FINITENESS THEOREM OF MEROMORPHIC FUNCTIONS ON A
COMPLETE KAHLER MANIFOLD

HA HUONG GIANG

ABSTRACT. In this article, we will prove a finiteness theorem for nonconstant meromor-
phic functions satisfying the condition (C),) on a complete Kéhler manifold which share
four distinct values.

1. INTRODUCTION

In 1926, R. Nevanlinna [5] showed that for two nonconstant meromorphic functions f
and ¢ on the complex plane C, if they have the same inverse images for five distinct
values, then f = ¢ and if they have the same inverse images for four distinct values then
they must be linked by a Mdébius transformation. In 1998 H. Fujimoto [1] showed a
finiteness theorem for meromorphic functions on C which share four distinct values with
multiplicities truncated by 2. Later, D. D. Thai and T. V. Tan [12], S. D. Quang [7], [8]
generalized the result of H. Fujimoto to the case where the values are replaced by small
functions. These theorems are called finiteness theorems. We state by S. D. Quang’s [7]
result as follows.

Theorem A Let f!,f? f3 be three nonconstant meromorphic functions on C. Let
ai,...,as be distinct small (with respect to f’, V1 < ¢ < 3) functions on C. Assume
that

(i) min{rp_,,, 1} = min{rp_,,, 1} = min{ve_,,, 1} V1 <i < 3.

(ii) min{vs_g,,2} = min{vsp_,,, 1} = min{vss_,,, 1}.

Then f!' = f2or f2= f3or f! = f3.

In this paper, we will show a finiteness theorem similar to the above theorem but here
we will consider the general case where M is a m- dimensional complete connected Kahler
manifold, whose universal covering is biholomorphic to a ball B™(Ry) = {z € C™ : ||z]|| <

Ry} (Ry may be +o00) and f: M — C is a nonconstant meromorphic function satisfying
the condition (C,).

Here, noting that we consider each function f as a meromorphic mapping from M into
P!(C) and f satisfies the condition (C,) if there exists a nonzero bounded continuous
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real-valued function h on M such that
Py + dd° log h? > Ricw, for p >0,

/o

-1
where Q is the full-back of the Fubini-Study form Q on P*(C) by f, w = 5 > i higdzin

dz; is a Kihler form on the Kahler manifold M, Ricw = dd®log(det(h;3)), d = 8 + 8 and
c \/__1 3

Usually, almost all authors are used to using Cartan’s auxialiary functions in order
to study the finiteness problem of meromorphic mappings on C™, and comparing the
counting functions of these auxialiary functions with the characteristic functions of the
mappings. However, we do not have any concepts of the counting functions and the
characteristic functions on a Kahler manifold in the general case. In order to overcome
this difficulty, we have to use the notion of the functions of small integration and the
functions of bounded integration with respect to a family of meromorphic functions on a
Kéhler manifold due to S. D. Quang’s papers ([9] and [10]) to prove the following theorem.
Our result is stated as follows.

Theorem 1.1. Let M be an m-dimensional connected Kahler manifold whose universal
covering is biholomorphic to C™ or the unit ball B™(1) of C™, and let f', f?, f> be three
nonconstant meromorphic functions on M, satisfying the condition (C,). Let ay,...as be
distinct values on M. Assume that

(i) min{vfpi 4, 1} = min{v ., 1} = min{v s ), 1}, V1 < <3,
(17) min{V?f17a4), 2} = min{V?fgm), 2} = min{V?f37a4), 2}.

]fp<32—3th,enflzf2 or f2 = f3 or fl = f3.

In the case M = C, we may choose p = 0 and get the result of Theorem A for the
special case of distinct values.

2. BASIC NOTIONS AND AUXILIARY RESULTS FROM NEVANLINNA THEORY

We will recall some basic notions in R. Nevanlinna theory due to [11].

