TORUS-EQUIVARIANTLY EMBEDDED TORIC
MANIFOLDS ASSOCIATED TO AFFINE SUBSPACES

KENTARO YAMAGUCHI

ABSTRACT. We study the closure of a complex subtorus in a toric
manifold. If the closure of the complex subtorus is a smooth com-
plex submanifold in the toric manifold, then the subtorus action
on such submanifold is Hamiltonian. In this case, we may think of
the embedding of the submanifold as torus-equivariant. We show
that the image of the moment map for the Hamiltonian subtorus
action on our submanifold coincides with the image of the Delzant
polytope of the ambient toric manifold under the pullback of the
inclusion of the tori. The submanifolds constructed in the present
paper are called torus-equivariantly embedded toric manifolds with
respect to the subtorus action.

1. INTRODUCTION

Delzant [5] established a one-to-one correspondence between com-
pact symplectic toric manifolds and certain convex polytopes known
as Delzant polytopes. Given a 2n-dimensional compact symplectic toric
manifold X, the image of a moment map for the Hamiltonian 7™-action
on X is a Delzant polytope A in (t")* = R"™. Conversely, given a
Delzant polytope A in (£")*, we can construct a compact symplectic
toric manifold X whose moment polytope is A. This construction is
called the Delzant construction. From the Delzant construction, sym-
plectic toric manifolds are canonically equipped with a Kahler structure
8, 3]. We can identify the complements of toric divisors in a symplectic
toric manifold X with a complex torus (C*)", whose description allows
us to consider complex coordinates in X.

1.1. Main Results. In this paper, we study complex submanifolds in
compact toric manifolds X. From a k-dimensional affine subspace V' in
t" =2 R", we first construct a k-dimensional complex submanifold C (V)
in the toric divisor complements M = (C*)" of the toric manifold X.
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This construction is inspired by [11], and C(V) = (C*)* as Yamamoto
noted there. In fact, C(V) = (C*)* is a complex subtorus of M =
(C*)™. We then consider the conditions of V' when the (Zariski) closure

C(V) is a k-dimensional complex submanifold in the toric manifold X
(Section 4.1). While C(V') is a complex submanifold in M = (C*)" for
arbitrary affine subspace V' as Yamamoto showed in [11, Lemma 6.1],
C(V) may not be a complex submanifold in X (see Example 4.5 and
Section 5).

Suppose that m is a smooth complex submanifold in X. We

then discuss the nature of the submanifolds C'(V). Toric manifolds
X are naturally equipped with a moment map p : X — (t*)* for the
T"-action on them. We can define the injective group homomorphism
iy : TF — T™ by the data of V (see Equation 4.6). Because the T™-

action on X and iy : T% — T™ induce the T"-action on C(V), we can

determine the moment map 7 : C(V) — (t%)* by & = i}, o o i, where
i:C(V) — X is the embedding (see Section 4.3 for detail). We obtain
the following diagram:

X —E— (1)

) lz"‘/
YN I

C(V) —— (th)~.

We compare the image of the moment map 7 : C'(V) — (t¥)* for the

T*-action on our complex submanifold C(V) with the image of the
moment map p : X — (t")* for the T"-action on the ambient toric
manifold.

Theorem 1.1 (Theorem 4.20). Let iy : T* — T™ be an injective group
homomorphism determined by a given affine subspace V in % = R™.
Assume that C(V') is a complex submanifold in X. Then the image of
7 is equal to the image of i, o i, i.e., T(C(V)) = (it o pu)(X).

We call the complex submanifolds C(V') torus-equivariantly embed-
ded toric manifolds.

1.2. Outline. This paper is organized as follows. In Section 2, we
construct a system of complex coordinate charts on complex manifolds
from matrices in SL(n;Z). This construction helps us to consider a
system of complex coordinate charts in toric manifolds. In Section
3, we review Delzant construction and construct a system of the in-
homogeneous coordinate charts on compact toric manifolds using the
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construction established in Section 2. In Section 4, we give the condi-
tions where the closure C'(V') of a complex subtorus C'(V') is a complex
submanifold in the ambient toric manifold. Moreover, we consider the
moment maps for the subtorus action on our complex submanifolds
and compare them with the moment maps for the torus action on am-
bient toric manifolds. In Section 5, we demonstrate some examples of
torus-equivariantly embedded toric manifolds.

Throughout the paper, we express vectors as column vectors.

2. CONSTRUCTION OF COORDINATE CHARTS FROM MATRICES IN
SL(n;Z)

This section is about construction of a system of complex coordinate
charts from matrices in the special linear group SL(n;Z). Our idea is
similar to the coordinate transformations for compact toric manifolds
by Duistermaat and Pelayo [6], but here we construct a system of
complex coordinate charts in a general situation.

Let A be a set and Q* € SL(n;Z) a matrix corresponding to each
A€ Aand CY = {z* = (2,...,2)) € C"} 2 C" for each A € A. We
define a matrix DM = (Q*)71QH(= [d;\f‘]) for any A, i € A and a subset
U a C CK by

Uy = {2 € CY | Z;#Oifd;l“ < 0 for some [ =1,...,n}.
We introduce an equivalence relation on {Ux,}a pea-

Definition 2.1. For z* € Uy, C Cy and 2# € Uy C (CZ, we define a
A

binary relation z

(..., 2t = <H EIEN | (z;)d?fi> .

Jj=1 J=1

~ zI by

Proposition 2.2. The binary relation ~ defined in Definition 2.1 is
an equivalence relation.

Proof. We check that the binary relation ~ satisfies the definition of

equivalence relations.
Since we define DM = (Q*)7'Q* for \,u € A, we get DM =

(QM7'Q* = E,, where E, is the identity matrix. Hence, z* = 2?,

which means that z* ~ 2.

Since DM = (Q*)71Q*, we have D** = (Q*)~1Q* = (D™)~L. Sup-

AL
A " no_ n N\ d:! .
pose z% ~ z#, then we see z;' = [[;_,(27)% fori = 1,...,n. For
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k=1,...,n, we have
n n n
A A
d“A djz”dfk (ZA)5jk A
J - k-
=1 =1 ]:1 le

Hence we obtain z# ~ z*.

For A\, u,0 € A, we have
DY = (@Q)7'Q" = (@)7'Q"(@")'Q" = DD,

Suppose 2 ~ 2#, z* ~ 2% then for i = 1,...,n we have
uo
n dre n n Ap dji d/\a
g __ AN A Yk _ A\ Yki
Z=11E" =11 {1 = [ (=)
j=1 j=1 \k=1 k=1
Hence we obtain z* ~ 2°. O

Proposition 2.3. The quotient space X = | |,., C}/~ is a Hausdorff
space.

Proof. Define the projection pr : | |,., C¥ — X to the quotient space.
Take two distinct points [x] # [y] € X. Let Uy and Uy be open
subsets containing the points [z] and [y] respectively. Then we can
write pr!(Upy), pr(Uyy) C X as follows:

UW) = || Uy o O) = || U7
AEA AEA
where U[’a\:}, U[i\d CCy=C"for A € A.

Let B.(x) be an open ball of radius ¢ > 0. We define the map
or : C/~ — C% by ¢a([2?]) = 2*. If C} contains the points x and v,
then there exist e,&’ > 0 such that B.(x) N Be(y) = 0. Thus we have
pr ! (pr(B:(z))) N pr~! (pr(Bx(y))) = 0.

If v € C},y € C, (A # p), then there exists an element o € A
such that ¢, o o' (B.(z) NUy,) C Ugys o © @, (Ber(y) NUys) C Ug,-
Thus we can take sufficiently small ¢,¢/ > 0 such that pr=!(pr(p, o
5 (Be(x) N Usa))) N pr~H (pr(s 0 9, (Ber(y) N Uy))) = 0.

