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Abstract

In this article, we deal with stochastic horizontal lifts and anti-developments of
semimartingales with jumps on complete and connected Riemannian manifolds. We
prove two one-to-one correspondences among some classes of discontinuous semi-
martingales on Riemannian manifolds, orthonormal frame bundles and Euclidean
spaces by using the stochastic differential geometry with jumps introduced by Cohen
(1996). Both of these two results are extension of the one shown in Pontier-Estrade
(1992). The first result is the correspondence in the case where jumps of semimartin-
gales are regarded as initial velocities of geodesics which are not necessarily minimal.
In the second result, we also established the correspondence in the situation where
jumps of semimartingales are given by connection rules, but we impose the condition
that the jumps of semimartingales are small. The latter result enables us to construct
martingales with small jumps for a given connection rule on any compact manifold
from local martingales on a Euclidean space through horizontal semimartingales on
orthonormal frame bundles.

1 Introduction and main theorems

A stochastic parallel displacement of a frame along a diffusion was defined in [10,18]. This
can be regarded as the horizontal lift of a diffusion on a manifold to a frame bundle. The
horizontal lift of a continuous semimartingale on a manifold to more general principal
bundles was considered in [24]. The horizontal lift of semimartingales is an extension of
that of smooth curves on manifolds. Moreover, by employing horizontal lifts, we can regard
continuous semimartingales on manifolds as developments of continuous semimartingales
on tangent spaces above initial values, which are called anti-developments. Then we can
describe those horizontal lifts as solutions of SDE’s on the frame bundle driven by the anti-
developments. This description was utilized in [3,4] in the study of differential families of
continuous martingales on manifolds, which are naturally obtained from smooth harmonic
maps.
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Horizontal lifts and anti-developments of discontinuous semimartingales were also con-
sidered in [23], which dealt with discontinuous semimartingales on manifolds whose jumps
can be connected by unique minimal geodesics. The aim of this article is to extend the
result in [23] so that we can construct anti-developments of discontinuous semimartingales
in other situations.

To begin with, we recall an overview of the stochastic differential geometry for contin-
uous semimartingales on manifolds referring to [9,14]. Throughout this paper, we always
assume that we are given a filtered probability space (2, F,{F;}o<t<co, P) and the usual
hypotheses for {F;}o<t<oo hold. A cadlag process X valued in a manifold M is called an
M-valued semimartingale if f(X) is an R-valued semimartingale for all f € C*°(M). To
begin with, let us recall basic facts about continuous semimartingales on manifolds. It is
known that for an M-valued continuous semimartingale X, we can define the Stratonovich
integral of 1-forms ¢ along X and the quadratic variation of 2-tensors ¢. They are denoted

by / d(X)odX and / (X)) d[X, X], respectively. Furthermore, given a torsion-free con-

nection on M, we can define the Ito integral of 1-form ¢ denoted by / ¢(X)dX and the
equation
1
/(b(X)odX: /¢(X) dX+§/V¢(X)d[X,X]
holds. When we apply the stochastic analysis to semimartingales on manifolds, it is helpful
to consider lifts of semimartingales to fiber bundles on M. To see this, let (M, g) be a

Riemannian manifold and 7 : O(M) — M an orthonormal frame bundle, namely, we set

O, (M) := {u: R = T, M | u is a linear isometric map},
OM) = | | 0.(M),

zeM

Tm:OM)— M, m(u) =z, u€ Oy(M).

Let O(d) be an orthogonal group and o(d) its Lie algebra. Then O(d) acts on O(M) and
the action is defined by

ua:=uoa € Oy(M), v €M, ue O,(M), a€O(d).
We define a map R, : O(M) — O(M) by
R.u = ua, u € O(M)

for a € O(d). An o(d)-valued 1-form 6 € Q'(O(M);0(d)) is called a connection form on
O(M) if 0 satisfies the following:

e For all X € o(d), (0, X*) = X;

e foralla € O(d), R0 = Ad(a™ ") 0¥,



where

X (u) = (%) _Ouexth, ue O(M), (1.1)

R’ is the pull-back of § by R, and Ad: O(d) — End(o(d)) is the adjoint representation.

For a connection form @, set
H,={AeT,OM)]|(0,A) =0}, ue OM). (1.2)

This is called the horizontal subspace of T,,O(M). The restriction of ., to H, denoted
by 7ym, : Hy — TruM is a linear isomorphism for each u € O(M) and for X € T, M, the
vector R

X = (mum,) " (X)
is called the horizontal lift of X. Connection forms on O(M) and connections on M admit
one-to-one correspondence through the relation

VxY (ru) = u(X(7*Y)(u)), X, Y € X(M), ue O(M),
where the map 7Y : O(M) — R? is defined by
™Y (u) == v 'Y (7u), u € O(M).

A connection form on O(M) also determines the notion of horizontal semimartingales on
O(M), which enables us to describe every semimartingale on M through SDE’s. Indeed,
it is known that given an M-valued continuous semimartingale X, an O(M)-valued Fo-
measurable random variable ug such that mug = X, and a connection V on M, the O(M)-
valued continuous semimartingale U is uniquely determined which satisfies Uy = ug, 71U =
X and

0odU =0, (1.3)
/

where 6 is the connection form 6 corresponding to V. Furthermore, for an O(M )-valued
semimartingale U satisfying (1.3), the stochastic integral of the solder form s along U yields
a continuous semimartingale on a Euclidean space, which is called the anti-development of
U or of X := nU. Here the solder form s € Q'(O(M); R?) is defined by

s,(A) =u'm A, ue OM), AeT,OM).

Conversely, we can construct an O(M)-valued semimartingale U satisfying (1.3) from a
continuous semimartingale W starting at 0 on Euclidean space. In fact, by the existence
and uniqueness of solutions of stochastic differential equations (SDE’s) on manifolds (e.g.
[14]), there exists an O(M)-valued continuous semimartingale U satisfying

PU) ~ F(U) = [ LaPW) o aiE, F e 0¥(0)

where L (k=1,...,d) are the canonical horizontal vector fields on O(M) defined by
Ek(U) = (W*|Hu)_1<u6k)7 (k =1,... 7d>

and we have used the Einstein summation convention. Furthermore, by projecting U onto
the base space M, we obtain a continuous semimartingale on M. In [14], we can find the
proof of the one-to-one correspondence using an embedding of the manifold.
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1.1 Discontinuous semimartingales on manifolds

The purpose of this article is to establish the discontinuous version of the one-to-one cor-
respondence mentioned above. However, stochastic analysis for discontinuous semimartin-
gales on manifolds is complicated since we need to deal with jumps of processes on non-flat
spaces. Thus in order to state our main results clearly, we recall some notions regarding
discontinuous semimartingales on manifolds and stochastic analysis for them beforehand.

First, we let M be a d-dimensional C'*° manifold. As mentioned above, cadlag semi-
martingales on M can be defined without any other structures of M. However, in order
to consider the stochastic integral of 1-forms along X, we need the direction of jumps of
X which is supposed to be given by tangent vectors. In [22], maps from M x M to TM
called connection rules are introduced and the Ito integral of 1-forms is defined through
connection rules. A connection rule can determine the direction of jumps on a manifold,
which is necessary for the definition of the stochastic integral.

Definition 1.1. A mapping v : M x M — TM 1is a connection rule if it is measurable,
C? on a neighborhood of the diagonal set of M x M, and if it satisfies, for all x,y € M,

(i) v(z,y) € T, M;
(it) y(z,x) = 0;
(111) dy(x, )y = idp, -

Remark 1.2. Conditions (ii) and (iii) in Definition 1.1 are only relevant near the diagonal
set. Thus we can choose the values of connection rules ~ arbitrarily outside the diagonal
set as long as «y is Borel measurable and satisfies condition (i).

Remark 1.3. As mentioned in [22], for each connection rule =y, there exists a unique
torsion-free connection V such that

fly) = f(z) = ({df(z),v(2,y)) + %Vdf(x)(v(% y),y(x,y)) + O(d(z,y)*) (y — x)

for all f € C°°(M), where d is a distance compatible with the topology of M. Note that
the correspondence is not one-to-one. For two connection rules v, and s, they induce the
same connection V if and only if

I (x,y) —y2(z,y)| = Od(z,9)*) (y — z) (1.4)
for all z € M.

Given a connection rule v, we can determine the direction of jumps of a semimartingale
X by v(X,_, X;) as one option. Moreover, for a given M-valued semimartingale X and a
connection rule 7, we can define the stochastic integral of each T'M-valued cadlag process
¢¢ with ¢, € T, M by the limit in probability of the sum

kn

an’ll/\ta ’Y(XT{Ll/\t’ Xn-"/\t))

i=1



as n — 0o, where 73 < 71" < --- < 77! be a certain random partition satisfying

lim max{|7]' — 7" 4|;i=1,...,k,} =0
n—oo
and

lim 7} = oo.
n—oo "

/ bu X,

More generally, T'M x M-valued processes called A-semimartingales have been introduced
in [22], which is a pair of a cadlag semimartingale and “directions of jumps”.

We denote the limit by

Definition 1.4. Let Y = (AX, X) be an adapted T M x M -valued process. The process Y
is called a A-semimartingale if it satisfies the following:

(1) X is an M-valued semimartingale;
(i1) AXs € Tx, M for all s > 0;
(’LZZ) AXO € TX0M7 AXD = O,’

(iv) for all connection rules vy and T* M -valued cadlag processes ¢,

Z (s, AXy —v(Xs_, X)) < 00, for allt > 0. (1.5)

0<s<t

Remark 1.5. Although we denote the T'M-valued part of a A-semimartingale by AX in
Definition 1.4, it is not uniquely determined solely by the M-valued part X. Indeed, for
a given M-valued semimartingale X and for any choice of a connection rule ~, the pair
(v(X_,X), X) forms a A-semimartingale. Therefore, if we consider the case where we
are given a A-semimartingale (AX, X), it implies that we consider a specific T'M-valued
process AX which satisfies the conditions in Definition 1.4.