(a) Counting function. We set ||z|| = (Jz1]*+ -+ + |zm\2)1/2 for z = (21,...,2m) € C™
and define

B(r)={ze€C":||lz|]|<r}, S(r)={z€C™:|z|]|=r} (0<r <),
where B(oo) = C™ and S(c0) = 0.
Define
VUmo1(2) = (ddc||z||2)m_1 and
om(2) == d°log||z|]? A (ddlog]|2|*)™ 'on €™\ {0}.
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A divisor v on a ball B(Ry) is given by a formal sum v = Y p X, where {X,} is
a locally family of distinct irreducible analytic hypersurfaces in B(Ry) and py € Z. We
define the support of the divisor v by setting Supp (v) = U,, £0X,. Sometimes, we identify
the divisor v with a function v(z) from B(Rp) into Z defined by v(2) := >« .t

Let M, k be positive integers or +0o. We define the truncated divisors v™! by
pMl = Z min{ py, M} X,
A

and the truncated counting function to level M of v by

[M]
NM(r ro;v) == /n—wdt (ro < < Ro),

t2m—1
T0
where
f vIMly, 1 ifm > 2,
ntMl(t, 1) := { Supp ()NB(©)
> jel<t vIMI(z) if m=1.

We omit the character M if M = +oo0.
Let ¢ be a non-zero meromorphic function on B(R). We denote by v (resp. v2°) the
divisor of zeros (resp. divisor of poles ) of ¢. The divisor of ¢ is defined by

=10 — >,

Vo=V, =V,

For convenience, we will write N,,(r, ro) and NI (r, 7o) for N(r, ro; v2) and N™M(r rg; 10)

respectively.

(b) Characteristic function. Let f : B(R;) € C™ — P!(C) be a meromorphic
mapping. Fix a homogeneous coordinates system (wg : w;) on P(C). We take a reduced

representation f = (fo : f1) of f. Set [|f]| = (| fof> + | f2[?)"*.
The characteristic function of f (with respect to Fubini Study form ) is defined by

"odt y
Tf(T,?"O)I:/ zm/ fQ/\Um_l, O<T0<T<R0.
0 B(t)
By Jensen’s formula we have

Tf(r,rg):/ log||f||am—/ log || f1|om, 0<rg<r<Ry.
S(T) S(T’o

Throughout this paper, we assume that the numbers rq and Ry are fixed with 0 < ry <

Ry. By notation “|| P”, we means that the asseartion P hold for all r € [rq, Ry] outside
1
a set E of [0, Ry) such that [, dr < co in case Ry = oo and [, R—dr < 00 in case
o—T
Ry < 0.

(c) Some propositions
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Let f1, f2, ..., f¥ be k meromorphic mappings from the complete Kihler manifold B™(1)
into P*(C), which satisfy the condition (C,) for a non-negative number p. For each 1 <
u < k, we fix a reduced representation f* = (f&: f) of f*and set ||f*|| = (| f&2+|f*[?)z.

Definition 2.1. (Functions of small integration, see [9], [10]). A non-negative continuous
function g on B™(1) is said to be of small integration with respective to f, ..., f* at level
lo if there exist an element o = (o, ..., ) € N™ with |a| < ly, a positive number K,
such that for every 0 < tly < p < 1,

R2m—1 k P
/ |Zag‘t0-m S K (R— ZTfu(T,T0)> )

r
S(r)

u=1

for all r with 0 <rg <r < R <1, where 2% = z{"*...z28m.

m

We denote by S(lo; £, ..., f¥) the set of all non-negative continuous functions on B™(1)
which are of small integration with respective to f',..., f* at level l,. We see that, if
g belongs to S(lp; f1,..., f¥) then g is also belongs to S(I; f1,..., f*) for every I > .
Moreover, if g is a constant function then g € S(0; f1,..., f*).

Proposition 2.2. (see [9]) If g; € S(li; f1, ..., f¥) (1 <i < s) thengy...gs € SO Lis 1y oy 7).