Suppose that x € C} \ Uy,,y € C;\ Upn (A # p). If there exist
g, > 0 such that pr(B.(x)) N pr(B«(y)) # 0, then there exist z, €
B.(z) N Uy, and 2z, € B.(y) N U,y such that pr(z,) = pr(z,). Since
x & U,,, we obtain

0<|x—2z]<e.
We can retake € smaller than |x— z,| so that pr(B.(x))Npr(B(y)) = 0.
Thus we have pr—!(pr(B.(z))) N pr~(pr(B.(y))) = 0.
Therefore, the quotient space X is a Hausdo ff space. O
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Let Uy = {[z*] € X | 2* € C}} C X. Then we see X = (J,, Un
from Proposition 2.2. We define a map ¢y : Uy — C" by ¢y([z?]) = 2
for each A € A. The following lemma is obvious from the construction
above.

Lemma 2.4. For all A\, u € A such that Uy NU, # 0, we have
_ = M u "
01 pow'() = (H ORI | (COR ) |

j=1 j=1
Definition 2.5. The set {(Uy, ¢x)}rea is a system of complex coordinate
charts on X, whose coordinate transformation is given by Equation 2.1.

3. TORIC MANIFOLDS

In this section, we write the inhomogeneous coordinate charts on a
toric manifold in terms of the coordinate charts given in Section 2. We
also discuss the complements of toric divisors, which we call the toric
divisor complements.

3.1. Convex Polytopes and Convex Cones. We review the defi-
nitions and some of the facts of convex polytopes and convex cones in
R™, which are used later.

We first deal with convex polytopes, which are defined as follows:

Definition 3.1. Let V' = {zy,...,z,} # (0 be a finite set of elements in
R™. The convex hull A = conv(V') of V is a convex polytope in R™.
Concretely, A is written as

A = conv(V) = {Zrm r; > O,Zri =1,z; € V} )
i=1 i=1

If a convex polytope A can be written as Equation 3.1, then we say
that A is generated by V = {z1,...,x}.

The next lemma is obvious.

Lemma 3.2. Let f : R” — R™ be a linear map. If A C R" is a convex
polytope generated by V- = {x1,...,xs}, then f(A) C R™ is also a
convez polytope generated by Vi = {f(z1),..., f(zs)}.

We deal with convex cones, which are defined as follows:

Definition 3.3. A subset C in R™ is a (convex polyhedral) cone if there
exist elements vq,...,v, € C such that

(31) C= RZOUI + -t RZOUS'
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If a cone C can be written as Equation 3.1, then we say that C is
generated by {vy,...,vs}.

The next lemma is obvious.

Lemma 3.4. Let f : R" — R™ be a linear map. If C C R™ is a cone
generated by {vy,...,vs}, then f(C) C R™ is also a cone generated by

{f(vl)a . '7f(vs>}'

Definition 3.5. Let C C R™ be a cone generated by {vy,...,vs}. The
point 0 = (0,...,0) € C C R" is a vertex of C if C does not contain a
nontrivial subspace.

Lemma 3.6. Let C C R"™ be a cone generated by {vy,...,vs}. The cone
C does not contain a nontrivial subspace if and only if the following is
satisfied:

(32) Tlvl—f—'--—l—TSUS:O’TiZO:>r1:...:rS:O‘

Proof. We first show that if C does not contain a nontrivial subspace,
then Equation 3.2 holds. We give a proof by showing the contraposi-
tion.

Suppose that 71, ..., rs € Rsg satisfy Y 0, rv; = 0. Suppose further

that there exists some ig € {1,..., s} such that r;; > 0. Then since we
can calculate
1 T
Uiy = —TTZTz‘Ui = —erlvi,
0 it i#io "

W .= {rv;, | r € R} C C holds. Indeed, if » > 0, then rv;, € C by the
definition of C; if otherwise, then since from the above calculation we

see
T, = (—T)Ql}i
and (—r); = > 0 for any i # ig, rv;, € C. Since W is a nontrivial
subspace in R"™, we obtain the contraposition to the desired result.
We then show that if Equation 3.2 holds, then C does not contain a
nontrivial subspace.
Let W # () be a subspace contained in C. Since W is a linear
space, if w € W then —w € W holds. Since W C C, there exsit
T1yeeesTsy T, .., 7% > 0 such that

S S
w = E rivi, —W = E riv;.
i—1 i—1
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Since w + (—w) = 0, we see that

Z(Ti + T;)UZ' = 0.

i=1
Since we assume that Equation 3.2 holds, r; + r; = 0 holds for any
i =1,...,s. Furthermore, since ry,...,7r5,7,...,72 >0, 7, =71, =0
holds for any i = 1,...,s. This implies that w = 0, i.e., W ={0}. O

From the above lemma, we can use the following definition of a vertex
in a cone.

Definition 3.7. Let C C R™ be a cone generated by {vy,...,vs}. The
point 0 = (0,...,0) € C C R™ is a vertex of C if Equation 3.2 is
satisfied.

3.2. An Alternative Construction of Toric Manifolds. We briefly
review the Delzant construction [5] in order to construct inhomoge-
neous coordinate charts on a toric manifold. Delzant showed that
there is a one-to-one correspondence between compact symplectic toric
manifolds and Delzant polytopes, which are moment polytopes for the
Hamiltonian torus action on toric manifolds (see [9, Chapter 1] for de-
tailed explanations about the Delzant construction). Delzant polytopes
are defined as follows:

~Y

Definition 3.8. Delzant polytopes are convex polytopes A in (£")* = R"
satisfying the following three conditions:

e simple; each vertex has n edges,

e rational; the direction vectors v}, ..., v} from any vertex A\ € A
are integral vectors,

e smooth; the vectors v}, ..., v} chosen as above form a basis of
ZTL

Y

where A is the set of the vertices in A.

We can define Delzant polytopes in terms of facets in A instead of
edges (see [2, Theorem 4] for example).

Definition 3.9. Delzant polytopes are convex polytopes A in (£")* = R"
satisfying the following three conditions:

e simple; each vertex meets n facets,

e rational; the inward pointing normal vectors u?, . .., u; for facets
meeting a vertex A\ € A are integral vectors,
e smooth; the vectors u7, ..., u) chosen as above form a basis of
Zn
)

where A is the set of the vertices in A.
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We can see that two ways to define Delzant polytopes are equivalent.
Although we can find a similar result in [4, Proposition 2.2], we give a
proof because we shall use the statement repeatedly.

Lemma 3.10. Let v7,...,v) be the direction vectors and uy,...,u)
the inward pointing normal vectors for A € A. Then,
)
[yl | 2| = Ea,
)
where E,, denotes the identity matrix.
Proof. Let eq,...,e, be the standard basis in R™. Since the direction
vectors v, ..., v form a basis of Z", there exists a square matrix B)
such that
(33) En:{el...en]:['yi‘... )‘]B)‘
Since the matrix B; is the inverse matrix for the matrix [v7 - - - v}\], we
see B)Mv}---v)] = E,. Moreover, the matrix B is in GL(n;Z) from
(3.3).
We define the vectors u?, ..., u} € Z" by
by
A
B = :
)
By calculating B[v; - - - ], we obtain
— tui\
Byloy-vpl = | 1| [ wp)
)
it ) ]
| tu’\vi\ co )
[ (ug,v7) (ug,vy)
L <Ui‘“ Ui\> e <ui\7 Ug)
Since Bp[v} ---vp] = By, we have (u}),v}) = d;; (Kronecker’s delta).
We say that
u} € span{vy,...,v0 ), ... u) € span{vy, ..., v} 3,
which means that the vectors uj,...,u} are inward pointing normal

vectors to facets meeting the vertex A. 0
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For A € A, we define an n x n matrix Q* = [v},...,v}] (= | ;\j})
In general det Q* = £1 by the deﬁmtlon but we assume det Q* = 1 by
changing the numbering of v7,...,v). We also define a matrix DM by
DM = (Q*)7'Q"(= [d}}']) for each A, pu € A as we defined in Section 2.

From the construction in Section 2, we obtain a system of complex
coordinate charts {(Uy, px)}rea on a toric manifold X associated with

a Delzant polytope A.

