MAXIMAL STRICT SOLUTIONS FOR SOME QUASILINEAR
PARABOLIC SYSTEM OF HONEYCOMB CONSTRUCTION MODEL
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ABSTRACT. This paper treats the initial-boundary value problem for a quasilinear par-
abolic system in a two-dimensional region presented by Beli¢, Skarka, Deneubourg and
Lax in order to describe the construction process of parallel honeycombs in a beehive.
After constructing the local strict solutions by using the theory of abstract parabolic
equations, we will define the maximal strict solutions. Unfortunately, we cannot give
any general sufficient conditions on the parameters or initial functions for global exis-
tence, but we can investigate asymptotic behaviors of the maximal solutions as ¢ — Tiyax-
From numerical computations, we already have a number of examples which suggest the
blowup of maximal solutions (i.e., Trax < 00); at the end of the paper, we shall present
one such numerical example.
Mathematical Subject Classifications: 35K90, 92C15.

1. INTRODUCTION

We consider the initial-boundary value problem for a quasilinear parabolic system

(%:aAu—uu%g—i-cuv(u—v)—l—d—fu, Q x (0,00),
%:aAv—;wgiyg—i-cuv(v—u)—i-d—fv, Q x (0,00),
(1.1) N 2 =b(u+v)Ap+v(u+v)— gp, Q x (0,00),
Gu = Jv =2 =, 092 x (0, 00),

L u(@,y,0) = uo(@,y), v(w,y,0) =wvo(2,y), p(z,9,0) = polz,y), €,

in a two-dimensional bounded domain 2.

This system was presented by Belié¢-Deneubourg-Lax-Skarka in the papers [1, 6] in or-
der to describe the initial stage of the honeycomb construction of Apis mellifera. 1t is
well known that honeybees have a strong tendency to construct parallel and equidistant
combs in a beehive. In order to understand this remarkable phenomenon theoretically,
the authors of [1, 6] introduced the parabolic system (1.1). Their modeling focuses on the
“self-organization” of the social insects (see [2, 4]). In their work, two principle mecha-
nisms were assumed to be active. The first one is cooperative interaction between bees
and wax. The worker bees are attracted to the already deposited wax. However, some
deposits grow faster than others, some are abandoned, and some fluctuations become am-
plified to form elongated oval deposits. The second mechanism is competitive interaction
among worker bees. The worker bees are divided into groups. Worker bees belonging to
the same group orient themselves in the same direction, and deposit or bore wax cooper-
atively. Contrarily, there is competition between differently oriented groups of bees. For
simplicity, it was supposed in [1, 6] that the worker bees were divided into only two major
groups, one being bees parallel to the x0z-plane and the other being those parallel to the

y0z-plane.
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In the model (1.1), the domain € in the (z,y)-plane represents the base of a beehive
under which honeybees construct their combs. (In (1.1), the z-axis is pointing downward.)
The unknown functions u = u(x,y,t) and v = v(z,y,t) give the average density of bees
parallel to the z0z-plane and the average density of bees parallel to y0z-plane, respectively,
at (z,y,t) € Q x [0,00); p = p(x,y,t) denotes the quantity of wax deposited by the
“waxer” bees at (x,y,t) € Q x [0,00). The terms cuv(u —v) and cuv(v —u) represent the
competition between the two major groups of bees. The constant term d denotes the flux
of differently oriented bees which come into the considered group, and the terms fu and
fv correspond to the losses of bees due to leaving and changing orientation, respectively.
The medium interaction terms —,uu% and —/wgiy’; describe the attraction of bees to
the wax and the term v(u + v) describes the deposition of wax by bees. The term —gp
describes the removal and the fall of wax. Finally, the Laplacian terms aAu and aAwv
represent the “diffusive” imitation of bees, capturing the bees’ tendency to take the same
orientation as that of the bees nearby; the Laplacian term b(u + v)Ap represents the
deposit of wax due to imitation.

For further details of the model and related experimental results, see the original two
papers [1, 6] and the references therein.

In this paper, we assume that  C R? is either a rectangle (0,¢,) x (0,4,) (0 < £y, £, <
o) or a bounded €3 domain. All the parameters a, b, ¢, d, f, g, u and v in (1.1) are
positive constants. We impose on the unknown functions u, v and p the homogeneous
Neumann boundary conditions, i.e., g—z = % = gﬁ = 0 on J9, n = n(x,y) being the outer
normal vector at boundary point (x,y) € 0. For the initial functions, we assume the
following conditions:

(12) Ug, Vo, Po € HH_J(Q) C @(ﬁ),

where o > 0 is any positive exponent. In what follows, we will fix ¢ such that 0 < o < %
In addition, ug, vy and py satisfy the following positivity conditions:

(1.3) min_ up(z,y) >0, min vo(z,y) >0 and min py(z,y) > 0.
(z,y)€Q (z,y)e (zy)eR

The first objective of this paper is to construct the local strict solution to (1.1) for
the initial functions satisfying (1.2)-(1.3). As explained above, the diffusion coefficient
for the equation p is given by b(u + v), which means that the coefficient depends on the
unknown functions u and v. Meanwhile, the equations for v and v include the interaction
terms —,uu%g and —,ng—zg, respectively, for the deposited wax, which means that these
equations include nonlinear terms that depend on the second-order partial derivatives
with respect to the unknown function p. Then, the equations of (1.1) represent a strongly
coupled diffusion system which is classified as a quasilinear parabolic system in the theory
of nonlinear partial differential equations. Thus, even constructing the local solutions is
not a so easy task. However, we can appeal to the theory of abstract parabolic evolution
equations (see [7, 8]). More precisely, we shall use [8, Theorem 5.6], in which the exis-
tence and uniqueness results are proved for abstract parabolic equations under a general
framework. Under suitable settings, it is possible to verify that this theorem is actually
applicable to the problem (1.1).

We are next interested in the question of when (1.1) possesses a global strict solu-
tion. Unfortunately, we do not yet know any general conditions on the parameters

a, b, c,d, f, g, p and v or the initial functions ug, vo and py, which can guarantee the
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global existence of solutions. On the contrary, we have found many numerical examples
which suggest the local strict solutions blow up. One such example will be presented in
the last section of this paper.

In view of (1.2)-(1.3), we know that, if the local strict solution blows up at some time
Thax < 00, then at least one of the following phenomena has occurred:

im [lu(®)lzee + [0(©) | mee + o) z1+0] = oo,

lim min u(z,y,t)=0 or lim min v(x,y,t)=0.
t—=Tmax (7,y)€R t—=Tmax (T,¥)€R
Actually, we can give more precise information on the behavior of u(x,y,t), v(x,y,t) and
p(x,y,t) as t — Tnax- The second objective of this paper is then to investigate the
asymptotic behavior of the maximal strict solution of (1.1) as t — Thax < 00.

As explained, we cannot expect in general that (1.1) admits a global strict solution, but
this does not at all mean that the model (1.1) does not give a description of honeycomb
patterns. On the contrary, we have a number of numerical examples which re-create hon-
eycomb patterns during the time interval (0, Thax). Some of these were already included
previously in [9], but a full paper on these examples will be published elsewhere.

