - - -y by Hy,
=y HyHy - -y, H,, as hyH; = H;.
Clumsy phenomenon for the Euler numbers of clans

Besides the clumsy phenomenon for clan semigroups in Fact 15.5, there occurs
another clumsy phenomenon:

Fact 15.7. Let a1 HyasHs - - -a,H,, and by K by K5 ---b,,K,, be finite clans of
a group G such that

alHlaQHQ s aan = b1K1b2K2 cee mem (as subsets of G) (156)

Then in spite of this equation, their Euler numbers
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|Hy|[Ho| -~ [Ho| and K[|y - - [ Kl
may be different.

Actually this clumsy phenomenon occurs already for sects. We give examples
for the cases n # m and n = m separately:

Example 15.8 (Case n #m). G = S3: Let H = ((12)), Hy = ((23))
and Hs = ((31)) be cyclic subgroups of order 2 generated by transpositions
(12), (23) and (31) respectively. Take K; as Hi, and let Ky = ((123)) be
a cyclic subgroup of order 3 generated by a cyclic permutation (123). Then
H1HyH3 = K1 K5 (see Claim 15.9 below), but their Euler numbers are different:

Claim 15.9. In the notation of Fxample 15.8, HHHyH3z = K1 K, = G3.

Proof. We first show KKy = &3. Since |S3| = 6, it suffices to show | K Ks| =
6. Note that any nontrivial element of K; is of even order (two), whereas
any nontrivial element of K3 is of odd order (three). Thus K; N Ky = {e},
SO |K1 N K2| = 1. Then by Formula 2]_17 ‘K1K2| = |K1||K2|/|K1 N KQ’ =
2-3/1=6.

We next show HyHsH; = G&3. Note first that HyHyHs contains Hy Hse,
eHsHs and HieHs, that is, HiH,, HyH3 and H,Hs. Here

HiHy = {e,(12),(23),(12)(23) (= (123))},
HyHs = {e,(23),(31),(23)(31) (= (123))}, (15.7)
HiHs = {e,(12),(31),(12)(31) (= (132))}.

In particular H1HHs O {e,(12),(23),(31),(123),(132)} = S3. Hence
H1H2H3:63. D

Caution 15.10. In the proof of Claim 15.9, to show H; HyH3 = &3, one might
attempt to, instead of the argument therein, apply the following argument
LlSiIlg KlKQ = 632

Noting that H; (= K;) C HiHyH; (Lemma 2.2), once we show
K2 C HngHg, we have K1K2 C H1H2H3, i.e. 63 C H1H2H3, SO
63 = H1H2H3.

This argument is wrong: A priori, Ky C H{HsH3 and Ky C H{HyH3 do
not imply KKy C HyHyHj3, because initially Hy HyH3 is not known to be a
subgroup and as such, Hy Hy H3 may not be closed under multiplication — for
a subset S of a group G and subgroups A and B of GG, even if A C S and
B C S, in general AB ¢ S.
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Example 15.11 (Case n = m). G = &,: Take subgroups

Hy=((1234)) (27Zy),

Hy = ((12)(34), (13)(24), (123))

= 2, (the alternating group of degree 4),

Ky =((12), (1234))= D, (the dihedral group of degree 4),

Ko = (123)) (2 7).
Then H Hy = K1K5 (see Claim 15.12 below), but their Euler numbers are
different: ‘H1HH2| =4-12 =48 and ‘K1HK2| =8-3=24.

Claim 15.12. In the notation of Fxample 15.11, HHHy = K1 Ky = G4.

Proof. Since |&4| = 24, it suffices to show that |HHs| = |K1K5| = 24. We
first show |H; Hy| = 24. Note that H; N Hy = ((13)(24)). Here (13)(24) is of
order 2, so |H; N Hy| = 2. Then by Formula 2.11,

We next show | K7 Ks| = 24. Note that any nontrivial element of K; is of even

order — K; = D, is a 2-group of order 22 —, whereas any nontrivial element
of K3 is of odd order (three). Thus K; N Ky = {e}, so |K; N Ky| = 1. Then
by Formula 211, |K1KQ‘ = ’K1”K2’/’Kl N K2| =8- 3/1 = 24. ]

Example 15.13. For a subgroup H of a group G, we have H = HH (closed
under multiplication). Inductively

H=HH=HHH=---=HH---H=---. (15.8)
—_—
In particular for any distinct positive integers n and m,

HH---H=HH ---H. (15.9)

n m

Now suppose that H is a finite non-identity subgroup; so |H| > 2. Then in
spite of (15.9), the Euler numbers of these two sects are distinct: |H|" # |H|™.