Remark 3.11. Azam, Cannizzo, and Lee explained the construction of
symplectic toric manifolds with a system of the inhomogeneous coor-
dinate charts from a data of Delzant polytopes [2]. In this case, the
coordinate transformation of our system of complex coordinate charts
{(Ux, ¥x) }ren coincides with the one constructed in [2]. Hereafter, we
call {(Uy, @A) }aca a system of the inhomogeneous coordinate chart on
a toric manifold.

From this section, we write X by a compact toric manifold of complex
dimension n, A by the Delzant polytope of X, A by the set of the
vertices in the polytope A.

Remark 3.12. The coordinate transformation of the inhomogeneous co-
ordinates also coincides with the one in algebraic geometry (see for
example [7]). Note that we may have a fan of toric manifolds X by
taking integral vectors inward pointing normal to each facets of Delzant
polytopes of X.

3.3. Toric Divisor Complements. In this section, we construct a
diffeomorphism between the complements of toric divisors in X and
(€)™

WedeﬁneUA—{[ }EU,\]zle z#O}CXforeach)\eA
then we have M = Usea Ux. We call M be the toric divisor comple-
ment. Furthermore, we see Uy, =U, = M for Ao €A

Definition 3.13. We define a map ¢, : px(Ux) — (C*)" by

a2 = (H(@) ?n.'.,H(z;)@?n) ,

where (@)~ = [Q})].

vy

Lemma 3.14. For any A\,0 € A, ¢y 0 v = ¢ © @y .
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Proof. Since we define D7 = (Q°)~1Q*, we see D°*(Q*)~t = (Q°%)~L.
For any [2}] € Uy, we have

éx 0 pa([2Y]) =a 0 i ([(H(zj)dé-’?, o H(Z;)d%)])

—@(Hﬁﬁmw-lﬂ£Wﬂ
nJ n 225\1 n n Qi\n
= H (H(f)dé’?> H (H(za)d??)
= (H(z;) f, H(Z;)Q?n>
=05 0 s ([27])

U

From Lemma 3.14, we can define the following map independent of
the choice of A € A.

Definition 3.15. We define a map ¢ : M — (C*)* = {(z1,...,2,) |
2122+ zn # 0} by ¢ = dao .

Next we construct the inverse map ¢ : (C*)™ — M, which is actually
similar to the construction of ¢.

Definition 3.16. We define a map ¢ : (C*)™ — o5 (Uy) by

n n

QB)\(Zl,...,Zn) = (H(Z]) 5‘17"'7H(Zj)Q;"> )

j=1 j=1
Lemma 3.17. For any \,0 € A, cp)_\l o qAb/\ =p;lo an-

Proof. Since we define D = (Q*)71Q7, we see Q*D** = Q°. For any
z=(21,...,2,) € (C*)", we have

go;\l o (iA(Z) :(p;\l <H(2j>Q?1, o H(zj>Q?n>

Jj=1 Jj=1

—[(II@»Q%VH,II@»Q%)]

j=1 j=1
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- H(H ) (M)

=1 j=1

Ao
dil

[ )

1 7j=1

:90;1 © U(Z)
O

From Lemma 3.17, we can define the following map independent of
the choice of A € A.

Definition 3.18. We define a map ¢ : (C*)" — M by ¢ = ox'o Oy

We check that the map q% defined in Definition 3.18 is the inverse
map of ¢ defined in Definition 3.15.

Lemma 3.19. gzgo ¢ =1idy, ¢o q@ = id(ceyn.

Proof. Since we define ¢ = gzﬁ,\ o ) and gb = gp)\ o ng,\, we obtain

¢ b= O¢AO¢/\O%\ and ¢o </5 Propropy O¢A—¢AO<ZBA We say
that it is sufficient to show that @ oy =id,, (17,) and @i oqﬁ,\ = id(cxyn
For 2* € ¢,(U,), by similar calculation, we have

ngSAogb)\(Zf‘,..., n (H H( ;\)Qﬁn)
=1 =1

W /n W\ @
(1 %) AT(f1e)
- (e fie)

:(zgzé‘) ]

Thus we obtain ¢,\ o ¢ =1d,, @17,
For z € (C*)", by similar calculation, we have

n
A
: ,H(Zj)Qj">
j=1 j=1

N

n /o QM n [/ n Qh
(i) i)

i=1 \j=1

dro a1, 2m) =

<

>
A

K

e
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:(Zb s 7Zn)'

Thus we obtain ¢, o qAS,\ = id(c#)n. [

4. TORUS-EQUIVARIANTLY EMBEDDED TORIC MANIFOLDS

We construct k-dimensional complex submanifolds C'(V') in toric
manifolds X associated to affine subspaces V in R" = t" and examine
their fundamental properties.

In Section 4.1, we give the construction of C(V'). In Section 4.2,
we consider a Hamiltonian subtorus action on a toric manifold X. In
Section 4.3, we consider the Hamiltonian torus action on C'(V).

4.1. Construction of Torus-equivariantly Embedded Toric Man-
ifolds. First, we will concentrate on Yamamoto’s construction [11,

Lemma 6.1] of complex submanifolds C(V') in (C*)". Let eq,...,e,

be the standard basis in R™. We write (, ) for the inner product of vec-

tors. Fix k =1,...,n. Let p1,...,px € Z" be primitive vectors which

are linearly independent, and a € R™. Then we consider an affine sub-

space V = Rp; + --- + Rpy, + a = R* in R?, which may have rational

slope. Yamamoto constructed k-dimensional complex manifolds C(V)

in (C*)™. Although we do not give the same statement as the original

one, the statement is like as follows.

Proposition 4.1. Given an affine subspace V.= Rp; +---+ Rpy +a
in R™, we can construct a complex submanifold C(V) = (C*)* in M =
(C)" by

( k \
v =Y (peu + (a, ),
O(V) = (Vo ety e oy |
Yi = Z(pu ei) vl
\ =1 )

where (M=o eurtV=Tuny @ (CH)F,

Note that if k& = 0, then C(V) is a point (el®e1) ... el@en)) in (C*)".
We rewrite the expression of C'(V') in Proposition 4.1 as follows:
Proposition 4.2. Let C(V) be a complex submanifold in M given in
Proposition 4.1. There exists a primitive basis qgi1,--.,qn € Z" of the
orthogonal subspace to V- =Rpy + -+ - + Rpg + a in R™ such that

wq
C(V> = (ewlv ce Jewn) S (C*)n t[q]f-‘rl T qn] —a] =0 )

Wnp,
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where wy = x1 +vV—1y1, ..., Wy = Ty + V—1Yp.

Proof. Hereafter, we calculate angle coordinates y = (y1,...,y,) and
v = (vy,...,v;) up to 27Z.
From Proposition 4.1, we have

T (5] n U1
=[pr-pl| ¢ | +a, to = pipil
Tn U Yn Uk
We obtain
w1 1+ v —1y1 UL + v —1U1
L | —a= : —a=[pi-pi :
Wy, Tn+vV—1y, ur + v —1lug
We can take a basis of primitive vectors qxy1,...,q, € Z" of the or-

thogonal subspace to V. Multiplying both sides by ‘[gri1 - qn], We
obtain

w1
aks1 - qn) ]l —a
Wy,
[ Qs uy + v/ —1v;
= : [p1 - pi] :
L th uk"‘\/—lvk
[ <Qk+1,p1> <Qk+1>p2> <C]k+1>]?k>
U +v—1v
| (@er2pr) (Ger2p) e (G pa) Peve
. . t. . w + —11}
L (g, p1) (@usp2) o (G D) TV R

O

Note that this submanifold C (V') can be regarded as a complex
subtorus (C*)* in (C*)".