2. NOTION AND PRELIMINARIES

Let 2 C R? be a rectangle (0,£,) x (0,4,) or a bounded €* domain. This section is
devoted to listing the basic materials of Sobolev spaces in 2 and the basic properties of
sectorial operators in Ly(£2) which will be needed in this paper. For some of these which
may not be so familiar, proofs will be given.

Sobolev Spaces. For 1 < p < oo, L,(£2) denotes the usual complex L,-space equipped
with the Ly-norm || - ||z,
For 1 < p <ooand m =0,1,2,..., H*(Q2) denotes the space of functions u € L,(2)

whose partial derivatives 2% for all the orders 0 < i+ j < m belong to L,(), HM ()

Ozt Oy?
1
p P
Ly

being equipped with the norm
b = (¥
0<i+i<m

These definitions are extended for the fractional exponents s, namely, for 1 < p < oo
and 0 < s < oo, H;(f2) is defined in a reasonable way; see [8, Section 1.11]. For each
1 < p < oo, the family H;(€2), (0 < s < 00) enjoys the interpolation property
(2.1) [H(Q2), H) (2)]o = H () (with norm equivalence)
for 0 < sp < s < s <ooand s=(1-0)sg+0s;. When 1 < p < oo, p#2, H(Q) are
Banach spaces. When p = 2, H3(2) are Hilbert spaces. The spaces H5({2) are simply
denoted by H*(f2).

Regarding embeddings of Hj(€2) into Ly(€2), the following properties are known. If
0 < s <1, then H(Q) C L,(Q) for p = 12 with continuous embedding
(2.2) lullz, < Csllullas, u € H*(Q).
When s = 1, it holds true that H'(Q) C L,(Q2) for any 2 < p < oo with the inequality

1-2 2
(2.3) [ulle, < CollulliPlull3?,  uwe HYSQ).
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If s > 1, then H*(Q2) C C(2) with continuous embedding

(2.4) lulle < Csllul| g, u e H*(Q).
If 2 < p < oo, then H1(Q) C C(Q) with continuous embedding
(2.5) lulle < Collullsy,  w e Hy(Q).

Furthermore, for s > 1 (resp. 2 < p < 00), the space H*(Q) (resp. H,(f2)) is verified
to be a Banach algebra. Namely, if s > 1, then u,v € H*(2) implies uwv € H*(Q2) with
the estimate

(2.6) |lwol| g < Csllul| s |v]| as, u, v € H¥(Q).
Similarly, if 2 < p < oo, then u,v € H,(2) implies uv € H}(Q) with the estimate

(2.7) luvllzy < Cyllullmgllvllzy, — u, ve Hy(Q).

Let a € H*(Q2) with s > 1. Then, the multiplication v +— au is a bounded linear
operator from H'(Q) into itself with the estimate

(2.8) lau|| g < Csllal|ms||w] g1, u€ HY(Q).

Let x :R — R be a continuous piecewise smooth function with x’ € L (R) and x(0) =
0. Then, w — x(w) is an operator from H'(2; R) into itself with the property

HS

X (w)Vw if w(x,y) & xs,
(2.9 V) = § X (@9)

0 if w(z,y) € xs,
where y, denotes the set of singular points of x.

Let x:R — R be a smooth function. Then, for s > 1, w — x(w) is an operator from
H*(; R) into itself

(2.10) which is a bounded and locally Lipschitz continuous mapping.
Sectorial Operators. For the Laplace operator —Au = — (% + g%;) in €, let us

review how to realize the operator as a linear operator of Ly(€2) by equipping it with the
homogeneous Neumann boundary conditions on 9€2. Consider a sesquilinear form

a(u,v) = // Vu - Vudzdy, u, v € H(Q),
Q

on H'(Q). Since for each u € H*(Q), the correspondence v +— a(u,v) is a continuous
anti-linear functional on H'(Q), there is an element Au € H'(Q) such that a(u,v) =
(A, 0) i g for all v € H'Y(Q), where H'(Q)' is the dual space of H(Q2) and (-,-) 11, 1
is the duality product of H*(Q2) and H'(€2). This relation then defines a bounded linear
operator A from H() into H()'.
Identifying Lo(£2) and its dual space Ly(€2)', we here introduce the triplet
HY(Q) C Ly(Q) = Ly(Q) € HY(Q)

with dense and continuous embeddings. As is well known, the compatibility property
(u, V) gy i1 = (u,v)r, holds for u € Ly(Q) and v € H* (). In view of this property,
consider for any ¢ > 0 the sesquilinear form @.(u,v) = a(u,v) +(u,v)r, on H'(Q); then,

it can be shown that @.(u,v) = (A + &)u,v) i, g for u, v € HY(Q). Since a.(u,v) is
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continuous and coercive on H'(2), the Lax-Milgram theorem can be applied to a.(u,v)
to conclude that A + ¢ is actually an isomorphism from H'(2) onto H*()'.

We now define the part A of Ain Ly(€2) by D(A) = {u € HY(Q); Au € Ly(Q)} (namely,
u € D(A) if and only if v — a(u,v) is continuous in v with respect to the La-topology)
and Au = Au, ie., a(u,v) = (Au,v), for u € D(A) and v € H(Q). Then, this proves A
is a positive self-adjoint operator of Ly(2). Furthermore, when € is convex or in the class

©? (which is of course the case under our assumption on ), it is known that the domain
D(A) can be characterized by

(2.11) D(A) = HY(Q) = {u € H*(Q); % =0 on aQ} :

n
(see [8, Theorems 2.6-2.7]). Clearly, for u € H%(2), we have a(u,v) = (—Au,v)r, and
hence Au = —Au for u € D(A).

In the above sense, the positive self-adjoint operator A is considered a realization of
—A in Ly(Q2) under the boundary conditions 2% = 0 on 9. Further, /A is considered
a realization of —A in H'(Q)" under the same boundary conditions on 92, but in the

generalized sense. Thereby, it is reasonable to write (Vu, Vv), as
(2.12) (Vu,Vv), = (Au,u)r, = (—Au,v),, u € Hy (), v e H(Q),
(2.13) (Vu, Vo), = (Au, 0) i = (—Au, ) i, u, v € HY(S).

Let a > 0 and f > 0 both be constants and consider the operator aA + f in Ly(£2). As
a/l + f is a positive definite self-adjoint operator having domain D(aA + f) = D(A) =
H%(Q), we know that D([ad + f]?) = [La(Q), H%(Q)]e for all 0 < 6 < 1. From this, the
domains of [aA + f]? are given by

H?(Q) when 0<6 <2,
H¥(Q) when 3 <6 <1,

(2.14) D(jad + f]) = {

with norm equivalence, where H3/(Q) = {u € H*(2); 5% = 0 on 0Q}. For the proof, see
[8, Theorems 16.7-16.9].