Definition 15.14. A sect H1H, - -- H,, is redundant if for some i (1 < i < n),

H\Hy-- H;---H,=HHy---H, (as subsets of G), (15.10)

where H; means the removal of H;. The opposite case is irredundant: for any
i(1<i<n),

H\Hy---H;---H, C HiHy---H, (as subsets of G). (15.11)

Example 15.15. The sect HH --- H (n > 2) in Example 15.13 is redundant,
—

because HH ---H = HH --- H. In contrast, the sects in Examples 15.8 and
n—1 n
15.11 are irredundant.
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In addition to the clumsy phenomena for clan semigroups and the Euler
numbers of clans (Facts 15.5 and 15.7), there are still other clumsy phenomena
for clans:

Fact 15.16. For clans of equal lengths
a HiaoHs---a,H, and b KibyKs5---b,K,
such that
aiHiasHy - - - ap,Hy, = by Kibo Ky -+ - b, K, (as subsets of G), (15.12)
the following clumsy phenomena may occur:

(C1) In spite of (15.12), if H; # K; for some i (1 < i < n), then these two
clans are not strictly isogenic.

(C2) In spite of (15.12), if Ky, Ks,..., K, are not a permutation of Hi, Hy,
., H,, then these two clans are even not isogenic.

Remark 15.17. When two clans A and B are isogenic, we temporarily write
A ~ B. Then however (C2) means that A = B does not imply A ~ B; that
is, in general A 4 A (not reflexive). Thus ~ is not an equivalence relation on
the set of clans of G. Similarly (C1) means that strict isogeny of clans is not
an equivalence relation on the set of clans of G.

Even for sects, (C1) and (C2) may occur:

Example 15.18 (C1). Take the subgroups Hy, Hy and Hj of &3 in Example
15.8. Then HyHyHs = S3 (see Claim 15.9). We can also show HyH3zHy = G3
(see Claim 15.19 below). In particular

HyH,Hs = HyH3H. (15.13)

Here the factors Hy, H3, H1 on the right hand side are a permutation of Hy, Ho, H3
on the left hand side, thus Hy HyH3 and Hy H3 H; are isogenic. However in spite
of (15.13), they are not strictly isogenic, as Hy # Hy, Hy # H3 and H3 # H;.

Claim 15.19. In the notation of Example 15.18, HoHsH, = S3.

Proof. Let e be the identity. Note that HyH3H, contains HoHze, eHsH; and
HQ@Hl, that iS, HQHg, Hng and HQHl. Here

HyHs = {e,(23),(31),(23)(31) (= (123))},
HyHy = {e, (31),(12),(31)(12 :12@”, (15.14)
HyHy = {e,(23),(12),(23)(12) (= (132))}.

In particular HoHsH; O {e, (12),(23),(31),(123),(132)} = S3. Hence

HyH3Hy = Gs. O

Example 15.20 (C2). Take the subgroups H, Hy, K7, K5 of &4 in Example
15.11. Then H,Hy = K, K, (Claim 15.12), but they are not isogenic, as K7, K3
are not a permutation of Hy, Hy; indeed (K1, K3) # (Hy, Hs), (Hs, Hy).
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16 Words of clans

As we saw in the above section, there occur clumsy phenomena for clans (Facts
15.5, 15.7 and 15.16). To avoid them, we introduce “words of clans”:

Definition 16.1. For aclan ayH asHs - - - a, H,, its word is given by its ‘plasma
form’ (a1, Hy,as, Hs, ..., an, Hy).

Remark 16.2. Note that while a1 H a2 H> - - - a,,H, is a subset of GG, its word
(a1, Hy, a9, Hy, ... a,, H,) is not a subset of G.

The clumsiness for clans disappears for their words. To explain this, we
adopt the following term:

Definition 16.3. Two clans a1 HiaxHy -+ - a,H, and b; K1y K5 ---b,, K, are
identical if n = m, a; = b; and H; = K; for i = 1,2,...,n. Alternatively:
They are not identical if either of the following holds:

(i) n # m. (ii) » = m and for some i, a; # b; or H; # K;.
The advantage of using words lies in that even if
ayHiaoHy -+ - an,Hy,, = b K1by Ky - - - b, K, (as subsets of G),
as long as these clans are not identical, their words are different:
(a1, Hi,a9, Hy,y . .. an, Hy) # (b1, K1,be, Koy ... b, K. (16.1)

Recall that the Euler number of a clan ayHiasHs---a,H, is given by
x(a1HyasHy - - - a, Hy) = |Hy||Hs| -+ |H,|. We also define the Euler number
of its word (ay, Hy, a9, Ha, ..., an, Hy,) by

X(al,Hl,CLQ,HQ, ce ,an,Hn) = ‘H1HH2| s |Hn‘ (162)

Recall the clumsiness for the Euler numbers of clans — the following may
happen (Fact 15.7):

Even if CL1H1(I2H2 cee aan = blKlbgKg cee mem,
possibly x(ayHasHy - - - anHy) # X (01 K102 Ko - - - b Ky ).