We will write C(V) explicitly as a submanifold in M. Recall that
M = J,c, Uy. Using the map O : (C)" = 5 (Uy), we obtain

ANCV) ={z* =" € oA(U)) | '[ghs1 - ) ((QY) 0 — @) = 0},

= ¢ means that (z),...,2)) = (e"7, ..., e¥n).

e n

where z*
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Next we take the closure of ¢x(C(V))(C @x(Uy) = C"). Since Q;\l =
(u), e;), we have

> Qilage) = (u)q5)

I=1
fori =1,...,nandj = k+1,...,n. Define three subsets Z3 ., Z5 ., I3 ; C
{1,2,...,n} by
(4.1) i, ={ie{1,2,...,n} | (u}, q;) > 0},
(4.2) T, ={ie{1,2,...,n} | (u}, q;) <O},
(4.3) Iy, ={ie{1,2,...,n} | (u},q;) =0},
for A € Aand j = k+1,...,n. Note that Iy, NIy, = I}, and
Iy, UL, ={1,2,...,n} forany A€ Aand j =k +1,...,7n.

From the expression of ¢,(C(V)), direct calculation gives us
(@, (@Y ' —a) = (g, (@) ' og 2* — a)
= Q") 'qu,1og 2*) — (g1, a)

<ui\7QZ>
= < : ,long> — {a, q)

<'LL;\” Ql>

= log (H(Z?)M"”)) —{a,q)

j=1
for i =k+1,...,n. We can define C(V) = U, 5 (Cx(V)) C X by
44) O(V)={ren(U) | f}z")=0for j=k+1,...,n},
where fj’\ is defined by

(4.5) fjA(Z/\) = H (Z?)M’q” — elow) H (ZZ.*)—W?M
iEI)t]. iEI;j
A

for each j = k+1,...,n. Here, if Ij\“j = (), then Hier (zj)“‘z a6 =1,
’ J
Similarly, if Z ; = (0, then Hz‘ez; (23)—<u37qj> -1
’ J

Cy\(V) is a zero locus of f,,,..., f;. Note that if k = 0, then C(V)
is a point in X.

Remark 4.3. By the implicit function theorem, C'(V') is a complex sub-
manifold in X if the rank of the Jacobian matrix of f,,,. .., f, is equal

to n — k for any points p € C(V) and any A € A.
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We demonstrate some examples for complex submanifolds C(V'). Ex-
ample 4.4 gives an example for a complex submanifold in X = CP?,
while Example 4.5 deals with a subset in X = CP? which does not
become a complex submanifold in CP?2. In the following two examples,
define the points A, i, o in (£*)* = R? by

A=1(0,0), p=1(2,0), o =(0,2).
Let A be a polytope defined by the convex hull of the points A, u, o

From the Delzant polytope A of CP? we define the inward pointing
normal vectors to the facets by

1 0 —1 1] . fo] . [-1
ui\ = |:0:| ,U%\ = |:1:| 7ulf = |:_1:| ,U/g = |:O:| 7u1 = |:1:| 7u2 = |:_1:| 9
where A = {\, u,0}.

Example 4.4. Let X = CP? k =1, V be spanned by p = {[1 1]. We
can choose a basis g of the orthogonal subspace to V as ¢ = *[1 — 1].
In this case, the subset C'(V') is a complex submanifold in X. Indeed,

we give fA, f*, f7 by
P=st-g -1, fr=1-5,
respectively. Since the Jacobian matrices are expressed as
Df*=[1 —=1], Df*=[01], Df7 =[10],
respectively, we see the rank of each matrix is one.

Example 4.5. Let X = CP? k =1, V be spanned by p = {[3 1]. We
can choose a basis ¢ of the orthogonal subspace to V as ¢ =‘[1 — 3]. In

this case, the subset C'(V') is not a complex submanifold in X. Indeed,
we give fA, f*, f7 by

frea— (@) =) -1 7= (0) - ()%
respectively. Note that (0,0) ¢ C, (V). Since the Jacobian matrices
are expressed as

Df*=1[1 =3()’], Df* =242 ({')’], Df7 = [3(z])* — 225,
respectively, we see the rank of Df* and Df* is one. However, the
rank of D f? becomes zero at the point (27,25) = (0,0) € C, (V).

Notice that if we fix a toric manifold X, then we may classify exam-
ples of complex submanifolds C(V) in X in terms of the conditions of
V. Other examples for X = CP? are treated in Section 5.1.

Suppose that C'(V) is a complex submanifold in X. Then, there

exists a map i : C(V) — X as an embedding. By the construction
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of C(V) in this section, if C'(V) is a complex submanifold in X, then
there exists an embedding iy : C\(V') — x(U,) for each A € A.

4.2. Subtorus Actions on Toric Manifolds. In this section, we
consider a subtorus action on toric manifolds in order to give a Hamil-
tonian torus action on a complex submanifold given in Section 4.1.

First we define a k-dimensional torus action on a complex n-dimensional
toric manifold X. Given an affine subspace V = Rp; +---+ Rpr + a
in R", define a map iy : TF — T by

k k
(46) iv(tl, o ,tk) = <H tl<pl’el>a L Htl<pl,en)> ‘
=1 =1

Recall that the n-dimensional torus 7™ action on ¢, (U,) = C" is given
by
T x pA(Uy) = oa(Uy)
(t=(ts,...,tn), 22 =(2},...,2))) — t-2*

for each \ € A, where t - 2* is defined by

£z —<Ht A ...,ﬁtf?"zg>
— t<,ej’vi‘ - (er” )
NICEEE €

This torus action is compatible with the torus action on (C*)", which
is given by
x (C) - (C)"
((t1, - tn), (21, -y 20)) = (t121, .. tazn).
We can describe the k-dimensional torus 7% action on X by
TFx oAU = eal))

(t=(t,...,tr),2") = iy(t) -2,

where

k k
(4.7) iv(t) -2 = <H PR Htm, o) A>

=1
We define the subset J\ = {j1,...,Jm} C {1,...,n} by
j)\ = {j € {17777/} | <p17/U])'\> == <pk7vj>\> = 0}

for A € A. If J, = 0, then we may interpret Jy = {j1,...,5m} as
m = (0. Note that since the vectors p, ..., py form a basis of the linear
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part of V| we see that

max | Jy| <n — k.
AEA

Since our complex manifold X coincides with the one constructed
in [2] as compact toric manifolds, X is equipped with the torus invari-
ant symplectic form w given by Guillemin [8] (see also [9, Appendix
2]). Moreover, the T™-action on X is Hamiltonian with respect to the
symplectic form w. We write the moment map for the Hamiltonian 7™-
action on X is p : X — (t*)*. The fundamental property of moment
maps for Hamiltonian torus actions is the convexity theorem [1, 10].

Remark 4.6. The T"-action given in Equation 4.7 is also Hamiltonian
with respect to w and the moment map for the action is given by
it o X — (tF)%

We study the fixed point set of the T*-action on X.

Lemma 4.7. Consider the T*-action on X defined above. The fized
point set of the T*-action on p\(Uy) is {z* € oa(Uy) | 22 = 0,1 & Jr}.

Proof. For simplicity, we give the proof for the case when 7, = {i}.
If (p;,v}) =0 for I =1,...,k, then we have

k
iv(t) - (0,...,0,2,0,0...,0) = (0,...,o,Ht?”“”zf,o,...,o)
=1

=(0,...,0,2},0,...,0).

Thus, the point (0,...,0,2,0,...,0) is a fixed point of the T*-action
on o (Uy).

Conversely, if (0,...,0,2},0,...,0) is a fixed point of the T*-action
on (Uy), then we have

Since (ti,...,t) € T*, we see that (p;,v}) =0for I =1,... k.
Note that if 7, = 0, we see that the fixed point of the T*-action on

ox(Uy) is (0,...,0) € pA(Uy). O
Note that the set {z* € ¢A(Uy) | 2 = 0,i & J»} corresponds to the
m-face defined by the direction vectors v;‘l, ey Uﬁ\m in Aforjy,....Jm €

Ir. It Ty = 0, then the set {2* € \(Uy) | 20 = 0,i ¢ T} =
{(0,...,0) € A(Ux)} corresponds to the vertex A\, which is a 0-face in
A. Tn particular, {2* € p\(U,) | 2 = 0,i & Jp} # 0 for any J,.
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4.3. Torus Actions on Torus-equivariantly Embedded Toric
Manifolds. After giving torus actions on C(V'), we consider the image
of the moment map for the torus action.