Remark 1.6. It is sufficient that condition (iv) in Definition 1.4 is satisfied for some
connection rule since all the connection rules have the same order near the diagonal set
by condition (iii) of Definition 1.1. Condition (1.5) means that the difference between the
T M-valued part AX, and v(X,_, X;) becomes small for s € [0,¢] with AX, small, and
there are only a few s € [0,¢] where AX is large.

Let (AX, X) be a A-semimartingale and V a torsion-free connection. Then by Propo-
sition 3.5 of [22], we can define the It6 integral along (AX, X) by

/0 ¢s— dXs ::/0 ¢s— f)/dXs + Z <¢s—7AXs - 7(X3—7Xs)>7

0<s<t

where ¢ is a T M-valued cadlag process above X, i.e. ¢; € T'x,M, and v is a connection
rule which induces V. In a similar way, for a A-semimartingale (AX, X)), the quadratic
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variation of a T*M ® T*M-valued cadlag process 1) above X is also defined and denoted
by / Ys— d[X, X]s. Discontinuous martingales on manifolds can be introduced based on

the Ito integral on manifolds.

Definition 1.7. Let M be a d-dimensional manifold with a torsion-free connection V,
and (AX, X) an M-valued A-semimartingale. We call (AX, X) a V-martingale if for all

T* M -valued cadlag processes ¢ above X, the Ito integral [ ¢_ dX is a local martingale.

Note that the definition of martingales with jumps depends on the direction of jumps
AX. If (v(X_, X),X) is a V-martingale, we call X a y-martingale.

Next we introduce the Stratonovich integral of 1-forms along A-semimartingales. The
definition below is an extension of that of [23].

Definition 1.8. Let V be a torsion-free connection and (AX, X) an M -valued A-semimartingale.
For o € QY (M), we define

/OtozodX = /Otoz(Xs—)dXs +%/Ot(Voz)(Xs_)d[X,X]g,

This is called the Stratonovich integral of 1-form « along (AX,X). We also denote the
t

integral by / a(X,) o dX,.
0

Remark 1.9. As we will see in Proposition 2.4 in Subsection 2.1 below, the notion of the
Stratonovich integral introduced above does not depend on the choice of the torsion-free
connection V.

1.2 Main theorems

Again we let (M, g) be a Riemannian manifold. Throughout this article, for a smooth
vector field A on M, we denote by

ExptA: M — M, x — Exp,tA

the one-parameter transformation generated by A. On the other hand, the exponential
map defined through geodesics on M is denoted by exp: TM — M. Let {¢;} and {X,} be
orthonormal bases on R? and o(d) with respect to the standard inner product, respectively.
Then the connection form # and the solder form s can be written as

0=0X,, s=-s".

Note that the set of vector fields {Ly, Xoﬂé}k:ll """ CZ@H) is a basis of each tangent space on
a=1,..., —

O(M) and {s* 6°} is its dual basis. We define the Riemannian metric § on O(M) by

d(d—1)

at=1) .

gi= ) 0"@0°+) sfes (1.6)
a=1 k=1



and denote the corresponding Levi-Civita connection by V. Fundamental properties of §
are given in Appendix. By employing the connection on the orthonormal frame bundle,
we can define the It6 integral of 1-forms and the quadratic variation of 2-tensors on O(M)
with respect to V. To state our results precisely, we introduce two more definitions.

Definition 1.10. (1) Let (AU, U) be an O(M)-valued A-semimartingale. Then (AU, U)
is said to be horizontal if

t
/ O(Us) odUs =0
0
for allt > 0.

(2) Let (AU,U) be a horizontal A-semimartingale on O(M). The anti-development of

(AU, U) is defined by
W = /E(U) o dU.

(3) Let (AU,U) be an O(M)-valued horizontal A-semimartingale and (AX, X) an M-
valued A-semimartingale. Then (AU,U) will be called a horizontal lift of (AX, X)
if

U =X, m,AU = AX.

(4) Let W be an Ré-valued semimartingale W with Wy = 0 and Uy an Fo-measurable

O(M)-valued random variable. Then by the existence and uniqueness of solutions of

SDE’s on manifold (see [6] or Example 2.9 of this article), there exists an O(M)-
valued semimartingale U such that for FF € C*(O(M)),

F(U,) — F(Uy) = /Ot LyF(U,_)odWF

+ Z {F(EXpUszWskﬁk(Us—)) - F(Us—) - ﬁkF(US—)AWsk}

0<s<t

(1.7)
This process U s called a development of W.
In our first theorem below, we consider A-semimartingales satisfying
expy, AX, =X, (1.8)

on (M, g). We also consider condition (1.8) for processes on (O(M), ).

Theorem 1.11. (1) Let W be an R¥-valued semimartingale with Wy = 0 and U a
development of W. Suppose that U does not explode in finite time. If we set
AU, = AWELL(U,_), then (AU, U) is a A-semimartingale satisfying (1.8) on O(M)

and it holds that
/9 odU = /0 )dU =0,

/ YodU = / ) dU =W.

In particular, the anti-development of (AU,U) is W.
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(2) Let (AU,U) be a horizontal A-semimartingale satisfying (1.8) on O(M) and W the
anti-development of (AU, U). Then the development of W equals to (AU, U).

(3) Let (AU,U) be a horizontal A-semimartingale satisfying (1.8) on O(M). Set X =
U, AX =1, AU. Then (AX, X) is a A-semimartingale satisfying (1.8) on M.

(4) Let (AX, X) be an M -valued A-semimartingale and ug an Ox,(M)-valued Fo-measurable
random variable satisfying (1.8). Then there exists a unique horizontal lift (AU, U)
of (AX,X) with Uy = uqg satisfying (1.8). Furthermore, if we let (1,...,€q4) be a
standard basis of R and (g1, ..., &%) its dual basis, then it holds that

¢
W/ = / U,_e"dX,,
0
where Uy : (RY)* — Ty, M is defined by
(Ut,a,v> = <a7 Ut:lv>7 a € (Rd)*v v e T;(t,M>

and W is the anti-development of (AU,U).

This result is a generalization of the result of [23]. In [23], this kind of result was shown
only in the case where jumps of semimartingales can be uniquely connected by minimal
geodesics, but our result includes some cases where this assumption is not satisfied. As
we will see later in Lemma 3.1, we can take a connection rule on any complete connected
Riemannian manifold which provides the initial velocities of geodesics between two points
even if minimal geodesics between two points are not uniquely determined. Thus we can
construct a horizontal lift of every cadlag semimartingale and establish the one-to-one
correspondence for each chosen connection rule, which will be shown in Lemma 3.6.

Moreover, by replacing jumps with other geodesics, we can construct horizontal lifts
of semimartingales of which jumps are described by geodesics that are not necessarily
minimal. For example, let N be a Poisson process with intensity A and X a semimartingale
on the unit circle S* given by X, = e2!™t=3M)  Then each jump of X can be connected
by the unique minimal geodesic ¢;(s) = X;_e2* (s € [0,1]) and we can set the jump to
AX, = ¢,(0) € Tx,_S'. On the other hand, we can also take a geodesic & (s) = X, e 2™
(s € [0,1]) connecting X;  and X; and set AX, = ¢,(0) € Tx,_S'. The anti-developments
of (AX, X) and (Z)\(,X) are 2(N; — 3Xt) and 37(N; — At), respectively and in particular,
the latter one is a martingale. This kind of situation naturally happens if we consider
SDE’s on orthonormal frame bundles on general complete Riemannian manifolds which
are in the form of (1.7). Let W be a semimartingale on R¢ with W,, U the solution of
the SDE (1.7) and X = 7(U). In this case, it is natural that we set the jumps pf X
to AX; := 7. (Lyx(U;)) AWF rather than velocities of minimal geodesics, especially when
W is a semimartingale with special properties such as a local martingale, a Lévy process,
etc. Moreover the horizontal lift and the anti-development are essentially unique for the
determined jumps and equal to U and W, respectively due to Theorem 1.11.

Our next result includes cases of A-semimartingales whose jumps are described by
connection rules which are not necessarily given by geodesics. For a connection rule 7 on
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M, we consider a A-semimartingale given in the form of (y(X_,X), X). The aim here is
to find an R%valued semimartingale Z satisfying the following two requisites:

(a) Ito integral of 1-forms on M along the semimartingale X with respect to the connec-
tion rule v can be described by the stochastic integral on R¢ along Z;

(b) the semimartingale Z can reconstruct X through the SDE.

The motivation of this aim is derived from the fact that the notion of discontinuous mar-
tingales depends on connection rules. For instance, in the recent studies [19,20], it has
been shown that harmonic maps valued in Riemannian submanifolds of Euclidean spaces
with respect to non-local Dirichlet forms can be characterized through martingales with
respect to the connection rule which is not defined through the exponential map but the
embedding. Typical examples of these kinds of harmonic maps are fractional harmonic
maps introduced in [11,12], which are critical points of the fractional Dirichlet energy. Our
next result guarantees the one-to-one correspondence between A-semimartingales in the
form of (y(X_X),X) on M with small jumps and R%valued semimartingales satisfying
conditions (a) and (b) above for any compact Riemannian manifold M and connection
rule M which induces the Levi-Civita connection. Thus our result might be instrumental
in the study of the probabilistic description of fractional harmonic maps and associated
martingales on manifolds. In Theorem 1.12 below, we denote geodesic balls on R?, M and
T, M with radius r > 0 by B,(z), BM(x) and B¥=M (v), respectively, where z € RY, z € M
and v € T, M.