Definition 2.3. (Functions of bounded integration, see [9]). A meromorphic function h on
B™(1) is said to be of bounded integration with bi-degree (p,lo) for the family {f!, ..., f¥}
if there exists g € S(ly; f1, ..., f*) satisfying

AL < (PP LR,

outside a proper analytic subset of B™(1).

Denote by B(p,lo; f, ..., f¥) the set of all meromorphic functions on B™(1) which are
of bounded integration of bi-degree (p,ly) for {f!, ..., f¥}. We have the following:

* For a meromorphic mapping h, |h| € S(lp; f1, ..., f*) if h € B(0,1y; f1, ..., f*).
* B(p,lo; f1, ..., f¥) € B(p,l; f4, ..., f¥) for every 0 < Iy < I.
*TIf hy € B(ps, li; f1, ..., f¥) (1 <i < s) then

hl...hs € B(sz; leu f17 B fk)
i=1 =1

Definition 2.4. (Cartan’s auzialiary function). For meromorphic functions F,G, H on
B™(Ry) and a = (ay, ..., ) € N we define the Cartan’s auziliary function as follows:

1 1 1
1 1 1
®“(F,G,H)=FGH.| F G Vi

1 1 1
o () v (g) 2 (5)
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Proposition 2.5. (see [0, Proposition 3.4]). If ®*(F,G,H) = 0 and ®*(+,5,%) =0
for all o with |a] < 1, then one of the following assertions holds :
(Z)F:G G=H,orH=F,

(it) &, S and &L are all constant.

3. PROOF OF THEOREMS 1.1

Let f1, f2, f3 be three nonconstant meromorphic functions on B(Ry) satisfying the
condition (C,) and {a;};_, be distinct values on B(Ry), we consider each function f* as
meromorphic mappings from B(Ry) into P*(C) with a reduced representation f*“ = (f{ :
fir) for each 1 < u < 3. We define:

+ (") = fo = filas = (f* —a) fi

+T(r) =T(r, f1)+T(r, f*) +T(r, f°)
(f*, ai)
(¥, a;)
This easily implies that vf;. ) = V}._,

+ FJ = (1<k<31<i,j<4).

We define divisor v; by

vi(z) = 4 ot (2) i Van () = e (2) = Vip.a (2)
’ 0 for otherwise,

and divisor u; by

pi(2) = min{v (1,0, (2); V(2,0 (2); V(52,000 (2) -
For each ¢ (1 < i < 4), we take holomorphic functions h; and ¢; defined on B(Ry) such
that vy, = v; and v, = p;.
Without loss of generality, we may assume that a; #Z 0 and a; # oo for each i (1 < i < 4).
We put S := U?zl Za; U Z 1. Here by Z, we denote the set of zeros of the meromorphic
function ¢. K

In order to prove Theorem 1.1, we need the following.

Lemma 3.1. (see [10]) Let M be a complete connected Kdhler manifold B™(1). Let
Lo £2, . f% be k nonconstant meromorphic functions on M, which satisfy the condition
(Cy). Let ay,...aq be q distinct values on M. Assume that there exists a non zero holo-
morphic function h € B(p,ly, 1, ..., f*) such that

k
7293 qu V(o 0

u=1 i=1
where p,ly are non-negative integers, A is a positive number. Then we have

1
~(p+ plo).