Under the following diagram;

™ X oA(Ux) —— @a(Un)
Tiv Tix Tix
T* X CA\(V) —— CA\(V),

a T*-action on C(V) is defined by
TF x C)\(V) — O)\(V
(t=(tr,... ty), 2%) — iy(t)- 2",

which makes the above diagram commutative.

From Lemma 4.7 and the definition of C,(V'), the following lemma
is obvious.
Lemma 4.8. The fized point set of the T*-action on C\(V) is {z* €
eA(Un) | 28 =0,i ¢ PN CA(V).

It is clear that if {z* € p\(U)) | 2} = 0,i ¢ Jn} N Cr(V) # 0, then
there exists a fixed point of the T*-action on C\ (V).

Lemma 4.9. Assume that k > 1. If there exvists j = k+1,...,n
such that (u},q;) > 0 (or (u},q;) <0) for alli =1,...,n, then {z* €
ox(Uy) | 22 = 0,0 ¢ T} NCA(V) =0, i.e., there is no fized point of
the T*-action on C\(V).

Proof. For simplicity, we assume that there exists j = k+1,...,n such
that (u},q;) > 0foralli =1,...,n. Thisimplies that Z . = {1,...,n}
and Z ; = (). As we noted in the definition of f3(2*), we obtain

) = [T e — e [ ()

z'eI+ . i€y ;

H (ua5) _ plasg)

=1
Since ef®%) £ 0, fj’\(z ) = 0 implies that 2325 -+ 2 # 0, i.e.,
{fj/\(z ) =0} C {2122 Zﬁ\ # 0}.

Recall that |7\ < n —k for any A € A. If k > 1, then there exists
19 € J» such that

{z €Uy | 2} =0,i ¢ T} C {z) =0}
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It is clear that {2723 ---2) # 0} N {z) = 0} = 0, which implies

that {z* € pA(U)) | 2} = 0,i ¢ J\}NCA(V) = 0. Since CA\(V) =
ﬂ?:kﬂ{fj)‘(z’\) = (0}, we obtain the desired result. O

Note that if (u},q;) > 0 (or (u},q;) < 0) for all i = 1,...,n and
some j =k +1,...,n, then C\(V) C pr(U,).

Remark 4.10. If C(V) is a complex submanifold in X, the T*-action
on C(V) is actually Hamiltonian with respect to the symplectic form

i*w on C(V) for the inclusion i : C(V) — X. If p: X — (t")* is the
moment map for the T"-action on X, then we can obtain the moment

map for the T*-action on C(V) by i = i, opoi: C(V) — (t%)*.

We further examine the fixed points of the T*-action on C(V).
Since the map 4y : T% — T™ is defined by (4.6), we can write the
pull back i}, : (t7)* — (£*)* as

(4.8) B(©) = (1,8, (1 6)).

Note that this map 4}, is a surjective linear map. Hence, we have

iy (X)) = {({(p1, )+ (P, €)) | € € (X))} € (¢)".

Since X is a toric manifold, ©(X) = A is a Delzant polytope. In this
situation, we obtain the followings:

Corollary 4.11. Let A be a Delzant polytope and i : (£%)* — (*)* be
the map defined in Equation 4.8. Then, i},(A) is a convex polytope.

Proof. As we noted, the map 4}, is a linear map. By the definition of
Delzant polytopes, A is a convex polytope. By Lemma 3.2, i},(A) is a
convex polytope. O

Lemma 4.12. Suppose that Jn = {j1,.-.,jm}- Let Fx be an m-face
of A defined by the direction vectors v}, ... v} . Then, i,(§) = iy, ()
holds for any & € F).

Proof. Since &, A € F), we have

m
_ A
§—A= Z QYj,
1=1
for some aq,...,a, € R. We calculate

iy (&) —iv(A) =iv (€= A)

m m
= <<p17 Z Oéﬂ)j-;), ceey <pk7 ZO&[U?}))
=1 =1
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= (Z al(pla Uﬁ)) SR Zal<pku U;;))
=1 I=1
=(0,...,0).
Thus we obtain i}, () = i},(\) for any & € F). O

By the definition of Delzant polytopes, we can take the direction
vectors v7, ..., v} € Z" from the vertex \ of a Delzant polytope A and
the vectors v}, ...,v) € Z" can be chosen as a basis of Z". We define

the cone Cy by
C)x = RZOU? + - F RZO/U:; C (tn)* >~ R™,

In other words, C, is generated by {v7, ..., v}}. Since the map i}, is lin-
ear, by Lemma 3.4, i},(Cy) is the cone generated by {i}-(v}), ..., % (v))}.
The cone i},(Cy) can be written concretely by

05 (Cy) = Rsgitr (v]) + - - - + Rsgit (v)) C ()" = RF,

Definition 4.13. Let A be a Delzant polytope and A\ be a vertex in
A. The point i},()\) is a vertex in the convex polytope i}, (A) if 0 =
(0,...,0) €4}(Cy) C (t*)* is a vertex in the sense of Definition 3.7.

We have the relation between the vectors pi,...,pr, Qeit,---,Gn,

A A A

A
vy, ..., 00, and ug, . ...

Lemma 4.14. Foranyl=1,....k and any j=k+1,...,n,

n

(4.9) > o)) () q) =0

i=1

holds.

Proof. Instead of Equation 4.9, we show the matrix equation

P ui
(4.10) e s ] s ke o @] =0
"D b

I
3

(4.11) CANEEEIE
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Since the vectors qxy1,...,q, are taken to be an orthogonal basis of
the orthogonal subspace to V', we have
['p1
(4.12) e 0 @] =0.
LD
From Equation 4.11 and Equation 4.12, we calculate
‘p1 K& 'p1
: [Ui\ o U$:| [qk+1 o« o qn] — [qk+1 RPN qn]
"pr _tuﬁ "pr
=0.
Hence, we obtain Equation 4.10. O
From Lemma 4.14, we see that
Z(pla v?)(“i\a QJ>
i=1
=0

n

> (ors o)) (), 45)

Li=1 .

holds for any 7 = k + 1,...,n. This is equivalent to the equation:

n <p17vi)\>_

Z(u?7Qj> = 0.

=1 <pk7 Ui)\>_

From (4.8), the following equation

n

(4.13) > (udq)iy (0}) =0

i=1
holds for any j = k + 1,...,n. Since the set J, C {1,...,n} was
defined by
jk:{ie{lw'wn} | <plavz')\> == <pk7vz‘>\> :0}7
Equation 4.13 can be written as
(4.14) > (uqp)iy(0}) = 0.
iZ€IN

Note that since |7,| < n — k, the number of the terms in the left hand
side of Equation 4.14 should be greater than or equal to k.
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Lemma 4.15. Fiz j = k+ 1,...,n. If the point i},(\) is a vertex
in the convex polytope i, (A), then {{u}, q;) }ig7, satisfies either of the
following conditions:

(1) (u, q;) =0 holds for any i & Ty,

(2) there exist i; # i & Jx such that <uf;, ;) {(u, q;) < 0.

Proof. Regarding Equation 4.14 as a linear combination of the vectors
it (v)) (i € Jy), the coefficients (u?, q;) (i € Jy) satisfy at least one of
the following cases:

e (u,q;) > 0 holds for any i & J,,

e (u?,q;) <0 holds for any i & Jh,

e there exist i; # i} ¢ J such that (uf‘], qj><u%, ;) <O.

If the point i},(\) is a vertex in the convex polytope i, (A), then by
Definition 3.7 and Equation 4.14 the first and second cases can be
written as (u}, g;) = 0 holds for any i € J,. O

To check whether the fixed point set of the T*-action on Cy(V) is
empty or not, we can use Lemma 4.15.