Theorem 1.12. Let (M, g) be a compact Riemannian manifold and v € C°°(M x M; T M)
a connection rule which induces the Levi-Civita connection. Then there exist §g = do(M, g,7),
d=0(M,g,7) >0 and h € C*(O(M) x Bs(0); Bs,(0)) such that if we extend the map h
to a map on O(M) x R by setting 0 on O(M) x Bs(0)¢, the following hold:

(1) Let Z be a semimartingale on R? with
sup |AZ| <6, P-a.s. (1.9)

0<t<oo

and uy an Fo-measurable O(M)-valued random variable. Then there exists a unique
U satisfying Uy = ug and

FU) - B0 = [ £F (U, )02,
+ Y {F(Expy, (W(Us-,AZ)Ly)) — F(U,") — L F(U,_)AZF}

0<s<t

(1.10)
for all F € C*(O(M)) and the process X = w(U) satisfies

/¢> vdX = / (U o, L(U_)) dZ* (1.11)
for any T M -valued cadlag process ¢ above X.
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(2) Let X be an M-valued semimartingale satisfying

-1
X € (7Xt,|3%(Xt7)> (B(STX“M(O)> forallt >0, P-a.s.,

where vy, = ~(x,-) for x € M. Then there exists a semimartingale Z on R?
such that if U is an O(M)-valued semimartingale satisfying (1.10), then the pair
(WF(U_,AZ)Ly(U-),U) is a horizontal lift of (U_-WU_,AZ),X) and X satisfies
(1.11).

SDE (1.10) is different from (1.7) in that the map h constructed from the connection rule
7 appears in the jump part. The map h plays the role of replacing the jump AZ*L,(U_)
with h*(U_, AZ)L,(U_), which yields the desired relation (1.11). The precise construction
of &g, 6 and h appearing in Theorem 1.12 will be given in the proof. In the case where M
is a sphere, we can write them explicitly. See Example 3.12. In particular, by taking Z in
such a way that Z is a local martingale satisfying (1.9) in Theorem 1.12, we can construct
martingales on compact Riemannian manifolds with respect to an arbitrary connection
rule which induces the Levi-Civita connection from local martingales on Euclidean spaces.

Outline

We give an outline of the paper. First, we recall stochastic differential geometry with
jumps developed in [6,7]. We give proofs of our main results in Section 3. We summarize
some facts and simple calculation regarding orthonormal frame bundles and Riemannian
metrics on them in Appendix.

2 Preliminaries

2.1 Stochastic integrals along discontinuous semimartingales on
manifolds

We have recalled some notions regarding stochastic analysis for discontinuous semimartin-
gales on manifolds in Subsection 1.1. In this subsection, we will recall some basic properties
of Stratonovich integral defined in Subsection 1.1. Throughout this subsection, we let M
be a C*> manifold and fix a torsion-free connection V on M.

Proposition 2.1. For any A-semimartingale (AX, X), o € QY (M) and f € C>(M),

/faodX:/f(X)od(/aodX). (2.1)

In (2.1), the right-hand side is the Stratonovich integral of R-valued semimartingale
f(X) along R-valued semimartingale / a o dX; namely, for R-valued semimartingales Y
and 7,

/YodZ = /Y_ dz + %[Y, A

10



Proof. We begin with the left-hand side of (2.1):

/(fa o dX, /f@ ) dX, ++ /Vfa ) X, X°

oo o [ s

+5 [[a@don) X

where we have used stochastic calculus rules for the Ito integral from Proposition 3.5 (b)
and Proposition 3.6 (b) in [22]. On the other hand, by the straightforward calculation, the
right-hand side of (2.1) can be written down as

/Otf(XS)od</SaodX> | C
/f (/ ozodX) ! {f(X),/aodXL
:/0 f(XS_)d</ adX) /f (/ Va(X.) d[X,X]C)

+% {f(X),/O a dXL.

Furthermore, by the claim below Proposition 3.6 in [22], we have
lf(X),/ o dX] _ [/ dF(X) dX,/ o dX]
0 t 0 0 t
t
_ / df @ a(X_) dIX, X"
0

Therefore we obtain

/faodX:/f(X)od(/aodX),

and this is precisely the assertion of the proposition. Il

Proposition 2.2. Let (AX, X) be a A-semimaritngale. Then for a, 3 € QY (M),

[/a(X)odX,/ﬁ(X) odx] _ /a@ﬁ(X)d[X, X,
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Proof. By Definition 1.8 and the claim below Proposition 3.6 in [22], we have

[/a(X) odX,/ﬁ(X)odX} = {/a(X)dX—FlVa(X)d[X, X,
/ﬁ )dX + = /Vﬁ (X_) [X,X]C}

_ [/a(X_)dX,/B(X_)dX]
:/a@;ﬁ(X)d[X,X].

This is our claim. ]

Since the stochastic integral along a A-semimartingale has a cadlag modification, we
can consider the stochastic integral on a random interval.

Definition 2.3. Let S,T be stopping times with S < T and (AX, X) a A-semimartingale.
For a T* M -valued cadlag process ¢ above X, we define

T S
b5 dX, = / b5 dXs — / b dXs,
(8,7 0 0

¢5, dXs = <¢T*7 AAXVT>7
{1}

¢s— dXs = qbs— dXs - ¢s— dXs
(S,T) (8,1 {1}

We define the quadratic variation and the Stratonovich integral on (S,T], {T}, (S,T) in
the same way.

Proposition 2.4. Let (AX, X) be a A-semimartingale and (U;x', ... 2%) a local coordi-
nate neighborhood. Let o € QY (M) and b a 2-tensor field with

a=a;dx’, b= bl-jdxi ®dx’ on U.
Let S, T be stopping times such that S < T and X; € U for s € (S,T). Then
/ a(Xs) o dXs - O-/i(Xs) © dX; + Z ai(Xs—) (5; - AX;) ) (22)
(S,T) (S,T)

S<s<T

/ b(XS_)d[X,X]S:/ by (X, ) d[X7, X7,
(S,T) (S,T)

+ > bi(Xeo) (€€ - AXL AXY (2.3)

S<s<T
where X' = 2'(X), AX! = X! — X' and & = (dz"(X,_),AX,) on U. (Note that AX is
not equal to AXi—i) In particular, the Stratonovich integral and the quadratic variation

of A-semimartingales are independent of the connection V.
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Proof. We begin with the left-hand side of (2.2):

/ a(X)odX = ai(X_)d (/ da:idX)
(S,T) (S,T)
+1/ 00 _ i, (X_)d /dxi®dxj d[X, X]°
2 (ST axj ij Yk - ) )

where Ff} is the Christoffel symbol for the connection V. On the other hand,

/(S,T) @:(X) od (/ dzi o dX)
_ /(&T) 0i(X) o d ( / dxidx) + % /(S’T) 0i(X) o d ( / Vdrid[X, X]C>

1 8ak

:/<ST) ) (/ &' dX) T3 /(ST) (ﬁ - Fé”“a") (X2) da? @ da® d[X, X]*.

Therefore
/ a(X)odX = Ozi(X)od(/dxiodX).
(S,T) (S,T)

Thus we have

/ a(X)odX = a(X)od | X' = Xj— Y (XI-X. —¢&)
(S,T) (S8,T)

0<s<:

= (X)) odX' ai(X,) (€8 — AXD.
[ X0 edx 3 ) (6 - AX))

S<s<T

(2.3) follows in the same way. O

2.2 Second-order stochastic differential geometry with jumps

Next, we recall the theory of second-order stochastic differential geometry with jumps. In
[6,7], S. Cohen formulated the stochastic integral of order 2 along cadlag semimartingales
valued in manifolds and the stochastic defferential equation. In this section we summarize
results on them. We refer to [1,6,7,13]. Several works done in [6, 7] have also been
summarized in [17]. A linear map L : C*(M) — R is called a second-order differential
operator without constant at € M if for a local coordinate (z') including z, there exist
a € R, b* € R (i,5,k =1,...,d) such that L is denoted by

i 15
Lf(x)= E aw@:cing (x) + E bka—xj;(x), feC*M).
k=1

ij=1

This definition does not depend on local coordinates. Denote the vector space of all second-
order differential operators without constants at x € M by T,M. The space

TM = |_| T, M

zeM
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is called the second-order tangent bundle on M. Let T:;M be the dual space of T, M for
each x € M. The space
M = | | TiM
zeM

is called the second-order cotangent bundle on M.

Definition 2.5. A Borel measurable function f : M — R s called a form of order 2
specified in x if f is twice differentiable at x and f(x) = 0. Define

A
T M :={f: M = R| f is a form of order 2 specified in =},

f*M = | | ’I?*wM,
xeM

A
and G, : T, M — T M by

G.f(L):=Lf(z), f€ Ié*IM, LeTM.

A
By Theorem 1 of [6], for an M-valued semimartingale X and a T*M-valued predictable

A
locally bounded process © above X, we can define the stochastic integral / © dX. Note

that the stochastic integral defined in Theorem 1 of [6] can recover the It6 integral with re-
spect to connection rules. Let «v be a connection rule on M, X an M-valued semimartingale
and ¢ a T*M-valued cadlag process. We set

(Tx 60 ) () = (6 A(Xesy)), y € M, (2.4)

A A
Then vy, ¢, € T*x,_ M and

A A
/ Tx, e dX, = / b5 ydX,.