Consider next a Laplace operator of the form Bu = l;(a:,y)/lu + gu in Lo(£2), where
I;(x, y) is a positive function of Q and g is a positive constant.

Proposition 2.1. Assume that I;(x,y) € Lo(Q) satisfies l;(:c,y) > 4§ in Q for some
constant 0 > 0. Then, B is a sectorial operator of Ly(S2) with domain D(B) = D(A) =
H3,(Q) and with angle wp < 5.

Proof. Let A € C be such that Re A < 0. Noting that B — \ = B[/l + (g — )\)ZA)’l], we will
first show that A+ (g — A\)b~! is an isomorphism from H%(Q) onto Ly(2).
To this end, introduce the sesquilinear form

b(u,v) = // Vu-Vudzdy + (g — N) // b(z, ) uv dedy, u, v € H(Q).
Q Q

It is clear that this form is a continuous and coercive form on H'(€2). As the associated
linear operator to this form is A+ (g — A\)b™!, we can conclude that A+ (g — A\)b~! is an

isomorphism from H'(2) onto H'(2)’. Furthermore, by the regularity property of A, we
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know that its part in Lo(€2), namely A+ (g — A\)b~! is an isomorphism from H%(£2) onto
Ly ().

As D(B) = D(A) = H%(Q), it follows that the operator B — X is an isomorphism from
D(B) onto Ly(Q2).

Second, we will estimate the operator norm of A+ (g — A\)b~!. To begin with, notice
the following inequality holds: min{1, g||b]| 7. }|u||%: < Reb(u,u). On the other hand, as

bu,u) = ([A+ (g — b Nu,u)p,,  uwe HA(Q),

it follows that Reb(u,u) < ||[=A + (g — N)b~ul|L,||ul|1,. Therefore, we observe that
(2.15) lullFn < [1/min{1, gllbll ;2 3 1[4 + (g = b~ Jull oyl ..
Next, we can write

(A, u)p, = ([—A+ gb Yu,u)p, — (A + (g — Nb~Yu, u)p,

= (Vu, V), + (gb u, w)r, — (A + (g — N)b Hu,u) .
Then, since [A[|[b]|1|Jull2, < [(Ab"u, u),], it is seen by (2.15) that
IABILL full7, < max{1, g5 Hull3n + I[=A+ (g = b~y lull

< [max{1, g5}/ min{L, gl[bI 2L } + 1] |[=A + (9 — N0 Jull 1, |ull
which yields the estimate

IAIBIZL llullz, < [max{1,¢5~"}/min{1, g[blIz1} + 1] I[=2A + (g = Ao Jull 1,
= [max{1, 96"}/ min{L, gbI ;2 } + A+ (9 = N Julle, € HY(Q).

Consequently, as [|[A+ (g — NbYul|p, < 6 (B — Nul|z, for u € D(B) = D(A), we
have as follows:

Alllallz, < [1Bllz..67 " max{L, g5~*}/ min{1, gllb ;1 } + 1I(B = Null,, u€ D(B),
which yields the norm estimate of the resolvent (B — A)™! on Ly(2) for Re A < 0. O

Smoothness Properties. We shall use the following smoothness properties of the self-
adjoint Lo(2) operator A.

Proposition 2.2. Let Q = (0,4,) x (0,£,) and let 0 < 0 < 3. Ifu € H} () satisfies Au €
H¥(Q), then u € H**V(Q) and its norm is estimated by ||ul| 2o+ < Cp(||Aul| g0 +
|w||g20) for some constant Cy.

Proof. As €2 is a non-smooth domain, we cannot obtain this result from the general
smoothness properties of elliptic operators in smooth domains. Instead, we have to use
the spectral resolution of self-adjoint operators (see [10, Chapter XI, Section 6]). However,
ours is a very special case (see [5, Chapitre IV, Section 2]).

Let us utilize the positive definite self-adjoint operator A + 1. As is well known, A + 1

2 2
has the eigenvalues \,,, = (%) + (’é—:) + 1 for m,n = 0,1,2,..., where the eigen-

functions are cos % x - cos 77y. Moreover, the family of these elgenfunctlons composes
y

an orthogonal basis of the Fourier series in Lo(2). Therefore, u € Lo(2) if and only if
> i [tmn]? < 00, where u,,, are the Fourier coefficients of u, and then w is expanded as
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U=73,,, Unncos Frr-cos y. In addition, u € D(A) if and only if 3
and then Au=73" )\mnumn cos 7 - cos Ey

Consider next the square (A + 1) in Ly(Q). By definition, u € D((A + 1)?) if and
only if u € D(A+1) and (A+ 1)u € D(A+ 1). Then, by using the Fourier coefficients,
u € D((A+1)?) can be characterized by > (A%, + 1)*|uymn|* < co. Then, we observe
that D((A + 1)?) € H*). Indeed, let u € D((A + 1)?) and consider any integers
0<i4,5<4, 14 j=4. When 7, are even, we have

Ity ma\" (nr)’ m nm
0ridy = ; < 0 ) <E> Uy, COS Z:c - COS Ey € Ly(92).

Similarly, when i, j are odd, we have

Oy ma\' (nr)’ . mm nm
droy ; ( 0 ) (E) U SIN 7 — - sin 7Y € Ly(Q),

m,n mn|umn|2 < OO

Y

for the family sin Sr - sin —y composing another orthogonal basis of Ls(£2). Therefore,
it holds true that u € H4(Q) and satisfies the estimate ||u| g < C|[(A+ 1)u]|L,.
As a consequence, for any 0 < 6 < 1, the interpolation (2.1) provides the inclusion
D((A+1)*) = [La(2), D((A +1)*)]s C [La(2), H(Q)]y = H ()

with continuous embedding ||u| g4 < C[(A + 1)%ul|L,.

We are now ready to verify the proposition. In view of (2.14), the assumption Au €
H?*(Q) means that (A + 1)u lies in D((A 4 1)%), ie., u € D((A+ 1)) ¢ H2E+D(Q).
Furthermore, the previous inequality, together with (2.14), yields the desired estimate

[ull 2001 < CII(A+ 1) ullz, < Coll(A+D)ullgze < Coll| Aull gz + [ r20).-
O
Proposition 2.3. Let Q be a € domain and 1 < p < oo. If u € H%(Q) satisfies

Au € H)(Q), then u € H}(Q) and its norm is estimated by ||ul|gz < Cp([| Aull gy + |l my)
for some constant C,.

Proof. The result can be verified using the general smoothness properties of elliptic oper-
ators. For instance, see [3, Theorem 2.5.1.1 and Remark 2.5.1.2]. O

3. LOCAL SOLUTIONS

Let the initial functions wug, v, po satisfy (1.2)-(1.3). We are now ready to construct a
local strict solution to (1.1) by choosing Lo space as the underlying space to work. We
will apply Theorem 5.6 of [8] after some set-up.