Lemma 4.16. Fiz j = k + 1,...,n. If the point i{,(\) is a ver-
tex in the convex polytope iy, (A) and if there exist iy # i such that
<U?j7%><u%,q]’> <0, then

(4.15)  {2* € pa(Un) | 2, = 23 = 0} C {z" € ea(Uh) | £7'(=") = 0}
holds.

Proof. For simplicity, we assume that (u;\j,qj) > 0, (u),q;) < 0. This
J

implies that i; € Z)"; \ Z3 ; and 4 € Z; ; \ T ;. From Equation 4.5, we
obtain Equation 4.15. O

As a corollary to Lemma 4.16, if the point i{,(\) is a vertex in the
convex polytope i},(A) and if {(u?, g;) }ig7, satisfies the condition (2)
in Lemma 4.15 for a fixed j, then we obtain

{} e pa(Uy) | ) = Z?J =0,i; # i, & T} C{z* € a(UN) | f7(z) =0}

for i; # i’ ¢ J\ appearing in the statement of the condition (2) in
Lemma 4.15.

When {(u},q;) }i¢s, satisfies the condition (1) in Lemma 4.15, we
obtain the following result:

Proposition 4.17. Assume that the point ij,(\) is a vertex in the

convex polytope i3, (A). We define a point 2* = (2,...,Z)) € C" by

rn
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setting

o Jer ey,
0, i & Jh.
If there exists jo =k +1,...,n such that {{u}, q;,) }ig7, satisfies the

condition (1) in Lemma 4.15, then we obtain

EA € {Z)\ € QOA(U/\) | Z;\ =01 € jA} N C)\(V),

i.e., the set {2 € px(Uy) | 2} = 0,i & T} N CA(V) is not empty. In
particular, there exists a fived point of the T*-action on C\(V).

Proof. It is clear that z* € {2* € p\(U,) | 2} = 0,i & Jp}. We show
that 2* € Oy\(V) = ﬂ?:kﬂ{z)‘ € pa(Uy) | ff‘(z’\) = 0}.

Since we assume that the point i},(\) is a vertex in the convex poly-
tope i} (A), {(u, q;)}igs, satisfies either of the condition (1) or the
condition (2) in Lemma 4.15 for each fixed j. We use the result to
check that z* € {2* € pA(U)) | f}(2*) = 0} for any ;.

If {(u?, q;) }ig.7, satisfies the condition (1) in Lemma 4.15 for some 7,
then i ¢ J, implies (u},q;) =0, i.e., i € Ig\]’j for such j. By considering
the contraposition, Zy . UZ; \ 73 ; C Jx. We calculate Hz‘ezj (22 (udas)

, 2 ? ¥

(2
and [Ter, (2)#0 as

H (23)(“?7‘1]) — H (27’/\)<'U«1>\7q]> — H (e(a,vf‘))mf‘,qj)’

€Iy ; €Iy N\ SRV

2\ —(ud,q; 2\ —(ud,q; M\ —(ud,q;
H (30~ twhai) = H (zM) ") = H (elowihy=(uhas) £ g,
€Ty ; i€y \IY i€y \IY

Moreover, since i € Z} ; means that (u, q;) = 0, we obtain

H (€<a,vi>‘>)—(uf‘7qg') — H (€<GL,U?))—(u?,qﬂ7

i€y \IY i€y
H (elmed)yludan) = H (efavidytud ),
i€y N\, €Iy
As we noted that I;“j UZ,;={1,...,n}, we can calculate
A (g A\ (0 g
Hz’eI;r,]. (zj‘)(uZ 15) Hielij\lf\),j (e(a,vl >)<uz 15)

A () a,vM)\—(u,q;
HieI;j(Zi)\) i) HieI{,j\Ig,j(e< i) ) {uag)
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av-)‘ ’LL)\ 1
Hz‘EI;"j<e< ' l>)< #95)

NN\ — (0> as
[iezs ()~ 0T

_ H (efavi)ytuda)

1=1
— e(a’q.7> .

This calculation implies that f}(Z}) = 0 for j such that {(u}, ¢;) }igs,
satisfies the condition (1) in Lemma 4.15.

If {(u},q;)}igs, does not satisfy the condition (1) in Lemma 4.15
for some j, i.e., if {(u},q;)}igs, satisfies the condition (2) in Lemma
4.15 for some j, then by Lemma 4.16, there exist i; # i} ¢ J\ such
that Equation 4.15 holds for such j. By the definition of z*, 2* ¢
{z* € pA(U)) | z{\j = 2 = 0} holds for such j, which implies that
2 e {2 e Uy ] f(zY) =0}

From the above discussion, 2% € {z* € A(Uy) | f}(2*) = 0} holds
for any j = k+1,...,n. By Lemma 4.8, there exists a fixed point of
the T*-action on Cy (V). O

We consider the case that {(u?, ¢;) }ig.7, does not satisfy the condition
(1) in Lemma 4.15 for any j = k+1,...,n, i.e.,, {(u}, q;) }igs, satisfies
the condition (2) in Lemma 4.15 for any j =k +1,...,n.

Proposition 4.18. Assume that the point i{,(\) is a vertex in the
conver polytope i3, (A). If {{u}, q;) }igs, satisfies the condition (2) in
Lemma 4.15 for any j = k+1,...,n, then there exists a fixed point of
the T*-action on Cy(V).

Proof. From Lemma 4.16, for any j, there exist i; # i’ ¢ J\ such that
{2} e oa(Uy) | 2} = Z?J =0,i; # i, ¢ T} C{z* € pA(UN) | f7(2) =0}
holds. Since for any j,

{22 € pa(Uy) | 20 =0, for any i & Ty}

C{z € palUn) | 2, = 20 =0, i #15 € i}

holds for some i; # i ¢ Jy, we obtain

{AepaUn) |2 =0,ig T} C ﬂ {z* € a(Uy) | f7(2") = 0}

j=k+1
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Since the right hand side is equal to Cy(V'), we see that
{Z)\ € gO)\(U)\) ‘ Zz)\ =0, Q/ j,\} C C)\(V)

In particular, as we noted that {z* € p\(Uy) | 22 =0, i € T} # 0, we
obtain

{ZA S QD)\(U)\) ’ ZZ)\ =0,71¢ j)\} N C,\(V) 7’é 0.
By Lemma 4.8, there exists a fixed point of the T*-action on Cy (V). O

Proposition 4.19. If the point i{,(\) is a vertex in the convex polytope
it,(A), then there exists a fized point of the T*-action on C\(V).

Proof. By Lemma 4.15, if the point i{,()\) is a vertex in the convex
polytope i}, (A), then {(u}, q;) }i¢.7, satisfies either of the condition (1)
or the condition (2) in Lemma 4.15 for each j.

If there exists j such that {(u},q;)}igs, satisfies the condition (1)
in Lemma 4.15, then by Proposition 4.17, there exists a fixed point of
the T*-action on C, (V). If otherwise, i.e., if {(u}, q;) }ig.7, satisfies the
condition (2) in Lemma 4.15 for any j, then by Proposition 4.18, there
exists a fixed point of the T*-action on C) (V). O

By comparing the vertices in u(C(V')) with those in @} (u(X)), we
say more about the image of the moment map 7.

Theorem 4.20. If C(V) is a complex submanifold in X, then we o0b-

tain i(C(V)) = iy (u(X)) in (£)",

Proof. Since the map 7 is the moment map, the image of & is the
convex hull of the images of the fixed points of the T*-action on C(V).
We classified the fixed points of the T*-action on X (Lemma 4.7) and

those of the T*-action on C'(V) (Lemma 4.8).

Since C(V) C X, we obtain f(C(V)) C @ (u(X)) = it (A). In
particular, by Lemma 4.12, if 2* € Cy(V) is a fixed point of the T*-
action on Cy(V), then fi(2*) = i},()\) € 43,(A) for the vertex .