Next we recall the theory of SDE’s on manifolds with jumps formulated in [6,7].

Definition 2.6. Let M and N be manifolds. Suppose that C is a closed submanifold of
M x N such that the projection py from C to M is onto and a submersion. A measurable
map ¢ : C x M — N is called a constraint coefficient from C x M to N if

(ii) ¢ is C* in a neighborhood of {(z, pi(2))|z € C},
(111) for allx € M and z € C, (x, ¢(z,z)) € C.

In the case C'= M x N, we refer to ¢ as just a coefficient of SDE’s.

14



Definition 2.7. Let M and N be manifolds, C' a closed submanifold of M x N, and
¢: CxXM — N a constraint coefficient from C' x M to N. Fiz an M -valued semimartingale
X and an N-valued Fy-measurable random wvariable yo with (Xo,v0) € C. A pair of a
positive predictable stopping time n and an N-valued semimartingale Y on [0,7n) is called

a solution of the SDE

A A
{ dY = (Y, dX), (2.5)
Yo = o,

A
if Yo = yo, (X,Y) € C and for all T* N -valued locally bounded predictable processes © with
A

O, € T*y,N on [0,n),
A A
/@dY_/qﬁ*@dX,

0"0(2) == O (d(Xi—, Y, 2)).

Theorem 2 of [6] and Theorem 1 of [8] guarantee that equation (2.5) admits a unique
solution.

Remark 2.8. Let t: M — R? be an embedding. Then by Remark 7 and Proposition 4 of
6], (Y,n) is a solution of the SDE (2.5) if and only if for any f € C*°(N) and t < 7,

where

LOf o, 1 [10%fod, o
(Y = F(¥) = / Fo®e (X yaxi+ g 0 Lo 0 (X )X X
Of o ®, :
S {f(fbs(Xs))—f(Ys—)— e <Xs_>AXS},
0<s<t

where ®;: RY — N is an extension of ¢(X;_,Y;_,-) to a function on R? which is C? at
z=X,_, (z',..., 2% is the canonical coordinate on R¢ and

WXy = (X} X,

Example 2.9. Let A; (i = 1,...,r) be complete vector fields on M. We suppose that any
R-linear combination of {A;};,—1 . is also complete. Let h: M x R” — R" be a function
which is C* on the neighborhood of M x {0} and

h(z,0) =0
for all x € M. Define ¢: R" x M x R" — M by

o(z,z,w) := Exp, (Z hk(x,w — Z)Ak> ,

k=1

where h(z,z2) = (h'(z,2),...,h"(z,2)). Then ¢ is a coefficient of SDE’s. Let W be a
d-dimensional semimartingale with Wy, = 0. Then the SDE

AX = 6(X, dW) (2.6)
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admits a unique solution (X, 7). By Remark 2.8, this means that for all f € C>*(M), X

satisfies that

(X)) = f(Xo) =

where

k
/Akf O Wy aw;

Ohk Ohy,
+ = 5 /0 {AkAlf( )awi (st)awj (W)
O2hk i p7dle
+Akf(X57)awiawj (WS)} d[W W ]s
o k
+ Z { (Expy, ( (hs(Wo)Ar)) — f(Xo) - Akf(Xs_)@ilUZ
0<s<t

hF(w) = hF (X, w — W,_).

(W,_ )AVW} ,

Lemma 2.10 below states that we can describe the Stratonovich integral and the
quadratic variation along the solution of (2.6) by the integral along the driving semi-
martingale on a Euclidean space.

Lemma 2.10. Set AX; := Ap(X,_)h*(X,_, AW;) under the conditions stated in Exam-
ple 2.9. Suppose that (AX, X) is a A-semimartingale and h satisfies

for all x € M, where the left-hand side is the derivative of the map h(x

doh(z,”) = id: R — R"

origin. Then for a € QY(M) and b € T(T*M @ T*M),

where we set

/a(X) 0dX = /(a, AL (X) o dW*

1 thg k l1c
+—/W(Ws—)<a>Al>d[W W]

+ Z _), REAL(X,2)),

/ b(X) d[X, X] = / b(X) (Ar(X_), A(X_)) W, W

+ Y AWEFRLB(X,)(Ar, Ay)

0<s<-

+ ) RIAWD(X, ) (Ar A)
0<s<-

+ ) RERB(X._)(Ag, Ay,
0<s<-

R = hM(X,_, AW,) — AW},

16
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Proof. To begin with, we take f € C*°(M) and a = df. Then by Ito’s formula,

FOG) = £ = [ dF(X) 0 X + 3 (10X = F(X.0) = (d(X.). AX)

0<s<t

Note that
ok

owt

by the assumption for A. Then in view of Example 2.9, we have

/ot df(X) 0 dX = f(X0) = f(Xo) = D {F(Xe) = f(Xoo) = (df (X, ), AX,)}

0<s<t

k
/Akf ah( ) aw

onF  on

9 R L CSSELTUASE TS

0?hk

owtowI

£ (X, AX, — A ) awy
T owk T B

0<s<t
=/<df,Ai>< yaw + /AAf ) dw W
O?h*
o Ow'ow J
+ Z (df (Xs-), REAL(X,)).

0<s<t

Ap(Xom) 55 (W) = Ai(X,-).

CALF(X,) <Ws_>} A W

df, Ag) (X o) d[W?, WS

Moreover, by substituting f to A;f in the equality in Example 2.9, we have

/0 (df. A (X) o AW = /0 (df, A (X0 AW+ AL (X), W

:/Ot(df,Ai)( ) dWE + /AAf )W WS

Thus we have

/Ot df(X) o dX = /0t<df, AR (X) o dWF

t 21 k
1 832'2;3‘ (W) (df, Ag)(Xs-) d[I/I/i7 WJ]E
+ Z (df(X,—), REAR(Xs2))
0<s<t

17
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Next, we take another g € C°°(M). Then by (2.7),
/df@dg(X) (X, X] = [/ df (X) odX,/dg(X) odX}
_ / df @ dg(Ag, Ar)(X_) d]W*, W]

+ Y AWIRLf @ dg(Ag, Ay)(X,-)

0<s<:

+ > REAW!df @ dg(Ag, Ar)(X,-)

0<s<:

+ Z R{Rdf © dg(Ay, Ay (X,-). (2.8)

0<s<:

Thus we obtain the desired equality for a = df and b = df ® dg. Without loss of generality,
we can suppose that M is isometrically embedded in a higher dimensional Fuclidean space
by ¢: M — R?. Note that any a € QY(M) and b € T(T*M ® T*M) can be expressed as

a = agdl’, (2.9)
b= bijdl/i & dLj, (210)

where o; = (o, V'), bj; = b(Vi', V7). These expressions yield the desired equality for
general o and b. O]

3 Proofs of Theorems 1.11 and 1.12

Let (M, g) be a complete and connected Riemannian manifold and O(M) an orthonormal
frame bundle on M. We use the notation defined in the previous sections. In this section,
we prove Theorems 1.11 and 1.12.

3.1 Proofs of Theorem 1.11 (1)—(3)

Proof of Theorem 1.11 (2). By It6’s formula, the horizontal A-semimartingale (AU, U)
satisfies

F(U,) — F(Up) = /Ot dF(U,) o dU,

+ Y {F(U,) = F(Us-) = (dF(U,-), AU,)}. (3.1)

0<s<t

Since dF' can be written as dF = L, Fs* + X!F0*, by Proposition 2.1, equation (3.1)
becomes

FW) - o) = | LR (U)o W

+ Y {F(U,) - F(Us-) — LuF (U, ) AWEY,

0<s<t
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where we used W = /S(U)odU7 AW = (s(U_), AU). This implies that U is the stochastic
development of W. O

We denote by C, the set of connection rules v which satisfy the following: for all
r,y € M, exp,ty(x,y), t € [0,1] is a minimal geodesic connecting x and y. If M is a
strongly convex Riemannian manifold, v € Cj; can be written as

Y(x,y) = exp; ' y. (3:2)

In general, as we will show in the Proposition 3.1 below, as long as we assume that (M, g)
is a complete connected Riemannian manifold, we can take a connection rule v such that
~(z,y) is an initial velocity of a minimal geodesic connecting x and y for all x,y € M even
though the cut locus is not empty. We use the notion || - || as the norm with respect to the
Riemannian metric.

Proposition 3.1. Let (M, g) be a complete and connected Riemannian manifold. Then

C, # 2.
Proof. Let wry : TM — M be a canonical projection associated with the tangent bundle
and let
UM :={A €TM||A|=1}.
Define t : UM — [0, 0] by
t(A) :=sup{t >0 | d(mrp A, exp(tA)) = t},
where d is the Riemannian distance. Set

Dx = {tA € TM ‘ A € U:EM7 te [O,t(U)]},

D= |_|Dm.

xeEM
Then D is a closed subset of TM. Define F : TM — M x M by

F(A) := (mram A, exp(A)).

Then F' is a continuous map because the solution of the geodesic equations depends con-
tinuously on the initial value. We further set

O(z,y) = {A € T, M | exp, A =y, [|[A| =d(z,y)}.
and
®H(B) == {(z,y) | ®(z,y) N B # &}
for B C TM. Then for any compact set C' C T'M, we have
d1(C) = F(CnD).