<24 pk
q= 2+ prt
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Lemma 3.2. With the assumption of Lemma 3.1, let f', f2, f* be three nonconstant
meromorphic functions on M, which satisfy the condition (C,). Assume that there exist
i;7 €1{1,2,3,4} (i # j) and a € N™ with |a| = 1 such that ®f # 0. Then there ezists a
holomophic function g;; € B(1,1; f, f2, f?) such that

3 4
Vgij Zzy(f“ﬂj)""yi—'_Q Z Fs-
u=1

s=1,s#£1,j
Proof. We have
L L L Fy Fy Fy
TR S T AR AR N Rl U A S
D(F) D(Fy) DU(EY)| [FYDUE) FB'DU(E) FyDY(E)
Do ( It Do ( It Do It Do FI Do It Do (It
(3)_ (2))_|_F22]( (1)_ <3))—|—F§]( (2)_ (1))

= Flw( 7 7 i i i i
Fy Fy Fi F3 Fy Fi (3.3)

Put

D(F')  D(FY)
Gij :(fl’ai)(f27aj)<f37aj> ( ng3 - F2]z2 >

(L a) (2 a) (fay) (Da(Ffl) - Da(Féz))

HoOH
DNFY') DFY)
1 2 3 2 1
+ (fa5)(f7 a5)(f ,a,)( o - Ik :
Then we have 5
([ a))- 95 = g5
u=1

This implies that
D*(FY)

3
sl < CALIIPIAN Y [P
u=1 v

where C' is a positive constant, and then g;; € B(1,1; f', f2, f3). It is clear that

)

3
V‘b?j = — Z V(f“,aj) + l/gi].. (34)
u=1
For a fixed point z € Z;,, U U;l:l’s#’j Z(f.a,)\S, we consider the following two cases.
* Case 1. If z is a zero of the function h,;. Then there exists a neighborhood U of z such
that all Fh—’j (1 < k < 3) are nowhere zero holomorphic functions on U. We rewrite the
function ®f; on U as follows

FY Py FY
P = p; d | -, 2, 3
K ( hi " hi )
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Then, it yields that
4
vor () = v (2) = (=) +2 S (2).
s=1,s#1,j
* Case 2. If z is a zero of a function (f, a,)with t # {7, j}. We rewrite the function ®¢;
as follows
F' — F)' Fj' —F'
D(F' — F{") D(F{' — FY")
<f27 aj)(f17 a’i) _ (f27 ai)(f17 a’j) (f37 aj)(fla ai) _ (f3’ ai)(f17 aj)
I ALY I (¥ Y] (f27ai)(f17a’i) (f37ai)(f17ai)
S U e) — (Fa)(a) e () ()~ (a1 0,
(f27ai)<f17ai) (f37ai)(f17ai)
(f27 aj)(flv ai) - (f27 ai)(flv aj) (f37 aj)(f17 ai) - (fga ai)(f17 aj)
— B2t i g ht(anai)(f17ai) ht(f37ai)(f1aai)
SR P () S (Pa) () () () = (e )
ht(f27ai)(f17ai> ht(f37ai>(f17a’i)
(fkv Clj)(fl, ai) - (fk7 ai)(fla CL]‘)

he(f*, a:)(f1, ai)
a neighborhood of z. Therefore, it follows that

a _ oty pij opig
¢Z]_F1’F2'F3'

)

We note that all functions

(k = 2,3) are holomorphic on

4
Voo (2) 2 2vp,(2) = vi(z) + 2 Z ps(2).
s=1,s%i,j
From the above two cases, we have
4
Vi (2) > () + 2 2; 2) (3.5)
s=1,5i,]

From (3.4) and (3.5), it implies that

3 4
Vgij = Zy(f"@j) +vit+2 Z Hs-
u=1 s=1,57#1,j

O

Lemma 3.6. With the assumption of Theorem 1.1, if there exist i,j € {1,....,4}, i # j
such that ®%(FY, Iy, Fy’) = 0 and ®$,(F{", F3', F3") = 0, for every a = (a, ..., ) € N™
with || =1 then f= f? or f2= f3 or f3= fL.