Since Proposition 4.19 shows that if i{,()\) is a vertex of i{,(A), then
there exists a fixed point 2* of the T*-action on C\(V) such that
fi(2*) = iy (A). -

Thus, the set of the vertices of 77(C'(V')) coincides with the set of the
vertices of },(A). Since the map i is a moment map for the T*-action
on C'(V), by the convexity theorem [1, 10], the image of  is the convex

hull of the images of the fixed points of the T*-action on C'(V). Since
it,(A) is the convex hull of the images of the vertices of A by i}, we

obtain Ti(C(V)) = it (A). O
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We say a submanifold C(V) to be a torus-equivariantly embedded
toric manifold in a toric manifold X.

5. EXAMPLES OF TORUS-EQUIVARIANTLY EMBEDDED TORIC
MANIFOLDS

We demonstrate examples of C(V') and check whether they are torus-

equivariantly embedded toric manifolds or not. When C(V') is smooth,

we further draw figures of D(V') := u(C(V)) for each example.
5.1. Examples of Torus-equivariantly Embedded Toric Mani-

folds in CP?. We give examples for C'(V') and check whether C'(V) is
a complex submanifold in X = CP?2.
Delzant polytopes of CP? are isosceles right triangles. As in Example

4.4 and Example 4.5, define the points X, u, o in (£2)* = R? by
A=(0,0), p=1(2,0), o =(0,2).

Let A be a polytope defined by the convex hull of the points A, u, o.
We define the inward pointing normal vectors to the facets by

1 0 —1 1] , Jo] , [-1
ui\ - |:0:| 7“’5\ = |:1:| 7“’? - |:_1:| 7u§ = [O:| 7u1 = |£|L| 7u2 = [_1j| )
where A = {\, u,0}.

Example 5.1. Let X = CP? k=1,and V = Rp +a (a € R?) be an
affine subspace spanned by p = f[1 0]. Then, we can choose a basis ¢
of the orthogonal subspace to the linear part of V' as ¢ = *[0 1]. In this

case, C'(V) is a complex submanifold in X. Indeed, we give f*, f*, f°
by

f)\ _ ZQ/\ . 6((1,82>’ fu —1— 6(@,62)2?’ fa _ Zzlr _ 6(@,62)2207
respectively. Since the Jacobian matrices are expressed as
DY =[0 1], Df* = [=els 0], Df7 =1 —elod],

respectively, we see the rank of each matrix is one.

Figure 5.1 describes D(V') when a = (0,0). Figure 5.2 describes
D(V') when a = (0,log 2).

Example 5.2. Let X = CP? k=1,and V = Rp +a (a € R?) be an
affine subspace spanned by p = f[0 1]. Then, we can choose a basis ¢
of the orthogonal subspace to the linear part of V' as ¢ = *[1 0]. In this

case, C'(V) is a complex submanifold in X. Indeed, we give f*, f*, f°
by

A a,e o a,e w o __ a,e o
f —21_6( 1>a JW—ZQ_6< 1>Z17f =1-—¢ 1>Z27
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Ficure 5.1. D(V) Ficure 5.2. D(V)
in Example 5.1 when in Example 5.1 when
a=(0,0) a = (0,log?2)

respectively. Since the Jacobian matrices are expressed as
Df*=[1 0], Df* =[—elee) 1], Df7 =[0 —eloen)],

respectively, we see the rank of each matrix is one.

Figure 5.3 describes D(V') when a = (0,0). Figure 5.4 describes
D(V) when a = (log 2,0).

FIiGure 5.3. D(V) FIGUure 5.4. D(V)
in Example 5.2 when in Example 5.2 when
a=(0,0) a = (log2,0)

Example 5.3. Let X = CP? k=1,and V = Rp +a (a € R?) be an
affine subspace spanned by p = f[1 1]. Then, we can choose a basis ¢
of the orthogonal subspace to the linear part of V as ¢ =*[1 —1]. In
this case, we show in Example 4.4 that C'(V) is a complex submanifold
in X for a = 0. By similar calculation, we see that C'(V') is a complex
submanifold in X for arbitrary a € R2.

Figure 5.5 describes D(V) when a = (0,0). Figure 5.6 describes

D(V') when a = (0,log2).
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FIGURE 5.5. D(V) FIGURE 5.6. D(V)
in Example 5.3 when in Example 5.3 when
a=(0,0) a = (0,log?2)

Example 5.4. Let X = CP? k=1, and V = Rp+a (a € R?) be an
affine subspace spanned by p = {[1 — 1]. Then, we can choose a basis g
of the orthogonal subspace to the linear part of V as ¢ = *[1 1]. In this
case, C(V) is a complex submanifold in X. Indeed, we give f*, f#, f°
by

f‘A — Zi\zg\ — e(a,q)-{-(a,ez)’

1= 2 — el (o2

fa _ €<a,61>+(a,62>(za N (25)2),

Y

respectively. Note that (0,0) ¢ C\(V). Since the Jacobian matrices
are expressed as

Df* =1z ),

DfF = [—2eleer)Hlaea) 1 1],

Df? =[1 —2elmen+lae 0]
respectively, we see the rank of each matrix is one.

Figure 5.7 describes D(V) when a = (0,0). Figure 5.8 describes
D(V)) when a = (—log2,0).

Example 5.5. Let X = CP? k=1,and V = Rp +a (a € R?) be an
affine subspace spanned by p = {[1 2]. Then, we can choose a basis ¢ of
the orthogonal subspace to the linear part of V as ¢ =*[2 — 1]. In this

case, C(V) is a complex submanifold in X. Indeed, we give f*, f#, f°
by

)2 . 62<a,e1>7<a,62>22)\’

A
1
= (25)2 _ €2<a761)—<a762)ziﬁ’
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FIGURE 5.7. D(V) FIGure 5.8. D(V)
in Example 5.4 when in Example 5.4 when
a=(0,0) a=(—log2,0)

fO' = 1 — €2<a761>7<a762>zlo-zg’

respectively. Note that (0,0) ¢ C, (V). Since the Jacobian matrices
are expressed as

Df)\ — [22,)\ _62(a,el>—(a,eg>]7
_Df‘u = [—62<a7€1>7<a762> 225]7
Dfo _ _e2<a,el>f(a,eg>[zg 210],

respectively, we see the rank of each matrix is one.
Figure 5.9 describes D(V') when a = (0,0). Figure 5.10 describes
D(V') when a = (0, —log 2).

Ficure 5.9. D(V) FIGURE 5.10. D(V)
in Example 5.5 when in Example 5.5 when
a=(0,0) a = (0,—log2)

Example 5.6. Let X = CP? k=1,and V = Rp+a (a € R?) be an
affine subspace spanned by p = *[2 1]. Then, we can choose a basis g of
the orthogonal subspace to the linear part of V as ¢ =*[1 — 2|. In this
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case, C(V) is a complex submanifold in X. Indeed, we give f*, f#, f°
by

f)\ _ Zi\ . e<“’€1>_2<a’62>(z§‘)2,

f//' — Zf’zg _ e<a761>72<a’62>’

fa — zz27 . e(a,el)—Q(a,@)(Zzlr)Q

Y

respectively. Note that (0,0) ¢ C,(V). Since the Jacobian matrices
are expressed as

Df)\ — [1 _2€<a,el>—2<a,ez)zé]7
Dft =1l 2],
Dfa’ — [_Qe(a,el>72<a,eg>z117 1]’

respectively, we see the rank of each matrix is one.

Figure 5.11 describes D(V') when a = (0,0). Figure 5.12 describes
D(V) when a = (—log2,0).

FIGURE 5.11. D(V) FIGURE 5.12. D(V)
in Example 5.6 when in Example 5.6 when
a=(0,0) a = (—log2,0)

In the following examples, we treat C'(V') which does not become a
complex submanifold in CP?.

Example 5.7. Let X = CP? k=1,and V = Rp +a (a € R?) be an
affine subspace spanned by p = [1 a] for all integers « greater than
or equal to three. Then, we can choose a basis ¢ of the orthogonal
subspace to V as ¢ = '[a — 1]. In this case, C(V) is not a complex
submanifold in X. Indeed, we give f*, f*, f7 by

f)\ _ (Zi\)a . ea(a,eﬂ—(a,eg)Zg\?