Since F is continuous, this is a compact subset in M x M. In particular, ®~*(C) is a Borel
subset. Therefore by measurable section theorem ([21], Theorem 5.2), there exists a map
v: M x M — TM such that vy(z,y) € ®(x,y) and v~ }(C) is a Borel set for any compact
subset €' C T'M. Then ~ is Borel measurable. Moreover, since v can be written in the
form of (3.2) whenever possible, it satisfies conditions (i)—(iii) in Definition 1.1. O
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Lemma 3.2. Let (AX, X) be a TM x M-valued process satisfying (i), (i), (iii) in Defi-
nition 1.4 and (1.8). We further assume that for every t > 0, AX satisfies

Z IAX,|* < o0 a.s.

0<s<t
Then for all v € C, and t > 0, the number of s € [0,t] with
AX, # ’Y(Xs—a XS)

is finite almost surely. Furthermore, (AX, X) is a A-semimartingale, namely, the process
AX also satisfies (iv) in Definition 1.4.

Proof. Fix t > 0, w € Q, and a connection rule v € Cy. Let r : M — [0,00] be the
injectivity radius. Then r is positive and continuous on M. Since the path X(w,[0,?])
is compact, r admits the minimum value 7y on the set. Since Z |IAX,(w)|* < oo, the

0<s<t
number of s € [0,¢] with |[AX (w)| > 7o is finite. For s with |AX| < ry, we have

AX(w) = 7(Xs-(w), Xs(w)) since both of them are the initial velocity of the minimal
geodesic connecting X, (w) and X (w). Therefore the number of s € [0, ] with AX(w) #
Y(Xs-(w), Xs(w)) is finite. Furthermore, for all T*M-valued cadlag processes ¢ above X,
condition (1.5) is satisfied and hence (AX, X) is a A-semimartingale. O

Proofs of Theorem 1.11 (1) and (3). By virtue of Theorem 1.11 (2), any horizontal A-
semimartingale (AU, U) can be described as the development of the anti-development
W of (AU,U). Thus we deal with (1) and (3) in Theorem 1.11 simultaneously. Since
Expy, AWEL, = U,, AU is the initial velocity of the geodesic from U,_ to U, with regard
to g and AXj is the initial velocity of the geodesic from X to X;. Since [W, W] (w) < oo,

Z |AW,(w)]* < oo for any fixed ¢ > 0. Hence it holds that Z |AX,(w)|]* < oo and

0<s<t 0<s<t

Z |AU,(w)|* < oo because
0<s<t

IAW]| = |AU| = |AX].

Therefore by Lemma 3.2, (AX, X) is a A-semimartingale. This completes the proof of
Theorem 1.11 (3). By Lemma 2.10 and Proposition A.1 in Appendix,

/e(U) odU = /<9,.ck> odW* =0,
/ SO ) dU, U] = / SO(LA(U), Lo(U)) d[WVE, W = 0.

Thus we obtain

/e(U_) dU = 0.
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Similarly, it holds that
/5’“(U) odU = /(5'“,&) odW' = /5{c odW' =Wk,
/WU_)d[U, U = /%(ck(U_),,cl(U_)) AW W = 0,
Hence we obtain

/E(U_)dU =W

This completes the proof of Theorem 1.11 (1). O

3.2 Proof of Theorem 1.11 (4)

In this subsection, we divide the proof of Theorem 1.11 (4) into Theorems 3.7, 3.10, and
3.11. Let v € C;. We set

C:={(x,u) e M x O(M) | mu = x}
and define a map ¢ : C x M — O(M) by
o, u,y) = eyu(l), 2,y € M, u€ Ox(M), (3:3)

where 7,,(t) is the geodesic on M with 7,,(0) = z, 7,,(0) = y(z,y), and 7, ,. is a
horizontal lift of 7,, whose initial value is u. Since v is measurable on M x M and
differentiable on the diagonal set of M x M, the map ¢ is a constraint coefficient of SDE’s.
We define Doy, Coony C O(M) x O(M) by

Doy = {(u,v) € O(M) x O(M) | v and v can be connected
by a unique minimal geodesic with respect to g},

Cowry = O(M) x O(M)\Doar)-

Then every pair (u,v) of elements in O(M) can be classified into Doy and Coyy in
terms of the proximity between u and v. We define the connection rule % on O(M) by

Y(u,v)
B { The initial velocity of minimal geodesic from u to v, (u,v) € Do,
(Tr*lHu)il ’Y(T('U,T["U), (U,U) € CO(M)7

where H, is the horizontal subspace of T,,O(M) defined by (1.2). We can easily check that
the map 7 is actually a connection rule on O(M). Indeed, the conditions (i), (ii), (iii) can
be easily checked since 7 is defined through the exponential map near the diagonal set of
O(M) x O(M) and the Borel-measurability of 4 on the whole O(M) x O(M) is derived

from the measurability of .

Remark 3.3. Even if u and v in O(M) can be connected by a horizontal geodesic, the
tangent vector 4(u, v) is not necessarily horizontal. However, if one of the minimal geodesics
between u and v is horizontal, then 4(u,v) is horizontal and it coincides the horizontal lift
of the initial velocity of a minimal geodesic connecting mu and 7v.
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For later use, we start with three lemmas.

Lemma 3.4. For u,v € O(M) and a € O(d), it holds that
R A(u,v) = 7(ua, va).

Proof. It holds that (u,v) € Doy < (ua,va) € Doy for u,v € O(M) and a € O(d) by
Proposition A.6 in Appendix. First let (u,v) € Doy and set 7(t) = exp, t5(u,v). Then
R,7(t) is a unique minimal geodesic from ua to va by Proposition A.6 in Appendix again.
Therefore

Ry A (u,v) = RG*C;—;(O) = %RQT(O) = Y(ua,va).
Next we suppose (u,v) € Coy. Then §(u, v) is the horizontal lift of v(7u, 7v) at u. Thus
R, (u,v) is the horizontal lift of v(7wu, 7v) at ua and equals ¥(ua, va). O

Lemma 3.5. Let (AU,U) be an O(M)-valued A-semimartingale satisfying (1.8). Then
(AU, U) is horizontal if and only if it holds that

/e(U) dU = 0. (3.4)

Proof. By (1) and (3) of Theorem 1.11, if (AU, U) is horizontal, then (3.4) holds. Con-
versely, suppose that (3.4) holds. For any stopping times S, T with S < T, it holds that

VO(Us)(7(Us, Ur),¥(Us, Ur)) = 0 (3.5)

by Proposition A.1 in Appendix. Similarly, it holds that for s > 0,

VO(U,)(3(Us-, Us),3(Us-, Us) = 0, (36)
VO(Us-)(AUs, AUy) = 0.
Equations (3.5) and (3.6) imply
/@Q(U)d[U, U] =0.
In particular, we have
/9(U> o dlJ = /H(U_) dU + %/vew_) AU, U)° = 0.
Therefore, (AU, U) is horizontal. O

Lemma 3.6. Let X be an M -valued semimartingale. Fiz an Fo-measurable O(M)-valued
random variable uy such that ug € Ox,(M). Let p: C x M — O(M) be a map defined in
(3.3). Let U be a semimartingale valued in O(M) solving the following SDE

A A
dU = (U, dX), (3.7)
U() = Ugp.
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Then U does not explode in finite time with probability one and

/eoadU:/e S5dU = 0. (3.9)

In particular, the A-semimrtingale (Y(U-,U),U) is a horizontal lift of (v(X_,X),X).
Furthermore, it holds that

/so&dU = /5 ~dU, (3.9)

/5’“(U_)ﬁdU = /U_ek vdX, k=1,...,d. (3.10)
Proof. Since the map ¢ satisfies
m(p(z,u,y)) =y for z,y € M, ue O(M)
and U is the solution of (3.7), it holds that
m(Ur) = X
by Remark 2.8. Moreover, it holds that
(X, Up_, Xy) = Us.

This implies that U;_ is connected to U; by the horizontal lift of expy, tv(X;—, X¢), which
is one of the minimal geodesics on (O(M), ) between U;— and U; by Proposition A.3.
Therefore 4(U,;_, Uy) is horizontal by the definition of 4. Let ¢ be an explosion time of U
and assume

P(¢ < o0) > 0.

Then for w € {¢ < oo}, {U(w)}o<t<c(w) is not relatively compact. On the other hand,
since X does not explode in finite time,

Aw) = {Xiw) [0 <t < ()}

is relatively compact in M. Now it holds that {U;(w)}o<t<¢(w) C 7' (A(w)) and the right-
hand side is compact because O(d) is compact. This is a contradiction. Therefore ( = oo,

A
P-a.s. Next we will show the second claim. By taking a TO(M)-valued cadlag process
Ouv, (3(Ui—,-)), we have

[ow-) av

v (A(U_,")) dU

oo
Jos :

Oy (F(U_, 6(X_,U_,"))) dX
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Therefore by Lemma 3.5, equation (3.8) holds and consequently, (7(U_,U),U) is a hori-
zontal lift of (y(X_, X), X). Therefore (3.9) can be obtained by Theorem 1.11 (1). Finally
we will show (3.10). We begin with the left-hand side of the claimed equation:

/5k(U_) FdU = /ﬂ*(U_sk) FdU
- [rw-aw., ) dv

A

_ /w*(U_g’“)(i(U_,qb(X_,U—,'))) dx
:/Uak(’y(X,-)) ﬁX
_ / (U_¢*) 7dX.

Therefore we obtain (3.10) and this completes the proof. O

Now Lemma 3.6 guarantees the existence of horizontal lift of A-semimartingales of the
form (y(X_,X),X) with v € C,. Next we show the existence of the horizontal lift of
any A-semimartingale with (1.8) in Theorem 3.7 below. In the proof of Theorem 3.7, we
first take the horizontal lift (3(U”,U™),U”) of (y(X_, X), X) for some v € C, and then
we construct a suitable O(d)-valued process a; and set U = U7a in order that the jumps
F(UZ,U7) are replaced into the horizontal lifts of AX.