First, in view of (1.3), take any small 6 > 0 such that

(3.1) min_ [ug(z,y) + vo(z,y)] > > 0.
(z,y)€Q

Then, introduce a smooth cutoff function y(w) (—oco < w < 0o0) such that
x(w)=w when 2 <w <o,
(3.2) % < x(w) < g when 0<w <,

x(w)=2 when —oo<w<0.
7



Using this x(w), we rewrite (1.1) as

(%Z&AU—MU%—I—CUU(U—U)—FCZ—JCU, Q x (0,00),
%:aAv—uvgiy@%—cuv(v—u)%—d—fv, Q x (0,00),
(3.3) ) %f = bx(Re[u +v])Ap + v(u+v) — gp, Q x (0,00),
%:g_z:%:o’ 902 x (0, 00),
L u(,y,0) = uo(x,y), v(x,y,0) =vo(z,y), plz,y,0) = po(z,y), L

Second, let us formulate (3.3) as an abstract quasilinear evolution equation

Wi AUWU=F{U), 0<t<o,
U(0) = Uy,

in the complex product Lo-space

(3.4)

u
X=Ly(Q)=U=|v];u v pe L)
P

Here, for any vector Ue Z, A(fj ) is a linear operator of X, where Z is the complex
product space defined by

Z=HQ)={U=|7|;u0 peH Q)

p

for s fixed such that 1 < s < 140. (Recall that o is the exponent fixed in (1.2).) Actually,
A(U) is defined in the ball K = {U € Z; ||U||z < R} contained in Z, 0 < R < oo being a
fixed radius sufficiently large so that *(ug, v, po) € K. For each U € K, A(U) is given by

N alA+ f 0 uﬁa‘a—; u
A(U)U = 0 aA+ f /ﬁa—yg v,
0 0 bx(Re[u +v))A+ g P
u u
U=|0|ek, U= |v
o p

(Recall that A is a realization of —A in Ly(€2) under the homogeneous Neumann boundary
conditions on 0f2.) Meanwhile, F'(U) is the nonlinear operator of X given by

cuv(u —v) +d u
(3.5) FU)=|cuv(v—u)+d|, U= |v] € D(F) CLg(Q).
v(u+v) p

The initial value Uy of (3.4) is of course taken as Uy = *(ug, vo, po) € K.

Next, let us verify that A(U) and F satisfy all the structural assumptions which were
made in [8, Theorem 5.6].

For A(U), the first and second diagonal components are each a positive definite self-
adjoint Ly(€2) operator with the domain H%(2), based on (2.11). In addition, Proposition

2.1 shows that the third diagonal component is a sectorial Ly(£2) operator of angle <
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with the same domain H%(2). The other non-zero components of A(U) are bounded
operators from H% () into Ly(€2). It is then possible to utilize [8, Theorem 2.16] to

conclude that A(U), U € K, are sectorial operators of X of angle w a0y S w < 3 and

with domain D(A(U)) = HR(€2). Thereby, the assumptions [8, (5.2)-(5.3)] are satisfied
and, as the domains D(A(U)) are independent of U € K, [8, (5.4)] is also satisfied for
v = 1. In view of the inequality

(3.6) NAUAD) ™ = AU2) Mllewx) = AT = AU)]AT) e
< CIIAT) = AW)l| oz, 1) < Cllan = Ballrw + 71 = Tllr), U Uz € K,

we are led to set the space Y as Y = Z. Then, due to (2.4), [8, (5.5)] is also satisfied. For
8, (5.6)], we observe the following facts.

Proposition 3.1. For any exponents 0 < ' <0 < 0" < —, we have
(3.7) HY?'(Q) € D(AU)’) cH? (), Ue€kK,
with uniform embeddings.

Proof. We compare A(U) with A(0). As A(0) = diag{ad + f,aA + f,bx(0)A + g}, A(0)
is a positive definite self-adjoint operator of X with the same domain HZ2 () as A(U).
Therefore, [8, Theorem 2.25] can be applied to observe that D(A(0)?") ¢ D(AU)?)
D(A(0)?) with uniformly continuous embeddings. Meanwhile, by (2.14), we know that
D(A(0)?) = H*(Q) for all 0 < § < 2 with norm equivalence. O

Now, fix any two exponents o and f such that § < a < f < 1+". Then, we can see

that D(A(U)?) € D(A(U)*) C Z =Y with unlformly continuous embeddings for U € K.
Thereby, both [8, (5.6)] and [8, (5.7)] are satisfied.

Furthermore, for the nonlinear operator F'(U) given in (3.5), we set D(F) = Z. Then,
the Lipschitz condition [8, (5.44)] is trivially valid with the space W = Z. In addition,
fix any exponent 7 such that 8 < n < 1 to clear [8, (5.46)-(5.47)].

Then, as an immediate consequence of [8, Theorem 5.6], we obtain the following exis-
tence and uniqueness results for (3.4).

Theorem 3.1. Take a third exponent v such that 5 < a < f < < HT” Then, for U,
satisfying (1.2)-(1.3), there exists a unique local solution to (3.4) in the space

(3.8) U € ([0, Ty, J; H*(€2)) N €1((0, T} Lo (€2)) N C((0, T )5 FHA (),

where Ty, > 0 is determined by the magnitude of the norm ||Up|lm+o. Furthermore, U
satisfies the estimates

(3.9) NU#) — U(s)||ms < Cy,lt — s, 0<s,t<Ty,,

(3.10) AU @)U ()], < Cut”™, 0 <t < Ty,

where Cy, > 0 is a constant depending on ||Up||gi+o .

Proof. We have already verified that the structural assumptions of [8, Theorem 5.6] are
satisfied by the spaces X and Y = Z = W with the exponents § <a < g <n <1
As f <y < 12, we see by Proposition 3.1 that Uy € D(A(Up)"), namely, Uy satisfies

the assumption [8 (5.30)] made for the initial values. O
9



Finally, we should remark that the solution U(t) obtained above can be regarded as a
local solution to (1.1). In fact, as its complex conjugate U(t) is also a local solution to the

same problem (3.4), the uniqueness of the solution yields their coincidence U(t) = U(t)
for every 0 <t < Ty, namely, U(t) is a real-valued function. Next, as H°(2) C €(£2) due
to (2.4), we can see from (3.8) that U € C"([0, Ty, ]; C(£2)); in addition, from (3.9), we

can see that
[U(t) = Uslle < Cupt™™, 0 <t < Ty,

Therefore, (1.3) implies that there exists a time TUO, 0< TUO < Ty, for which the following
holds:

(3.11) min [u(t) +v(t)] >

Juin_ . 0<t< Ty,
x,y)€E

N[>

In view of (3.2), this means that U(t) = “(u(t), v(t), p(t)) satisfies the equations of (1.1). In
this sense, under constrains (1.2)-(1.3), we have constructed a unique local strict solution

to (1.1) in the space (3.8) on an interval [0, Ty, ]. As explained, Ty, > 0 is determined not
only by the norm ||Up||gi+- but also by the lower bound ¢ > 0 in the estimate (3.1).