[ = () = ertaen =) (o),

e G
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respectively. Note that (0,0) ¢ C, (V). Since the Jacobian matrices
are expressed as

Df)x — [Q(Zf\)a_l _ea(a,el>—(a,eg>]7
D = [~(a — enlee {63 (o) a(af)e],
DJ7 = el (zg)et (o= 1) (25)"7,

respectively, we see the rank of Df* and Df° is one. However, the

rank of D f* becomes zero when (21, 25) = (0,0) € C, (V).

Example 5.8. Let X = CP? k=1,and V = Rp +a (a € R?) be an
affine subspace spanned by p = ‘[ 1] for all integers a greater than
or equal to three. Then, we can choose a basis ¢ of the orthogonal

subspace to V as ¢ = '[1 — a]. In this case, C'(V) is not a complex
submanifold in X. Indeed, we give f*, f*, 7 by

f)\ _ Zi\ . e(a,el)fa(a,eg)(zé\)a’

fM = (zit)a—lzg _ 6<a,€1>—06<a762>’

fo _ (Zg)a—l . e(a,eﬂ—a(a,eg)(zf)a

Y

respectively. Note that (0,0) ¢ C, (V). Since the Jacobian matrices
are expressed as

Df)\ — [1 _a€<a,61>—a<a,eg)(Zg\>a_1]’

Dft = [(a—1)(21)* %2 (1)1,

Df7 = [—aetmemetae) (200071 (o — 1)(29)"2],

respectively, we see the rank of Df* and Df° is one. However, the

rank of D f? becomes zero at the point (27,29) = (0,0) € C (V).

Example 5.9. Let X = CP% k =1, and V = Rp+a (a € R?) be
an affine subspace spanned by p = *[1 — «] for all integers « greater
than or equal to two. Then, we can choose a basis ¢ of the orthogonal
subspace to V as ¢ = '[a 1]. In this case, C(V) is not a complex
submanifold in X. Indeed, we give f*, f*, f by

f)\ _ (zi\)azg\ . 6&(&,61)—1—((1,62)7

f,u — (zSL)a . €a<a,61>+<a,62>(zii)a+1

Y

fa — Zi‘ _ €a<a’61>+<a’62>(z2‘7)0‘+17

respectively. Note that (0,0) ¢ C\(V). Since the Jacobian matrices
are expressed as
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Df* = [(a+ el tioes () a(af)1,
Df* =[1 —(a+ 1)eclae)+aes(ze)a)

respectively, we see the rank of Df* and Df° is one. However, the

rank of D f* becomes zero at the point (2, 25) = (0,0) € C,(V).

Example 5.10. Let X = CP? k=1, and V = Rp + a (a € R?) be
an affine subspace spanned by p = [a — 1] for all integers « greater
than or equal to three. Then, we can choose a basis ¢ of the orthogonal
subspace to V as ¢ = [l a]. In this case, C'(V) is not a complex
submanifold in X. Indeed, we give f*, f*, f7 by

f/\ = Z{‘(zé\)o‘ — €<a’761>+a<a,62>’

= Zg» _ 6<a,el>+a(a7e2>(25)a+1

fo _ (Zir)a . 6<a’el>+a<a’e2>(23)a+1,

respectively. Note that (0,0) ¢ C\(V). Since the Jacobian matrices
are expressed as

Df* =[(z)" az(2)"],
Dft = [—(a + 1)eloevtalaes) (e 1]
Df7 =la(:)"™ —(a+ Delaitee(zg)],

respectively, we see the rank of Df* and Df° is one. However, the

rank of D f? becomes zero at the point (27, 29) = (0,0) € C, (V).

By similar calculation, we see that C'(V') is not a complex submani-
fold in X if the slope of V' is not the same as treated above.

Remark 5.11. We can classify all examples for complex submanifolds
C(V) in X in terms of the conditions of V by direct calculation. In

particular, when X = CP? we can show that C(V) is a complex
submanifold in CP? if and only if the linear part of V is spanned by
{1 0], 10 1], *[1 1], *[1 2], {[2 1], or [1 —1].

When X = CP?, we can determine the conditions that C(V) is a

one-dimensional complex submanifold in X by the linear part of an
affine subspace V = Rp + a in R2.

5.2. Other Examples of Torus-equivariantly Embedded Toric
Manifolds. We demonstrate other examples of torus-equivariantly em-
bedded toric manifolds in toric manifolds other than CP2.

It is well-known that Delzant polytopes of F; are shown in Figure
5.13. Define the points A, i, o, ¢ in (£2)* = R? by

A=(0,0), n=(2,0), o =(1,1), 6 = (0,1).
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Let A be a polytope defined by the convex hull of the points A, u, o,
0. Let A = {\, ,0,0} be a set of the vertices in the Delzant polytope
of ;. We define the inward pointing normal vectors to the facets by

= =[oe=[] 5= ]
e [oa=[2) = (2] t= ]

Example 5.12. Let X be a Hirzebruch surface F; of degree one, k = 1,
and p = *[1 0]. Then, we can choose a basis of the orthogonal subspace

to V as ¢ ='[0 1]. In this case, C'(V) is a complex submanifold in X.
Indeed, we give f*, f*, 7, f0 by
=1, == T =1—2029, fP=1-29,

respectively. Note that (0,0) ¢ C, (V). Since the Jacobian matrices
are expressed as

Df*=10 1], Df*=[1 1], Df" =[-25 2], Df* =[-1 0],

respectively, we see the rank of each matrix is one.
The image of p |z C(V) — R? is given in Figure 5.14.

FIGURE 5.13. a FIGURE
Delzant polytope of 5.14. p(C(V))
F, in Example 5.12

Delzant polytopes of CP? are the convex hull of the points:
A=1(0,0,0), p=(2,0,0), 0 =(0,0,2), 6 =(0,2,0).

We can see a Delzant polytope of a blow up of CP? at the point cor-
responding to 0 as the convex hull of the points:

A=(0,0,0), &= (2,0,0), ¢ =(0,0,2),
& = (1,1,0), 6, = (0,1,0), &5 = (0,1,1).
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We define the inward pointing normal vectors to the facets by

1] 0] [0 0] —1 0
up = [0f ,up = |1|,uy = 0] ,uf' = |1| ,ul = [=1] ,ul = |0],
0 0 1 0 -1 1
[0] 1] [—1 [0 ] [0 —1
uj = [1|,ug = [0 ,u3 = 1 ,u‘flz -1 ,uglz 0 ,ugl— -1
0 0 —1 0 1 -1
1 0 0 1] [0 —1
u‘fz =10 ,u‘? = |0 ,qu = |—1 ,u‘1;3 = |0 ,uéS = 1 ,ugf" = |—1
0 1 0 0 | 0 -1

Example 5.13. Let X be a blow up of CP? at the point corresponding
tod, k=2,p =10 —1] and po = *[0 1 0]. Then, we can choose
a basis of the orthogonal subspace to V as ¢ = *[1 0 1]. In this case,
C (V) is a complex submanifold in X. Indeed, we give f*, f*, fo, f°1,
£, 1% by

f)\ - Z{\Zi’/,\ - Lfﬂ = Zil’f_ (25)2,]00 = 2(27_ (Zg)za

fr=agt = () = AR - L = A - (),
respectively. Note that (0,0,0) ¢ C\(V), and (0,0,0) ¢ Cs,(V'). Since

the Jacobian matrices are expressed as
Df*=[202],Df*=[0 —224 1],Df* =[01 —227],
Df* =[01 —223'],Df = [252 22 0, Df*® = [1 0 — 223°],
respectively, we see the rank of each matrix is one.

In Example 5.13, we have to suppose that X is a blow up of CP? at
the point corresponding to the vertex d because C'(V') is not a complex
submanifold in X = CP? when the linear part of an affine subspace V/

is spanned by p; =f[1 0 — 1] and ps =*[0 1 0].
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