Proof. Denote by {s,t} the set {1,...,4}\{4,j}. From Proposition 2.5 we have one of the
following two cases:

* Case 1. Fi/ = Fy or Fy) = Fy or Fy = F/. Tt follows that f' = f2 or f2= f3 or
2 = f1. We have the desired assertion of the lemma.
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* Case 2. There exist constants b, c € C\{0,1} with b # ¢ such that
F = bFy = cFy. (3.7)
Since @ (FF*, F5' F5') # 0, {20 vpray > 0FU{z: v,y > 0} = 0. From (3.7), we

have
(a; — ba;) f* — (1 — ba;a; (@ — ca;) f? — (1 — ¢)aa;

f= (1=0)f2=(a; —ba;) (1 =c)f* = (a; — cay)
We set
B (a; — baj)ay — (1 — b)a,a, B (a; — caj)ay — (1 — ¢)a;a;
di = (1 —b)a; — (a; — ba,) and d; = (1—c)ay — (a; — ca;)

We consider each value df = (0,d¥), k = 2,3. Then it is easy to see that
{Z : V(]H,df) > O} = {Z . Vfl—df > 0} = {Z ka dk > O} = {Z fk dk > 0} @ ( 3)
Since b # ¢ and b, c € {0,1}, we have dF # a; (k = 2,3) and d? # d?. Then there exists

at least one function, for instance it is d?, such that d? # as,.
Applying Lemma 3.1 for the function 1 € B(0;0; f!) and three values {as,as,d?}, we
have

1 <p.

This is a contradiction. Hence this case is impossible.

Therefore f! = f2 or f2 = f3 or f3 = fL. O

Proof of Theorem 1.1. Firstly, we assume that M = B(Ry). Suppose contrarily that
there exist three distinct nonconstant meromorphic functions f!, f2, f3 on B(Ry), which
satisfy the condition (C,).

We set Q = {j : Qﬁj(Ffj,F;j,Fgfj) =0,V v e {l,..,4}}. We consider the following
three cases.

* Case 1. #Q > 2. There exist i,7 € Q, i # j . Then (IDO‘(FU FY Fij) = 0 and
% (K", F', F{') = 0. By Lemma 3.6 we have f' = f*> or f*> = f* or f> = f'. This is a
contradiction.

* Case 2. §Q = 1. Assume that Q = {j}. For i # j we have ®¢ (FZJ FyY F7) =0,
then
F —F F' —F}

= D% = Fi Fi FY. 5 b 3
’ D(F — FYy D(F — FYY)

We see that the determinant is a Wronskian. Then F}' — FJ* (k = 2,3) are linearly
dependent. Therefore, there exists a constant ¢ € C such that

(' = F') =c(F' = F") & (1= o)F' = F{' + cFJ' = 0.
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Since we suppose that f1, f2, 3 are distinct, hence ¢ € {0,1}. Then, for z ¢ S it is easy
to see that V;O (2) < max{z/Fﬂ( 2),v Fﬂ( 2)}, ie.

V(fk o (2) S max{y s 4,1 (2), Vs a(2)} with {k,1,t} = {1,2,3}.

Hence, if 2 is a zero of (f*,a;) with multiplicity at least 2, then z is a zero of (f, a;) or
(f*, a;) with multiplicity at least v s« ,,)(2) > 2. Then, it follows that

Ve any(2) < 2 (min{ypr o) (2), V(p1 a0 (2)} = 1+ min{y e o) (2), Viptan(2)} — 1)

This implies that
. 1 . 1
V(b a),>1 <2 (mm{l/(fk,ai)(z), V(ftan(2)} — ([f]k al)( z) +min{ypr o) (2), V() (2)} — y([f]ka)(z))

1 1 1
2Vt o (2) + Vi (2) = 20 (2)):
This yields that

3
(1]
v; EV(fkvai) - Z I/(f“,ai),>1
v=1
(1]
ZV{f¥ )"

Now we denote by Q; = {i € {1,....,4}\{j} : P(F}5, Fi*, F¥*) = 0,Vs # j}. If 1Q; > 2,
then similar to Case 1 we get f! = f? or f2 = f3 or f2 = f!. This is a contradiction.
Hence there exist at least two elements, denoted by ¢ and s, not in @;. By Lemma 3.2,
we have