4. REGULARITY PROPERTIES OF LOCAL SOLUTIONS

The next two sections are devoted to investigating some properties of the local solution
of (1.1) which we constructed above. These properties will be needed in the subsequent
arguments.

In this section, we want to prove some regularity properties. Let U(t) be the local

solution of (1.1) on [0, Ty,] for initial functions Uy = £(ug, v, po) satisfying (1.2)-(1.3).
Let us begin with showing the temporal regularity of U(t).

Proposition 4.1. For any 0 < 6 < 1, the derivative “< belongs to €((0, Tu); H2(Q)).

Proof. Fix a time 0 < 7 < Ty, arbitrarily and consider U(t) as a solution to the linear
evolution equation

(1) WL ANU = F(t), 7<t<Ty,
' U(r) = U-,

where A(t) = A(U(t)) for 7 < t < Ty, F(t) = F(U(t)) for 7 <t < Ty,, and U, = U(7).

Concerning the problem (4.1), we already know from (3.8) that F' € C(]r, fUO]; HZ(Q2))
and U, € H%(Q). Then, we are interested in the Holder condition on A(¢)[A(t)™' —
A(s)™!], which can be estimated as

IAGA®) ™ = Als) e = N[A[) = A(s)]A(s) e
SCHU®) = Us)lee < CAU®E) = U(s)llme, 7 <5, 8 < Ty,
for some constants C. depending on 7. In addition, from (3.8), we have
140 1—0 1-o
[U@) = U(s)llese < CIUE) = Uls)llgz IUE) =U(s)lly,; < Crlt—s|2

However, this estimate can be improved step by step to reach the optimal estimate.
10



Lemma 4.1. Assume that

(4.2) U () — U(s)|[mee < Colt — s, 7 <s,t<Ty,
has been obtained for some exponent p such that 1_7" <p<l1l Ifpu> 1%", then the
estimate (4.2) holds with the optimal exponent i = 1 on an interval [7,Ty,] for any

T>71. Ifu < HT", then the estimate (4.2) can be improved to any exponent [i such that
<< ﬁ on an interval [T, Ty,] for any 7 > 7.

Proof of lemma. Let U(t,s), 7 < s < t < TUO, be the evolution operator generated
by A(t). Then, as a solution of (4.1), U(t) can be expressed by U(t) = U(t,7)U, +
th U(t,s)F(s)ds. Therefore, its derivative can be written as

dU t
) = ~ADU( I, / ABU(t, $)F(s)ds + F(2).
Furthermore, applying operator A(t)? to this formula, we have
d
A (1) = ~ AW U T)AG) AU

—/ AUt s)A(s) L A(s)F(s)ds + A(t) F(t).

As the operators A(t) satisfy the Holder condition [8, (3.30)-(3.31)] with the p in (4.2)
and v = 1, it can be seen by [8, (3.83)] that for any exponent § < p, the following holds:

JA) Ut 5)A(s) o) < Colt —8)™0, 7 <s<t<Ty,.

Therefore, we observe that ||A(t)? % (t)[|r, < Cr(t — 7)7%. As 6 < p is arbitrary, we can
say in view of (3.7) that for any 0 < p,

1Ut) — U(s)||gzo < Cs|t — s, 7 <s, t < Ty,

where 7 is any fixed time such that 7 > 7.
Thereby, when > 42, 0 can be such that 20 > 1+ o, which means that (4.2) holds
for 1 = 1. Meanwhile, When 1 < 12, we obtain that

1+0—20

lU(#) = U(s)llm+e < CIUE) = U(s) g NU(t) = Uls )Hﬁ% ”
§C’;|t—s|m, ?Ss,thUo.
OJ
By this lemma, we can say that, if 4 < 1, then (4.2) holds for exponents which are

determined by the recurrence o = 5% and gy, < 32, ppqq = (1—” (k=0,1,2,...) on
the intervals 7, Ty,] such that 7 =7y <73 < 72 < ---. However, because o < 3, we can
verify that the increasing sequence g < p1 < po < --- must exceed HTU for some fi.

Hence, we conclude that (4.2) must hold for 2 = 1 on the interval [Ty, Ty,).

As shown, the operators A(t) satisfy [8, (3.30)-(3.31)] for the optimal exponents pu =
v =1 on [Fes1, Tv,]. Then, for the same reasons as in the proof of lemma, it is concluded
that || A(t )adU( )||]L2 < C’Tk+1( — Fis1) ™, o1 <t < Ty, for any 0 < = 1. Since all of
the terms 7.1 > 7Tp > --- > T can be taken arbitrarily close to 7 > 0, which was fixed

arbitrarily, we obtain the desired result. 0
11



As a direct consequence of Proposition 4.1, we obtain the following two regularity
theorems.

Theorem 4.1. Let Uy satisfy (1.2)-(1.3) and U(t) be the local solution of (1.1) on the in-
terval [0, Ty,] in the space (3.8). Then, U(t) lies in @((0, Ty,]; H(2))NC((0, Ty, |; H3(Q)).

Proof. Clearly it suffices to prove that U € €((0, Ty, ): H*(€2)). From the equation for p in
(1.1), we have

(4.3 bp(t) = { 200 vlute) + o] + 9pl0) | /ute) + o)

In addition, Proposition 4.1 implies the regularity of p(¢) such that % € C((0, Ty, ): H2(2))
for any 0 < # < 1. Then, by (2.10) and (3.8), we observe that all the functions in the
right-hand side of (4.3) belong to H'(Q). Hence, using Proposition 2.2 (§ = 1) with Q2 as
a rectangle and Proposition 2.3 (p = 2) with © belonging to €3, we can Verlfy that p(t)
lies in H3(Q) for any 0 < ¢ < Ty,.

Furthermore, since

@) adu(t) = 20 ) 220 - cul®po(Olu(t) - oft)] — d + fult)
v 0?p

(@5 adu(t) = F0) + (O FEE) - cultppO(®) - u(®)] - d+ fo(d)

we can observe by (2.8), (3.8), Proposition 4.1, and Theorem 4.1 that Au(t) and Av(t)
belong to H*(Q). Hence, for the same reasons as the case of p(t), we verify that u(t), v(t) €

H3(Q) for any 0 < t < Tyy,. O

Theorem 4.2. Let Uy satisfy (1.2)-(1.3) and U(t) be the local solution of (1.1) on the in-
terval [0, Ty, ] in the space (3.8). Then, U(t) is in C1((0, Ty, ; [€()]*)NC((0, Ty, ]; [C2()]3).

Proof. We can utilize the results obtained by Proposition 4.1 with 2 3 <0<l

First, by (2.4), we observe that U € CL([0, Ty, ]; [C(2)]3).

Next, we observe from (4.3) that Ap(t) € H?°(Q)). Then, when Q is a rectangle,
Proposition 2.2 provides the spatial regularity p(t) € H2%+1)(Q). Since 2( + 1) > 3,
we can verify using (2.4) that p(t) € €2(Q) for any 0 < t < Ty,. Furthermore, when €
belongs to €3, as H*(Q) C H) (), from (2.2) with p = 1, Proposition 2.3 pr0v1des the
regularity p(t) € H3(Q). As p > 2, we can verify using (2.5) that p(t) € C*(Q) for any
0<t<Ty,.