This however does not occur for words of clans, because

(al,Hl,ag,Hg, e ,an,Hn) = (bl,Kl,bQ,Kg, .. .,bm,Km)
imphes X(a'llea CL27H2, s 7anaHn) = X(bla Kla b27K27 s 7bmaKm)-

Indeed the equation on the first line implies, by definition, that n = m, a; = b;
and H; = K; (1 =1,2,...,n), so trivially

|Hy||Ha| - - |Hy| = |K1|| K| -+ [ K. (16.3)
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Other concepts for words

Besides the Euler number of a clan, it is straightforward to generalize other
concepts for clans to their words:

o For a word (ay, Hy,as, Ho, . .. a,, Hy,), its coefficients are ay, as, ..., ap,
its basis is Hy, Ho, ..., H,, and its frame is the “ordered” basis Hi, Ho,
. H,.

e Two words (al, Hl, as, HQ, vy Oy, Hn) and (bl, Kl, bg, KQ, e bm, Km) are
isogenic if n = m and K, K>, ..., K,, are a permutation of Hy, Hs, ...,
H,. Note: This defines an equivalence relation on the set of words of
clans of G (cf. Remark 15.17).

o Two words (a1, Hy,as, Ha, ..., a,, H,) and (b1, K1, be, Ko, ... by, K,,) are
strictly isogenic if n = m and H; = K; (1t = 1,2,...,n). Note: This de-
fines an equivalence relation on the set of words of clans of G (cf. Remark

15.17).

For words of clans, clumsy phenomena like (C1) and (C2) in Fact 15.16
never occur, because

(a'17 Hl; a2, H27 ey Qp, Hn) = (b17 K17 b?v K27 cee 7bm; Km)
implies n = m, a; = b; and H; = K; (i = 1,2,...,n), so these two words are
trivially strictly isogenic (in particular isogenic).
Word groups

Fix subgroups Hy, Hs, ..., H, of a group GG, and consider the strictly isogenic
set with frame Hy, Ho, ..., H,:

Fo={axHxHy - x,H, : 2, €G (i=1,2,...,n)}. (16.4)

This forms a semigroup — a clan semigroup (Definition 15.4) — but generally
not a group. In contrast, we show that the corresponding object of words,
i.e. the set of words with frame Hy, Hs, ..., H, forms a group. First, this set
is explicitly given by

F = {(z1,H1, 29, H, ..., 2, H,) : 2, €G (i=1,2,...,n)}. (16.5)
Noting that F is bijective to G™ under
(v1, Hy,x9, Hy, ...z, Hy) € F—s (x1,29,...,2,) € G", (16.6)

we give a group structure to F such that (16.6) is a group isomorphism to
the direct product group G" as follows: multiplication of two elements of F is
given by

(xlv H17 X, HQ; vy Ty Hn) . (yl; Hl;yQ, H27 c s Yn, Hn)

(16.7)
= (mlylu Hh T2Y2, H?: -y TnYn, Hn)7
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the inverse of an element (z1, Hy, zo, Ho, ..., x,, H,) of Fis given by

(o7 Hy, oyt Hy, .. 2t Hy), (16.8)

and the identity of Fis (e,Hy,e,Hs,... e Hy,).

Definition 16.4. We say that F is the word group of clans of GG. By con-
struction, F = G™ (isomorphic as groups).

Expressions of clans

Words of clans are related to expressions of clans. First for sects, we introduce
their expressions. To that end, we formally regard a sect of a group G as a
subset S of G for which there exist subgroups Hiy, Hs, ..., H, of G such that

We say that (16.9) is an expression of S. In general S may have more than
one expression. As such, a synergy on § is, in this formalism, generally not
unique. In fact if S has more than one expression, say

SIHlHQ"'Hn:KlKQ‘”Km:LlLQ"'Ll, (1610)
then synergies on S are
m: H x Hy x --- XHn—>H1H2"'Hn:S,
’7T/2K1XK2><"'XKm—>K1K2"'Km:S, (1611)
7 Ly x Ly % "'XLZ—>L1L2"'Ll:S.
Next, as for sects, we formally regard a clan of a group G as a subset C of
G for which there exist aq, as, ..., a, € G and subgroups Hy, Hs, ..., H, of G

such that
C = CLlHlCLQHQ ce CLan. (1612)

This is called an expression of C. In general C may have more than one ex-
pression, and a clan synergy on C is, in this formalism, generally not unique:
if C has more than one expression, say

C=a1HyasHy - a,H, = by K1boKs -+ - by, K,y = 1 Lyco Lo - - - ¢ Ly, (16.13)
then clan synergies on C are
w: a Hy X apHy X -+ X a, H,, — a1HyaoHs - - - a,H, = C,
7' b Ky X by Ky X - X by Ky, — b1 K10y Ky -+ b, K, = C, (16.14)
7" cyLy X coLg X -+ X gLy — c1LycaLs -+ - c;L; = C.
Note moreover that the different expressions of C correspond to different words
(a1, Hy,a9, Hs, ..., a,, Hy,),
(b, K1,b, Ko, ... by K, (16.15)
(c1, L1, ¢9, Lo, ... ¢, Ly),
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which further correspond to different telergies on C:

n: {al} X H1 X {CLQ} X H2 X+ X {an} X Hn — alHlagHg---aan :C,
77/ : {bl} X K1 X {bg} X K2 X eeo X {bm} X Km — blKleKQ' . mem = C,
77,/ . {Cl} X Ll X {CQ} X LQ X X {Cl} X Ll — ClLngLz . 'ClLl =C.
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