Theorem 3.7. Let (AX, X) be an M-valued A-semimartingale satisfying (1.8) and ug an
Ox, (M)-valued Fo-measurable random variable. Then there ezists a horizontal lift (AU, U)
of (AX, X) with Uy = uyg satisfying (1.8).

Proof. Fix a connection rule v € Cy. Let U" be the horizontal lift of (y(X_, X), X). If an
O(M )-valued semimartingale U satisfies 71U = X, there exists an O(d)-valued process a,
such that U = U"a. We will specify the process as. For each s > 0, Set

cl(t) == expty(X,_, X,), t €[0,1],
c2(t) == exptAX,, t €[0,1],
0,1]

s

(c)H(t) = cs(1 = 1), t € [0,1],
and

2 (Cl)*1 — { (Cs)_ (2t)7 te [07 5]7

s A2t —1), te[i1].

S

—_—

Denote by ¢2- (¢!)™" the horizontal lift of ¢2 - (¢})™" starting at U?. Then there exists a
unique element by € O(d) satisfying

- (e) (1) = UZb,. (3.11)



Since bs equals the unit element e in O(d) for s > 0 with v(X,_, X;) = AXj, bs equals
the unit element except for finite number of s € [0,¢] for fixed ¢ > 0 by Lemma 3.2.
Let 0 < Ty < Ty < --- be a sequence of stopping times which exhausts the time s with

Y(Xs—, Xs) # AX,. We define O(d)-valued processes ds, as as follows:

as =05 =e, s€[0,T1),
55 = (a’Ti—l)_l bTiaTi—17 ERS [ﬂaﬂ+1), (312)

Qs = aTi,15T¢7 5 € [E7ﬂ+l)'
Then a; satisfies

ay = H btfs (313)
for each t. We set
Us :=U]as,

and
AUy = (the horizontal lift of AX, at U,_).

Obviously we have 7U = X and m.AU = AX. Let us prove that (AU,U) is a A-
semimartingale satisfying (1.8). Denote the horizontal lift of AX, at U] by AU.. Then

AUs = R,, AU,
By the definition of by, it holds that
expyr AU, = U/b;.
Therefore we obtain
expy, AUs = expy,_,. (R, +AU})

= (eXpU;L AU;) s
= Ulbsa,_
=Ula,

= U,.

At the second equality, we used Proposition A.3 (2) in Appendix and at the third equality,
we used (3.13). Thus (AU, U) satisfies (1.8) and consequently it is a A-semimartingale by
Lemma 3.2. Next we prove that (AU, U) is horizontal. It suffices to show that

/G(U_)dU =0, (3.14)
by Lemma 3.5. For each ¢, it is obvious that

(O(Ur,_), AU = 0 (3.15)
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by the definition of AU. For r,s € (T}, T;11) with r < s, by Lemma 3.4,

(0(U:), 71Uy, Uy)) = (0(U] ax,),7(U] ax;, U ar))
= (0(Rag, Uy), Ray, (U7, UY))
= Ad(a )<9(U7) U, U))-

Therefore it holds that

/ 6(U, ) dU, = Ad(ar,) / 6(U,) 4dU, = 0 (3.16)
(15, Ti41)

(T3, Ti41)

for each i. Combining (3.15) and (3.16), we obtain (3.14). Therefore we can deduce that
(AU, U) is a horizontal lift of (AX, X). O

Next we show the uniqueness of the horizontal lift. Let (AU, U) be a horizontal lift of
(AX, X) satisfying Uy = ug and exp;, AUy = U,. Let v € Cy and denote the horizontal
lift of (v(X_, X), X) with an initial value up by U” again. Then there exists an O(d)-valued
adapted process a; satisfying U = U7a and such a; is unique since the action of O(d) to
each fiber of O(M) is free. Note that it holds that

AU, = (the horizontal lift of AX; at Us_)

by the definition of horizontal lifts. We will show that the process a; equals the process
which has been constructed in the proof of Theorem 3.7. We denote U” by V to simplify
the notation.

Lemma 3.8. It holds that

as—(w) # as(w) = Y(Xs- (w), Xs(w)) # AX(w)
fors >0, w e .

Proof. 1f s and w satisfy
V(X (W), Xs(w)) = AX(w),

then each of AUg(w) and AV, (w) is the horizontal lift of (X (w), Xs(w)) at Us— and Vj_,
respectively. Therefore we have

exp tAUs(w) = (exp tAVi(w)) as—(w), t € [0,1]

by Proposition A.2 in Appendix. In particular, Us(w) = Vi(w)as_(w). On the other hand,
the process a, satisfies Ug(w) = Vi(w)as(w). Thus we can deduce as(w) = a—(w). O

Combining Lemma 3.2 and Lemma 3.8, for any fixed ¢ > 0 and w € {2, the number of
s € [0,t] with as(w) # as_(w) is finite. Let T3 < Ty < -+ be a sequence of stopping times
which exhausts the jumps of a;. Then we have AU = ¥(Us_,Us), s € (T;,Ti11). Next we
will show that a, is constant on each [T;,T;,1). This can be shown in the same way as
Theorem 3.2 in [23].
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Lemma 3.9. Suppose that j is the canonical 1-form, which is a 1-form on O(d) valued in
o(d) defined by
J(fA) =4, f€O0(d), Aco(d).

Then it holds that

/ joda=0 (3.17)
(T3, Ti41)

and consequently, a; is constant on (T;,T;11) for each i.

Proof. Define ® : O(M) x O(d) — O(M) and @, : O(d) — O(M) by

O(u,9) =u-g,
P,(9) =u-g.

for u € O(M). Then
Ut = @(Vt,at).

Let (U;u®) be a local coordinate of O(M). Suppose that V' lives in the coordinate neigh-
borhood U on the random interval [o,7) C [T}, T;+1), where o and T are stopping times.
We denote V& = u*(V), and U® = u*(U) on [o,7). Let (a*) be a coordinate of O(d).
Then the connection form # can be expressed as 6 = 6,du® with 6, € C>®(U;0(d)). By
[to’s formula, it holds that

0P 09
o rroc B k
U, Uy = /(a,t] { 9uP (Vs—, as) odVP + Dk (VS_, as) o das}
+ ) 1 0%(Vi,a,) — (V. a)—@(v as) AV
sy Us s—y Ws 6uﬁ s— Ws s
o<s<t
for t € (o, 7). Therefore by Proposition 2.4,
bodU = [ OuodU®+ Y <9,AU_AUaia>
(1] (8] o<s<t du
0P oD
= i By 2= k
= /(;t] 90( { auﬁ (‘/5—7 as) o d‘/s + 6ak (‘/5_, CLS) o das}
+ ) 0,4 (Vi a,) — DV, a)——aq)a(v a;)AV/
03 Sy S S—» S auﬂ S— S S
o<s<t
+ (0, AU) — 0,AU°), (3.18)
o<s<t

Note that it holds that

0P« .
GQW(U,Q) = Ad(a™")bs(u),

9de o\ /. d
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In addition, it holds that
(0(Us-), AUs) =(0(Vi-as), Ra,nAVS)
(R, 0(Vi-), AV)

(Ad(a;")0(Vio), AVE).

Therefore (3.18) can be rewritten as

0 odU

(ot]
— /(Ut] {Ad(al)ﬁﬂ(v) odVP + <j7 %> (a) o dak}
+ Z ((0(Us2), AU,) — Ad(a; H)0AVY)

o<s<t

:/ Ad(a™t)d (/QB(V) odVP+ > " (05(Vi)(du®, AV,) —eﬁ(v;_)m/f))
(o]

0<s<:
+ / joda
(o,t]

:/ Ad(a_l)d(/godv>+/ j oda,
(o,t] (o,t]

where we applied Proposition 2.4 at the third equality. Therefore, we have

/ joda=0.
(o,t]

Thus (3.17) follows and this implies that a, is constant on (7}, T;;1) for each i. O

By Lemma 3.9, we obtain the following uniqueness result.
Theorem 3.10. Let (AX, X) be a A-semimartingale satisfying (1.8). Then the horizontal
lift of (AX, X) is uniquely determined.

Proof. Let (AU, U) be an arbitrary horizontal lift of (AX, X). We denote the horizontal
lift of (AX,X) constructed in Theorem 3.7 by (AU,U). Then it suffices to show that

U=U. We fix y € Cy and let (3(U?,U"),U") be the horizontal lift of (y(X_,X), X).
Then there exists a unique O(d)-valued process a satisfying U = U?a. We show that a,
equals the process a; defined in (3.12). Let b, be an O(d)-valued process defined through

—_~—

(3.11). Denote the horizontal lift of AX, at UY by AX,. Then for s > 0,
Ula, = U,
= expg, AU,
= eXPy g, (Ras_*EX/s>
= <eprsw7 EX:) Qg
— Ulbsds
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where we have applied (1.8) in the second equality and the fact that Rasf*ﬁ is the

horizontal lift of AX at U,_ in the third equality. Let 77 < Ty < --- be a sequence of
stopping times which exhausts the jumps of a. Then by Lemma 3.9, a; is constant on
(T}, T;+1) for each i. Therefore, it holds that

which equals the one constructed in (3.12). Thus we have U = U. O
We end the proof of Theorem 1.11 (4) with the following theorem.

Theorem 3.11. Let (AX,X) be a A-semimartingale satisfying (1.8) and (AU,U) its
horizontal lift. Then it holds that

t
Wi = / U,_e"dX,,
0

where W is the anti-development of (AU,U).