Similarly, when € is a rectangle, since gig( t) € H*(Q) and (2.6) imply in (4.4) that
Au(t) € H?(), we can verify that u(t) € H2t)(Q) c C2(Q) for any 0 < ¢ < Ty,.

Furthermore, when € belongs to €3, since 24(t) € H}(Q) and (2.7) imply in (4.4) that

Ox?
Au(t) € HY(Q) for p > 2, we have verified that u(t) € H3(Q) C €*(Q) for any 0 < t < Ty, .
The above argument also holds for v(t) if we instead use (4.5). O

Theorem 4.2 obviously means that the strict solution U(t) of (1.1) on [0, fUO] that we

obtained for Uy gives a classical solution to (1.1) for 0 <t < Ty,.
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5. PosSITiviTY OF LOCAL SOLUTIONS

In this section, we want to prove the positivity of local solutions. Let U(t) be the local
solution of (1.1) on [0, Ty, ] for initial functions Uy = *(ug, vo, po) satisfying (1.2)-(1.3). Our
goal is then to show that U(t) = “(u(t),v(t), p(t)) also satisfies the positivity conditions
in (1.3) for every 0 < t < Ty,.

Theorem 5.}. It holds true that min, o u(z,y,t) >0 and min, , gv(z,y,t) >0 for
any 0 <t <Ty,.

Proof. By (1.3) and (3.8), there is a time 0 < 7 < Ty, such that min, g u(z,y,t) >0

for every 0 <t < 7. Thus, it suffices to prove the assertion of theorem for 7 < ¢ < Ty,.
First, let us prove that u(t) > 0 for 7 < t < Ty,. For this purpose, we use the cutoff

function H(u) defined by H(u) = % for —oo < u < 0 and H(u) =0 for 0 < u < 0.
Then, consider the function

— [[ ety sty <0< T,

Clearly, ((t) is a nonnegative €' function with derivative
/ H'(u dxdy—a/ H'(u) Au dzdy

+ / H'(w)[—ppes + cv(u — v)|udzdy + / A H'(u)[— fu + d]dzdy.

(Here, we denoted ” by the symbol p,, for simplicity.) Since H'(u) € H'(Q), we observe
by (2.9) and (2. 12) that

/ H'(u)Audzdy = — // VH'(u) - Vudxdy = — // \VH' (u)|*dxdy < 0.
Q 0 Q

In addition, since H'(u)u = 2H (u) and H'(u) < 0, it follows that

F0 = 0= [[ 1udsdy =20 - ot

where D = max__,_7 Mmaxg, g | — #per + cv(u —v)| (recall Theorem 3.10). Therefore,
== 0 ’

o(t) < e2P=N=T) (1), but since () = 0, we conclude that ¢(t) = 0 for any 7 < t < Ty,
i.e., u(t) >0 for any 7 <t < Ty,.
Second, fix a constant 6, = min, ;g u(z,y,7) > 0 and define the function

rlt) = 8, P L a)(D+ PIfL - P, r <t < T,

We will prove that u(t) > r(t) for any 7 < t < Ty, .
For this purpose, we consider as before the function

://Q]—I(u(x,y,t)—r(t))dxdy, T <t < Tu,

the derivative of which is given by

= [ 1 ) =) 1320 = Oy
13



Since r(t) is a solution of the ordinary differential equation r'(t) = —(D + f)r(t) + d
and u(t) satisfies the differential inequality 2%(t) > aAu(t) — (D + f)u(t) + d, we can
see that 2%(t) —r'(t) > adAu(t) — (D + f)[(u(t) — r(t)]. Then, by the same arguments
as before (recall that H'(u — r) < 0), it follows that ¢/(t) < —2(D + f)¥(t); namely,
P(t) < e 2P+HNE=T)y(7); therefore, ¥(7) = 0 yields the desired vanishing v (t) = 0 for
any 7 <t < Ty,, i.c., u(t) > r(t) > 0 for any 7 < ¢ < Ty,.

The same arguments as for u(t) prove the assertion of the theorem for v(t). O

Next, we verify the positivity of p(t).

Theorem 5.2. For the local solution U(t) = (u(t),v(t),p(t)) on [0, Ty,] it holds that
p(t) >0 for all0 <t < Ty,.

Proof. Using the same cutoff function H(p) as above for the variable —oco < p < oo,
consider the function

- [[ Hotw sty 0<e<T,

Clearly, ¢(t) is a nonnegative €' function for 0 < ¢ < T, v, with derivative
/ H'(p 8—’) Ydxdy = b/ H'(p)(u+v)Apdxdy

/ H'(p)[v(u+v) — gpldedy.

Since H'(p) € H'(Q), we can observe by (2.8) and (2.12) that
// H'(p)(u+v)Apdxdy = —/ V[H (p)(u+v)] - Vpdzdy
Q Q

— // (u+v)VH'(p) - Vpdxdy — / H'(p)V(u+v) - Vpdady.
Q Q
In view of VH'(p) - Vp = |[VH'(p)|? (from (2.9)) and (3.11), we have

~ [ [+ a0 Vodsdy < ~(6/2) [[ 198 o) sy
Q Q
Meanwhile, as H'(p)Vp = H'(p)VH'(p) from (2.9) again,

— / QH’(p)V(u +v) - Vpdrdy = — / QH'(p)V(u +v) - VH'(p)dzdy
< NH (D), [V (w4 )L, [VH (p)] 1,

for any 2 < p, ¢ < oo satisfying | + ¢ = 3. Furthermore, applying (2.3) to [|H'(p)| r,, we
have

LH (o)), IV (e + )1, [[VH (0) 1, < Coll H (o) 33~ P IH )|V (e + ),
Therefore, by the Holder inequality, we obtain the estimate

I ()12, 1V (w4 0) |2 [IVH ()2, < el H' (01 + Coel H'(0)IZ, 1V (w + 0)I7,
14



for any small ¢ > 0. In addition, it is clear that H'(p)(u + v) < 0 and —H'(p)p < 0.

Therefore, taking e = %, we arrive at the differential inequality

¢'(t) < Cp(IV[u(t) + vz, + DIH (p(t)Z, < CGoUIVIu(t) +v@®)]7, +1)e(?).
This differential inequality then implies

t o~
p(t) < (0)e P JoINHOIL T =g <4 < Ty

However, the estimate (3.10) yields with the aid of (2.3) the inequality || V]u(r)+v(7)][|7, <
Cqu("”l) for any 2 < ¢ < oo. Thereby, if p is fixed such that 2 < p < ﬁ, ie.,
p(y —1) > —1, then [[V[u(r) + v(7)]||7, is integrable on [0,¢]. Hence, ¢(0) = 0 yields the
vanishing ¢(t) =0 for any 0 <t < TUO, ie, p(t) >0forany 0 <t < TUO. O

6. MAXIMAL SOLUTIONS

For the initial functions Uy = *(ug, vo, po) satisfying assumptions (1.2)-(1.3), let us define
their maximal strict solution of (1.1) and investigate its asymptotic behavior as ¢ — Tjax.