Vgss _ZV(fua)—FVl—i-Q Z oy

v=1,v#1,s
>nyuas —{—y[}]kal 42 Z (fkav. (3.8)
v=1,v#1,s
Similarly, we have
Vg, > nyu Vi +2 Z Vo (3.9)
v=1,v#s,i

Summing-up both sides of (3.8) and (3.9), we obtain

4 3
1 1 1
20y, 2 42 V([f]’“,av) + Z(V(f“,as) + V(puai)) — 3’/([f]k~, ) 3”([f]k as)’
v=1

u=1

This implies that

3
1 4 1 2
([ ] az) - V fk as) 2 g Z v f ,0) g Z(V(fu@s) + V(fuvai)) - gygis' (310)
u=1

v=1



10 HA HUONG GIANG

Take t € {1,2,3,4}\{j,4,s}. If @?‘t(Fft,th, Fi") = 0, then by Lemma 3.6 we have f' = f2
or f2= f3or f3= f'. This is a contradiction. Hence @?‘t(Fljt, Fj', FJ') # 0. By Lemma
3.2 and (3.10), it follows that

>Zy(f“az)+’/1+2 Z Hv

v=1,v#£7j,t

>Z”(f“at)+’/ bap) T2 Z e

v=Lv#j,t
[1] (1]
sz/(fu at)+1/ )+2( (a0 +V(fk,as))

4 3
i 8 B 2 4
= 2 Virta) T ran t g 2 Vipran T3 Zl<y(f“’as) BRI

Summing-up both sides of the above inequality over all ¢ € {1,2,3,4}\{j}, we get

8 4 3
Z Vg 2 Z ny"at 3 Z Z (fw)*zzzyf"af + G~ W,
:1 u=1

t=1,t#j t=1,t#j u=1 t#£j u=1
This implies that

> o+ vy, > S Sl

t=1,1£] t=1,t#j u=1

So that
4 3
17
VH?:l,t;éj 9jt95; =z ? Z Z (f” at)
=145 u=1

It is clear that Hle’#j gitgis € B(3,3; f1, f%, f?). Then, from Lemma 3.1, we have

2<
15-=F

This is a contradiction.
* Case 3. #Q = (0. Then for all 7 # j, by Lemma 3.2 we have

VQZ]>Zl/fu 4+ v+ 2 Z Us.

s=1,s#1,j

Setting
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and summing-up both sides of the above inequality over all pairs (i,0(7)), we get

4
YDUIIED 3 IO +Z%+QZ > o
i=1 i=1 u=1 i=1 s= 15;&10(1)
> Zzy(fu a1)+ZVZ+QZ Z u([}}k’as). (3.11)
i=1 u=1 i=1 s=1,s#1,0(1)

On the other hand, we have
(1]

2 1 .
V(fk,a4),>1 = V([ij ag) T~ ([ij oS < mm{y (f*,a2) V(1 a4)} — Yk a)
. [y [y S
< Va) T stan) T Ppra) = Ustan ~ Virkan (FS RIS D,

Then

4
SRERES SUISRERED ot 31

k=1

From (3.11) and (3.12), we have

Zygwm = ZZW” (fk +22 Z V([?k,as)

i=1 u=1 llslsizaz
4 3

ZZ}X}”W«M)*‘ (fka4)+ z;z; (f*,as)
7

= g z_; Z; ng“ﬂi)'

This implies that
3

7
Mio0 2 3 2

I/ fu az
i=1 u=1
It is clear that []._, Gioy € B(4,4; f1, f2, f3). Then, from Lemma 3.1, we have

2 <
33 =P
This is a contradiction.

Then, from the above three cases, we see that the supposition is impossible. Hence we
must have f! = f2 or f2 = f3 or f2 = f!. The theorem is proved.
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