Proof. Fix v € C,. Then U can be written as U = U”a, where a is the O(d)-valued process
constructed in (3.12). Let 0 = Ty < T} < --- be a sequence of stopping times which
exhausts jumps of a;. Then Since

U, e dX = / U,_e" dX,
/(O,t] mzzl (T At T 1 M)
it suffices to show
/ U, e dX = si(US,) dUs, (3.19)
(T At T +1AE) (T AL, T +-1AE)
(Urpni—e', AX1,00) = (8" (Unne— ), AUr,Ar) (3.20)

for each m. Equation (3.20) can be easily obtained by the definition of the solder form.
Thus we will show (3.19). Set ¢(s) = a](s). Since a; is constant and AX = y(X_, X) on
(Ton, Trny1) for each m, we have

/ Us_e' dX, = U,_e' vd X,
(Tm/\t7Tm+1/\t) (Tm/\t7Tm+1/\t)
:/ (Ul a)e' vdX,
(T At Tr1AL)

= cz/ Ul & vdX,
(T At T +1AE)

= / s/ (U)_) 7dU7, (3.21)
(Tm/\t,Tm+1/\t)
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by (3.10), where we write ¢} = ¢;(T,, At), a = a(Tp At) to simplify the notation. Further-
more, for stopping times S, T with T; < S < T < T;,4, it holds that

¢;(s7(U4),7(Ug, Ug)) =c(s’ (Ug), Ra-1.Rax3(U3, UZ))
=(s"(Us),7(Us, Ur))
by Lemma 3.4. Therefore it holds that
q?/ 5%U1)&dU§::/ s'(U,_) dU,. (3.22)
(Tm/\t,Tm+1/\t) (Tm/\t,Tm+1/\t)

Combining (3.21) and (3.22), we obtain (3.19) and the assertion follows. O

Combining Theorems 3.7, 3.10 and 3.11, we complete the proof of Theorem 1.11 (4).

3.3 Proof of Theorem 1.12

We end this section with the proof of Theorem 1.12 and its example. The idea of the proof
of Theorem 1.12 is to construct a coefficient of SDE from a given connection rule ~, which
was also considered in section 10.2 of [16]. In the proof of Theorem 1.12 below, we give a
concrete construction of the coefficient of SDE through the orthonormal frame bundle.

Proof of Theorem 1.12. Let + be an arbitrary connection rule which induces Levi-Civita
connection. We divide the proof into several steps as follows.

e Step 1. We construct o > 0 in such a way that for all x € M, the map v is a
diffeomorphism on Bj! () x B! (x) into its image.

Step 2. We construct § > 0 in such a way that for all x € M, it holds that

<14m&@>1(B?Wq®)C:B%¢m. (3.23)

Step 3. We define h using dy and d constructed in the previous steps.
e Step 4. We prove (1) of Theorem 1.12.
e Step 5. We prove (2) of Theorem 1.12.

Step 1. We fix 77 € (. By the assumption for v and the compactness of M, there exists
a neighborhood U of the diagonal set diag(M) of M such that

(2, y) =¥z, y)| = O(d(z,y)’) (3.24)

onU. Moreover, it is well known that the derivative of the map TM > u +— (7rpu, expu) €
M x M at the point 0 € T, M equals

{M%M MQM}

idr, s 0
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Thus by (3.24), for any x € M,

o idTIM ideM
7*(30’38) B 0 —ideM

Thus there exists 7 > 0 such that v is a diffeomorphism on B (z) x BM(z) into its image,
where B (x) is the geodesic ball on M centered at x with radius r. Let

R, :=sup{r > 0| v is a diffeomorphism on B (z) x BM(x) into its image}

We will show that the function z — R, is lower semi-continuous. Let {x,},en be a
sequence converging to a point x € M. Take € € (0, R;). Then for any sufficiently large
n, BY __(x,) C B (). Thus 7 is a diffeomorphism on By __(z,) x By __(x,). This
means that R, —e < R, . Since € > 0 is taken arbitrarily, we have R, < liminf R, and

n—0o0
this means that x — R, is lower semi-continuous. In particular, R, attains its minimum

Ry > 0 on M. Let ry be the injectivity radius of M. We set g := Ry A 7o.

Step 2. Next, we set
9z :=sup{d >0 | BEIM(O) C %(Bﬁf(x))h

Then the map x + J, can also be shown to be lower semi-continuous as follows. Assume
that there exist a point © € M and a sequence {z,} such that

lim x, =z, liminfé,, < J,.
n—oo n—oo

By taking a proper subsequence, we suppose that lim §,, exists and satisfies lim 6,, < d,.
n—oo n—o0

Let € € (0,6, — lim §,,). Then there exists N. € N such that d,, <, —e for any n > N..
n—0o0
Then for each n, we take v, € Bngg(O) N Yo, (Bi! (). We set
T2

UM :={veTM | |v| <q}

for ¢ > 0. Since U%~2M is compact, there exists a subsequence {nk }ren such that v,
converges to v € UM with respect to a proper metric which is compatible to the
topology on T'M. Since 7, is a diffeomorphism on Bj!(z), we can take & > 0 such that
Bg:jié(O) C 7o(By__(x)). This implies that (By__(x), B{Y__(x)) is an open neighbor-
hood of v in TM. Therefore, there exists K1 € N such that v,, € v(By__(x), By__(z))
for all k> Kj. On the other hand, there exists K € N such that Bj! _(z) C By (xy,)
for all k > Ky. Thus for k > K; V Ka, vn, € Ya,, (Bé‘f(xnk)) This contradicts to the
choice of v,. Therefore, we obtain the lower semi-continuity of J, and consequently, d,

also attains its minimum on M. Let § := mlﬁ 0, > 0. Then ~ satisfies (3.23) and ~, is a
xre

diffeomorphism on (%| Béo(l‘)) (Bf=*(0)).
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-1
Step 3. The map exp, is a diffeomorphism on exp,* (<%| Bs, (x)) (Bg}M (0))) since this

set is included in Bg;zM (0) and 09 < ry. Thus we can define

-1
by :=y(x,exp,(-)): exp, ' (<7x|B60(93)> (BaT”M(O))) — B (0)
and b, is a diffeomorphism. Define

a(u, z) == b (uz)

™

for u € O(M) and z € Bs(0). Then a satisfies
~y(mu, exp,a(u, 2)) = uz

for all u € O(M) and z € B;(0) and a(u,0) = 0. Moreover, if we let h(u, z) = v ta(u, z) €
Bs,(0) for (u,z) € O(M) x Bs(0), then h is differentiable on O(M) x Bs(0) and satisfies

doh(u, ) = idga.
Next, we show that
82h(u7 )
02:0z7
for any u € O(M). Fix x € M and we write G;(y) := v(z,y) and Ga(y) := 7y?(z,y). Then
a = Gyo Gyt on BF*M(0). Let (£4,...,£%) be a coordinate on T, M associated with an

orthonormal basis and (y*,...,y?) be a normal coordinate with y’(z) =0 for i = 1,...,d.
Then we regard G and G as functions of (y!,...,y?). By Taylor’s theorem, we have

1 (&G 022G o
610 = 6a0) = 5 (57050) ~ s ) o + ol

0)=0 (3.25)

for any y near x. Since both v and 79 induce Levi-Civita connection, this implies HessG? (0) =
HessG5%(0) for each i = 1,...,d. Therefore, we have

2 -1
aGQi—OGl( ) = 0.
S
This immediately yields (3.25).

Step 4. Proof of (1) of Theorem 1.12.
We set ¢: R? x O(M) x R* — O(M) by

QO(U), U, Z) = EXpu(h’k(uv 2 w>£’k>

Then obviously, the map ¢ is a constraint coefficient from R? x O(M) x R4 to O(M).
Therefore, for a given Fy-measurable random variable Uy and a semimartingale Z, we
obtain the unique solution U of the SDE (1.10). We set

AUt = hk<Ut_, AZt)ﬁk;(Ut_)
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Then (AU,U) is a horizontal A-semimartingale on O(M). In fact, by Lemma 2.10 and
(3.25), we have

/e(U) odU = /<e,£k>(U_) odZF + Y " RE(O, Li)(Us-)

0<s<-
p— O’
where
RF = MU, AZ) — AZF.

Let X = 7nU and AX = m,AU. Then the pair (AX, X) is a A-semimartingale satisfying
(1.8) and

Y Xi—, Xi) = (Ui, exp,y, hk(Ut_, AZ)Uy_ex)
= Y(Ui, expry, a(Ui—, AZ;))
— Ut_AZt.
We set
W= Zi+ Y U (9 (Xem, Xo) — 9(Xoo, X)),

0<s<t
Then AW, = U; '49(X,_, X;) and it satisfies
expy, Ui AW, = X; = expy, a(Ui—, AZ,).

Thus we have
Ut_AWt = (Z(Ut_, AZt)

Therefore, for all ' € C*°(O(M)), it holds that
¢
F(U) = F(U) = [ LF(U.-) 02
0

+ ) {F(Expy, (W(U,-,AZ)Ly)) — F(U,2) — L F(U,_)AZF}

0<s<t
t
:/ LyF(U,_) 0 dW¥
0
+ > {F(Expy, (AWFLy)) — F(U,-) — Lo F(Un) AW}
0<s<t

This implies that W is an anti-development of (A X, X) with respect to the horizontal lift
(AU, U). Therefore, we have

Jomaax = [ooamax + 3 (o n(Xe X)) - 17X X)

0<s<:

= /(U:1¢_,dw> + Y (U ¢, AZ,— AW)

0<s<:

= /(U__lqb_,dZ)

33



for any T*M-valued cadlag process ¢ above X.