For Uy, we say that U(t) = *(u(t),v(t), p(t)) is a local solution to (1.1) on an interval
[0,Ty] if U(t) is a function lying in

U € ([0, Tyl H*(2)) N €'((0, Ty Lo () N €((0, Ty ) HY, (1)),

satisfies the positivity conditions in (1.3) for each 0 < ¢t < T', and also satisfies all the
equalities, including the initial conditions, in (1.1).

By definition, if U(t) is a local solution on [0,7y], then there is a positive constant
dy > 0 such that u(t) + v(t) > dy for any 0 < t < T. This means that U(t) can always
be extended to a larger interval [0, Ty + AT| (AT > 0). If there exist two local solutions
for Uy, then either they coincide or one is an extension of the other. These facts enable
us to define the maximal local solution of (1.1) on an open interval [0, Ti,ax) (which shall
be called simply a maximal solution of (1.1) for Up). Then, the maximal solution U (t)
belongs to the function space

(6.1) U € €7([0, Thax); H*(2)) N CH((0, Tnax); La(2)) N €((0, Tinax); H?V(Q)%
and U(t) = "(u(t),v(t), p(t)) has positivity as follows:
(6.2)  min wu(f) >0, min v(¢) >0 and min p(t) >0 forany 0 <t < Tpax.

(z,y)EN (z,y)ER (z,y)EN
Furthermore, by Theorems 4.1 and 4.2, U(t) belongs to
(6.3) U € CH((0, Thax); H'(2)) N €((0, Thuax); H*(2)),
(6.4) U € CH((0, Trax); [C()]?) N E€((0, Trnax); [€*(Q)]?).

)
1). In contrast, when
f

)
When T}, = 00, the maximal solution is a global solution of (
n of (1.1). At this point,

Tinax < 00, some blowup must take place in the maximal solutio
we know that at least one of the following phenomena occurs:

1.
0

lim min w(f) =0, lim min v(t) =0,

or  lim ||U(t)||g+s = oo (for any o > 0).

t—Tmax

However, we actually know the behavior of U(t) as t — Tinax in some more detail.
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Theorem 6.1. Suppose T < 00. Then, at least one of the following holds:

lim min [u(t)+v(@#)] =0 or lim max [u(t) +v(t)] = oo.
t=Tmax (#,4)€Q £ Tmax (2,y)€Q

Proof. Let us prove the theorem by contradiction. Fixing a time 0 < 7 < T},ax, SUppose
that there would exist constants M > § > 0 such that

(6.5) min_[u(t) +v(t)] >  forevery 7 <t < Thax,
(z,y)eQ

and

(6.6) max [u(t) +ov(t)] <M  forevery 7 <t < Tax-
(z,y)€Q

Under the constrains (6.5) and (6.6), we will establish step by step the uniform upper
norm estimate |U(t)|lgz < C for 7 < t < Tyax. Throughout the proof, C' denotes a
universal positive constant determined by €2, the initial constants a, b, ¢, d, f, g, pu, v in
(1.1), the norm ||U(7)||m2, the time Ty, and the constants §, M in (6.5) and (6.6) in
some specific way, so C' may change from occurrence to occurrence.

Step 1. Integrate the third equation of (1.1) over €. This gives

d
—//pdxdy+g//pdxdy§b]\/[// |Apldxdy + v M|Q|.

Separately, multiply the third equation by Ap(t) and integrate over €2. This gives

2dt // Vol dxdy—irb// u+v)|Ap| d:cdy—i—g// \Vp|2dzdy < VM// | Ap|dxdy,

where we used the formula 14| Vp(t)|2, = (V%( ), Vp(t ))L2 and property (2.12). Now

add these two differential inequalities. Since [[,, |Ap|dedy < e [, |Ap[*dady+ C. for any
small € > 0, we obtain, using (6.5), the differential inequality

d 1 , 1 b )
& (160l + 3190012 + F120001,
4 g [, + IVpOIL] €. 7 <t < Ty

Solving the above differential inequality, we conclude that

(6.7) oz, +Ve®Il7, <C, 7 <t < Thax,
together with

,Tmax
(6.8) / ||Ap(t)||%2dt < 00.

Step 2. We use Poincaré’s inequality

oy
P = 1o pdxdy
‘ € S Ja

which implies the inequality
oz, < CUIV oL, +llple,), o€ H(Q).
Then from (6.7), we obtain that

(6.9) lp®)|2: <O, 7 <t < Thax.
16
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Meanwhile, (2.14) (6 = 1) yields the inequality [|p[|3. < C(|Apll7, + lIpll7,) for p €
HZ%(Q), so (6.8) gives the estimate

Tm ax
(6.10) / Ip(t) et < oo.

Step 3. Multiply the first equation of (1.1) by Au(t) and integrate over Q. Then, in
view of (6.6), we have

2dt // ]Vu|2dxdy+a// | Aul d:cdy—l—f// |Vul*dzdy

< // (1M | pue] + (eM? + d)] | Auldzdy.
Q
(As before, p,, denotes %.) After some calculations, we obtain the differential inequality

d
ZIVu®Iz, + all Az, + 2/ IVu®l, < ClloOlk= +1], 7 <t < T,

Using (6.10), we can solve this differential inequality to conclude that ||[Vu(t)||7, < C,
Le., lu(®)]|F < C for 7 <t < Thax.
The corresponding result holds for v(¢). Therefore,

(6.11) lu@l7n +llv@)Fn <C, 7 <t < Thax.

At the same time, we can observe that

(6.12) /mmMmm+m@m4ﬁ<m

Step 4. Let us note that, from Theorem 4.1 and property (2.8), all the terms in the third
equation of (1.1) take their values in H'(Q) for 7 < t < Tjax, so since A is a bounded
operator from H'(2) into H(2)', we can apply A to the equation. After applying A,
take the duality product (-,-)yv, 1 of the equation and the function Ap(t) € H'(Q).

Thhen since 4| Ap(t)|2, = <A%§(t), Ap(t)) gy and A has property (2.13), it follows
that

th // | Apl dxdy—l—b/ Vi(u+v)Ap] - VApdxdy—l—g/ | Ap|*dady
= —1// V(u+v)-VApdzdy.
Q

From (6.5), we see that

th // | Ap| dxdy—i—bé// |V Ap| dxdy—l—g// | Ap|*dxdy

< C’// |V(u+v)|(|Ap| + 1)|VAp|dxdy
0
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and that

d
%// \Ap|2da:dy+b5// |VAp|2dxdy+2g// | Ap|?dxdy
Q Q Q
< C’// IV (u+v)]2(|Ap|* + 1)dzdy.
Q

Then using (2.3) and (6.11), we can estimate the integral in the right-hand side as

/Q [V (u+0) (141" + Ddady < ||V (u+v)I[7,[1Ap]1Z, + 1V (u+v)IZ,

< CllIV(u+ )L, IV (u+ 0) [ [[Apllo | Apll e + 1] < Cllju + vl g2 (| Ap] L,
< (IVApllz, + 1401 L,) + 1] < el VAL, + Cel(llu+ vllE= + D[ ApllZ, + 1],

where € > 0 is any small number. Therefore, we arrive at the differential inequality

d bo
A0z, + FIVAp(DZ, + 291 Ap (D)2,
< C{lllu®) +v®llz: + UIApOIL, + 1} 7 <t < Thnax.