Step 5. Proof of (2) of Theorem 1.12.
Let X be an M-valued semimartingale satisfying

-1 Tx, M

X € (’th, |B§g(Xt7)> (Bé (O)) for all t > 0, P-a.s.

Let W be an anti-development of (79(X_, X), X) and V' a horizontal lift of (79(X_, X), X)
with an initial value U,. We set

Zyp=Wi+ Y VI (1(Xem, Xo) — 99X, X)),

0<s<:

Then by the assumption for X,

AWy = |79(Xi-, Xi) < do,
|AZy| = |yv(Xe—, Xi)| < 0.

Thus we have
V(Xsfa CXPx,_ a(sta AZS)) = ‘/szZs

= V(Xs—vXS)
= y(Xso,expy, ViAW)

and consequently,
a(Vs,AZg) = Vi AW,

Therefore, V' satisfies

F(V;) = F(V,) = /O t LiF (Vi) o dW}

+ Y {F(Expy, (AWELy)) = F(Vi) = Lo F (Vi) AW}

0<s<t
t

:/ LiF(V,_)odZ"
0

+ Y {F(Expy, (h*(Vie, AZ,)L1)) — F(Vio) — Ly F(Vio)AZFY

0<s<t

for all F € C>°(O(M)). This implies that V solves (1.10) and we have V = U by the
uniqueness of the solution of the SDE. Therefore, (h*(U_, AZ)L(U_),U) is the horizontal
lift of X with the initial value Uj. In particular, the semimartingale (U_h(U_,AZ), X
satisfies (1.11) by the claim of (1). O

Example 3.12. We consider the case
M =S":={(z', ..., 2% e R¥ | (') 4 - + (27)? = 1}.
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Let v be a connection rule on S¢ given by

Y(z,y) = (y — z),

where II,: R — T,S? is the orthonormal projection. Let g be the Riemannian metric
on S¢ associated with the embedding into R**! and fix , € C,. Then it holds that

v(w,y) = %v%;y)-

Therefore, we can easily check that oo = 7, d = 1 and

arcsin |z
atn.2) =
We define f: [0,1] — R by
arcsintft7 t 0’
J) = { 0, ' tfo.

Then for a local martingale Z on R? with Zy and sup |AZy| < 1, if we set
0<t<o0o

W=2+ Y f(AZ])AZ,

0<s<-

the development of W is an S%valued y-martingale.

A Appendix: Riemannian metric on O(M)

We summarize some notions regarding the Riemannian metric on orthonormal frame bun-
dles defined by (1.6). Fundamental properties of orthonormal frame bundles mentioned in
this appendix are based on [15]. Let (M, g) be a Riemannian manifold and 7: O(M) — M
the orthonormal frame bundle on M.

Let g be a Riemannian metric § on O(M) defined by (1.6). We denote the Levi-Civita
connection on TO(M) corresponding to § by V. The Riemannian metric §, the Levi-Civita
connection V and geodesics on O(M) have been considered in [23]. Covariant derivatives
with respect to connections on soldered principal fiber bundles have been calculated in
[5] under a more general situation. We can write covariant derivatives of vector fields
{Ly, Xﬁ}];j """ Cfi(di—l) as

2

«

-----

VL; = wa Xg—i—zw;- L,
3 i

@Xft = Zwﬁ Xg—i—zwé L;,
B i
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where w§, w, w! are 1-forms on O(M) defined by

7777
w§ = <9aﬁxg>,
w® = (0", VL),
wh, = (s, VAE),
wj- = <5i,6ﬁj>.

Here, note that we divide the global frame on the tangent bundle TO(M) into two groups;
aa-1 . That is why we distinguish the Greek index «, 5,7, ...
2

and the Latin index i, j, k, ... accordingly. Since V is torsion-free, it holds that

By setting

Jv g
w;’y - <§Z7VX.5’C]>7 w;'k - <5 7v£k£]>7

we can write

¥ k
o 1o Y a k
By Zwmé +ijk5,
v k
i __ i Y i k
wj ijve +Z%k5
¥ k

In view of calculations in [5, p. 897], it holds that
« 1 (o' Y
Wﬁ = 5 Z Cﬁ'y 9 5
¥
o 1 o k
YiT T3 > s,
k

wh=>" {(Xj)if - %mj} 0, (A1)

~

where the coefficients
d(d—1)

Clﬁa 04,57’7:17---: 2

,,,,,

defined through
[Xon Xﬁ]o(d) = Czlﬁ Xva
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and
d(d—1)

2
are the components of the curvature form ¢ defined through

0% i j=1,....d a=1,...,

177

QF =df + - [0 0]
:_ZQa Xis' Al (Q =—-Q).
1,7,

Since the standard inner product of o(d) is O(d)-invariant, {c)s} is totally anti-symmetric
in «, 8,v. The following Propositions A.1 and A.2 can be easily obtained by (A.1) above.

Proposition A.1. For any uw € O(M) and A € T,O(M), it holds that

VO(A, A) = 0.
Furthermore, if A is horizontal, then
Vs(A, A) = 0.
Proof. Any tangent vector A can be denoted by
, . d(d—1
A=ad'Li(u) +°X: a' b eR, i=1,...,d, a=1,..., ( 5 )

Therefore we can write
VO (A, A) =a*a (VO*)(Ly, L)) + a6V (L., XF)
+ 07!V O (XE, L)) + VP (VO) (X, A%).
By using (A.1), it holds that

aka

akal( NLg, L)) = akal<wla,£k> = TQ,‘Z,
Vea(ﬁk,xﬁ) — (WS, Ly) =

VO (X, L)) = —(wf! ,Xﬁ> =0,

bﬂm(ve )X, X)) = PR (e, Af) = —bPbcs,

Since f}, = —2g;, we obtain 3
kal(VQC“)(Lk, El) =0

Similarly, we obtain 5
b6 (VO*) (XE, XF) = 0.

Therefore we deduce VO(A, A) = 0. Next suppose A is horizontal. Then we obtain
Vsl (A, A) =a*a' Vs (L, L)) = —aFa (W] £}) = 0.

This proves the proposition. O
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Proposition A.2. (1) Integral curves of the horizontal vector field akLy, fora, € R* k=
1,...,d, are geodesics with respect to V.

; « « d _ -
(2) Integral curves of the verzﬁzcal vector field b*X? for b* € RY o = 1,..., 5, are
geodesics with respect to V.

Proof. Let u(t) be a curve on O(M) satisfying

d
ZH(8) = d* Lu(u(t)
Then it holds that
- d
Vg =t (Ve L) (uld)

by the relation Q2 = —Q% . Next let us denote the integral curve of b*X! by v(t). Then

~  dv -
Va—r = bﬁbv(vxng)(u(t))
bAbY
= 2hah, A )
= 0.
This completes the proof. Il

The next proposition proved in [23] provides the relation between geodesics on O(M)
and those on M.

Proposition A.3 ([23], Proposition 1.9). (1) Let x and y be two points in M and c
a minimal geodesic from x to y. Let us denote the parallel transport along ¢ by
P.: T,M — T,M. Let u € O,(M), v € Oy(M) with v = P, ou. Then minimal
geodesics from u to v with respect to g are horizontal and the horizontal lift of c
starting at w is one of minimal geodesics from u to v. Furthermore, if minimal
geodesics from x to y on M are unique, then minimal geodesics from u to v are also
unique.

(2) Let T be a geodesic on O(M) with respect to . Suppose that 7'(0) is horizontal. Then
T 18 a horizontal curve and wo T is a geodesic on M.

We prepare a simple lemma and propositions for the use in Section 3.

Lemma A.4. Letuw e O(M), A, B e T,O0(M) and a € O(d). Then

9(Ro A, R, B) = g(A, B).
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Proof. By definition, it holds that

G(RawA, RoB) = ((0(ua), RaxA), (0(ua), RaxBB))o(a)
+ ((s(ua), RewA), (s(ua), RusBB))ga.

Since (#(ua), Ry A) = Ad(a1)(0(u),.A) and the metric on o(d) is Ad-invariant,
<<9(U(I>, Ra*A>7 <9(UCL>, Ra*B>>0(d) = <<9(u)7 A)? <9(u)7 B>>o(d)'
On the other hand,

Since a is isometric,
((s(ua), RavA), ((ua), RauBB))re = ((8(u), A), (8(u), B))po.
Therefore §(Ru.A, RoxB) = (A, B). O
Proposition A.5. Let u,v € O(M). Then for all a € O(d),
doon(ua,va) = doon(u, v),
where do(ry is the Riemannian distance with respect to g.

Proof. For any € > 0, there exists a curve 7. : [0,1] — O(M) with 7.(0) = u, 7(1) = v

t
dre
satisfying / lt dt < doy(u,v) + €. Then by Lemma A 4,

0

da ! dr,

— R, |dt = ax—— | dt
/0 dtR“T /0 R dt
1
_ / | oy

< do(M)(u,U) + €.

Thus
do(ua, va) < don(u,v) + €.

Since ¢ is arbitrary,
don(ua,va) < door(u, v).

This inequality holds for all u,v € O and a € O(d). Therefore, we have

dor(ua,va) = dogr(u, v).
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Proposition A.6. Let u,v € O(M) and 7(t) (t € [0,1]) a minimal geodesic from u to v.
Then for all a € O(d), R, is a minimal geodesic from ua to va.

Proof. By Lemma A.4 and Proposition A.5, we obtain

1
/ < Rl dt = / R\t
o |dt dt
1
d
:/ ar|
o | dt

= d@(M) (u, 21)

= do) (ua,va).

Therefore R,7 is a minimal geodesic. [l
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