Now using (6.12), we can solve this differential inequality to conclude that [[Ap(t)||7, <
C for 7 <t < Thax, i€,

(6.13) 1p(t)|1%: < C, 7 <t < Tpax-

At the same time, by virtue of Propositions 2.2 and 2.3, we can observe that

Tmax
(6.14) / lp(t)||3:dt < oo.

Step 5. We now use the fact that all the terms in the first equation of (1.1) take their
values in Hl(Q) After applying A to the equation, take the duality products (-, ) 1/, g1
with Au(t). Then, for the same reasons as before, it follows that

th // | Aul dxdy+a// |V Aul dxdy+f// | Au|*dzdy

= / Vpupy, — cuv(u —v) —d| - VAudzdy,
Q

and that

i// |Au|2dmdy+a// |V Auldxdy + 2f // | Au|*dxdy
dt J Jo Q Q
< [[ (el + [Viuotu— o)) dody
Q
Here, using (6.11) and (6.13), the first integral in the right-hand side is estimated as

[Vt Pazay <€ [ [ (9uPlpasl + 1Vpuaf?) dody
Q

< CUIVull, lpaallz, + llolls) < Clllullmellpllae + lplzs) < ellAullz, + Cellplls,
18



e > 0 being any small number. Meanwhile, using (6.6) and (6.11), the second integral is
estimated as

/ |Vuv(u — v)]|dedy < C//(|Vu\2 + |Vo|?)dzdy < C.
Q Q
Therefore, we arrive at the differential inequality

d
FNAu®IL, + al VAuDIz, + FlAu®)]z, < CUlpO 7 + 1), 7 <t < T

Using (6.14), this inequality together with (6.11) yields the estimate
(6.15) lu®)|7: < C, 7 <t < Thax-

At the same time, we have f = u(t)[|3sdt < oo
Of course, the corresponding result holds for v(t), namely,

(6.16) o) |3 <O, 7 <t < T,

together with fTTmaX lo(t)||Fdt < oo.

Completion of the proof. Using the estimates (6.13), (6.15) and (6.16) established
above, we can now claim that the norm ||U ()| g2 is bounded from above by some constant
for any 7 < t < Tax. But combining this with assumption (6.5) immediately leads to
a contradiction. Indeed, take any time tg € [T, Tinax) and consider the equation (1.1) at
initial time ¢, with initial value U(ty). As U(ty) satisfies (1.2)-(1.3), there exists a local
solution in some interval [to, to + At]. Here, as remarked after the proof of Theorem 3.1,
the existence time interval At > 0 is determined by the lower bound § > 0 in (3.1) and
the norm ||U(to)||m+o, which are both uniform for tq € [, Tiax). This means that At
must also be uniform with respect to the initial time ¢y. Since ¢y can be arbitrarily close
t0 Tnax, this clearly contradicts the maximality of the solution U(t). U

On the behavior of p(t) as t — Tinax, we can state the following theorem.
Theorem 6.2. Suppose Tpayx < 00. Then lim; 7, max, ,\cq | 6‘IQ( )|+ | ( )] = oo.

Proof. We again apply proof by contradiction. Fixing a time 0 < 7 < Tmax, suppose that
there exists N > 0 for which the following holds:

2 2
ng (t)’ g—yg(t) } <N for every 7 <t < Ty

Under the constrain (6.17), we will show that u(¢) and v(t) satisfy the conditions (6.5)
and (6.6), which, as we already know, implies a contradiction. Throughout the proof,
as before C' denotes a universal positive constant determined by €2, the initial constants
a, b, e, d, f, g, u, v in (1.1), the norm ||U(7)||m2, the time Tj,.x, and the constant N in
(6.17) in some specific way.

In this proof, we use w = u + v rather than u and v separately, so we add the first and
second equations of (1.1) to get

(6.17) max {

(z,y)EQ

(6.18) — =aldw —p

Verification of (6.5). Put 6, = min, 5 w(r) >0 and define the function

r(t) — 576—(MN+f)(t T) [2d/(luN + f)][ e~ (BN+1)(t= T)] T <t < T
19



Then, under constrain (6.17), we can repeat the same arguments as in the proof of
Theorem 5.1 for w(t) — r(t) to derive from equation (6.18) for w(t) and the equation
' (t) = —(uN + f)r + 2d for r(t) that

u(t) +o(t) = w(t) > r(t) for any 7 <t < Thax.

Verification of (6.6). Let 2 < p < oo and then multiply (6.18) by pw?~! and integrate
over (2

%//Q wPdzdy + [4a(p — 1) /p] //Q \Vw%IQdmdy+ fp//g wPdzdy

= p// [N(Upm + Upyy) + 2d]wp_1dl’dy
Q

Here, we used the formula w?~2|Vw|?> = (4/p®)|Vw?2|?. Then from (6.17), we see that

p// [11(upes + Vpyy) + 2dJwP™ dady
Q
<Cp // (Nw? + wP™Ydxdy < Cp // (wP + 1)dxdy.
Q Q

Therefore, we obtain the differential inequality
d
Slv®lz, < Cp(lw®llz, +1), 7 <t < Tuax.

As this differential inequality yields the estimate [[w(?)|7 < Cpe®?, it is finally verified
that

w(®)||e = lim [Jw(t)||s, < lm [Cplpe” = ¢, 7 <t < Thax.
p—0o0 P—00

7. NUMERICAL EXAMPLE

In this last section, we will present a numerical example which suggests the blowup of
the maximal solution.

Set 2 = (0,10) x (0,5) and the parametersasa =b=c=f=g=1,d=1.6 and p =
5, v = 1. Further, take the initial functions as ug(z,y) = vo(z,y) = 1.6 + , po(z,y) =0,
where ( is a random perturbation between —0.01 and 0.01. We used the explicit difference
method for choosing the time step and the spatial step as 5.0 x 107° and 0.04, respectively.

The graphs obtained for x(t) = max, g | %(tﬂ + |giy§(t)]] are shown in Figure. In
both, the horizontal axis denotes the time variable ¢ and the vertical axis denotes x(¢).

As we can observe in the two graphs in Figure, after ¢ = 15.0, the value of x(t) increases
very rapidly and our numerical computations quickly collapse, meaning the value of x(t)
exceeds the numerical limit of the computer and the value of §() = min, g [u(t) +v(?)]

changes from positive to negative discontinuously in a single time step.
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Figure: Graphs of x(t)
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