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ABSTRACT. The purpose of this paper is to determine the ring structure of the graph
equivariant cohomology of the GKM graph induced from the complex quadrics Qo,. We
show that the graph equivariant cohomology is generated by two types of subgraphs in the
GKM graph, namely M, and Ag, which are subject to four different types of relations.
By utilizing this ring structure, we establish the multiplicative relation for the generators
Ak of degree 2n and provide an alternative computation of the ordinary cohomology
ring of @2, as previously computed by H. Lai. Additionally, we provide a combinatorial
explanation for why the square of the half-degree generator x € H?"(Q,,) vanishes when
n is odd and is non-vanishing when n is even.

1. INTRODUCTION

In the paper [8], Goresky, Kottwiz, and MacPherson established a framework for studying
the class of manifolds with a torus action, known as equivariantly formal, by using their
fixed points and one-dimensional orbits. These manifolds are now commonly referred to
as GKM manifold. Expanding on their work, Guillemin and Zara introduced the notion
of an abstract GKM graph in [11] as a combinatorial counterpart of GKM manifolds, thus
initiating the study of spaces with torus actions using the combinatorial structure of GKM
graphs. Since then, the research of GKM manifolds and GKM graphs, commonly known
as GKM theory, has been the subject of extensive research (e.g., [7, 9, 10, 15, 16, 22]).

One can view GKM theory as a methodology for computing equivariant cohomology
based on the combinatorial structure of a graph. For an equivariantly formal GKM man-
ifold, its equivariant cohomology is isomorphic to the graph equivariant cohomology of its
corresponding GKM graph, see (3.1). On the other hand, for abstract GKM graphs, the
graph equivariant cohomology can be defined independently of geometry, leading to its
study in various articles (e.g., [1, 5, 6, 7, 10, 18, 17, 22]). In particular, in [22], Maeda-
Masuda-Panov introduced the combinatorial counterpart of a torus manifold, where a torus
manifold is defined by a 2n-dimensional T"-manifold with fixed points. This combinatorial
object is called a torus graph, and its properties have been extensively studied. Notably,
they established that the graph equivariant cohomology of a torus graph is isomorphic to
its face ring, which is defined using the simplicial poset induced from the subgraphs of
a torus graph, relying solely on algebraic and combinatorial arguments. The advantage
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of establishing such a result for abstract GKM graphs, without relying on geometry, is
that it can be applied to a wider class of equivariantly formal GKM manifolds (or spaces)
that share the same GKM graph. This enables us to compute the equivariant cohomology
of equivariantly formal GKM manifolds, even when well-known techniques for computing
equivariant cohomology, such as certain methods in algebraic topology or Hamiltonian
torus actions, cannot be applied. Hence, the result in [22] can be regarded as a generaliza-
tion of the computation of the equivariant cohomology ring of torus manifolds presented
in [23].

In our paper, we focus on the study of GKM graphs corresponding to even-dimensional
compler quadrics. An even-dimensional complex quadric (), is defined by

n+1
Qon = {[21: -+ : 22040 € CP2" | Zziz2n+3—i = 0},
i=1
having the natural 7" *!-action
(1.1) (210t Zopaa| > [21t1 @ 20ty o Zpaatpyn t;}rlzwrg ct M 2ngs et Zonaa),

where (t1,...,t,41) € T™1 Since Qq, ~ SO(2n + 2)/SO(2n) x SO(2), this action is
equivalent to the restriction of the transitive SO(2n + 2)-action to the maximal torus
T laction. As T"*! is also a maximal torus of SO(2n) x SO(2) (i.e., SO(2n) x SO(2)
is a maximal rank subgroup of SO(2n + 2)), it follows from [7] that the fixed points and
one-dimensional orbits of the T™*1-action have the structure of a graph. Therefore, the
GKM graph of Qs,, with the T"*1-action (1.1) can be constructed by labeling the edges with
tangential representations. Although the action (1.1) has a finite kernel Zy = {£1} C T,
we can obtain an effective 7" !-action on @y, by considering the quotient 7" /Z,. In
this paper, we denote by GQ,, the GKM graph obtained from this effective T"*!-action,
see Section 2.2.

On the other hand, the ordinary cohomology ring H*(Q2,) of @, over the integer
coefficient was computed by H. Lai in [19, 20] (also see [3, Excercise 68.3] for H*(Q,,) as
the Chow ring'). In particular, we have the following isomorphisms.

(1.2)
H Q) ~ { Zlc,z]/{c* T — 2cx, 2? — *x) if m = 4n, where degc =2, degx = 4n

Zlc, z]/{c* 2 — 2cx, x?) if m=4n+2, where degc =2, degz =4n+2

Using this formula, one can conclude that H°%(Q,,) = 0 which means that Qs, is an equiv-
ariantly formal GKM manifold. Therefore, the equivariant cohomology H...:(Q2x) of the
effective T"*1-action on @, can be computed by using the graph equivariant cohomology
of its GKM graph, denoted by GQ,,,. The main goal of this paper is to determine the graph
equivariant cohomology H*(GQs,) (see (3.1)) by explicitly describing its generators and

ISince Q. can also be regarded as the homogeneous space of the affine algebraic group S O(m+2,C), it
follows from [2, Appendix C.3.4] that its Chow ring is isomorphic to its cohomology ring, i.e., A*(Qy,) ~
H?**(Qmm;7Z). We also note that the rational cohomology ring of Q2,1 is isomorphic to that of CP?"~!
(e.g. see [25]); however, these two cohomologies are not isomorphic over integer coefficients (e.g. see
3, 12]).
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relations in terms of the subgraphs. As a consequence, we can compute the equivariant
cohomology ring of the effective T"*-action on @y, by generators and relations. The main
theorem of this paper, which is presented in Section 5 precisely, is as follows:

Theorem 1.1. There exist the following isomorphisms as a ring:
H’;:'nr‘rl (Q2n) = H*(gQZn) = Z[QQQn]

Since the complex quadric (), is equivariantly formal, the Serre spectral sequence of the
fiber bundle @2, = ET X705, — BT collapses at the Fs-term. This implies that the ordi-
nary cohomology H*((Q)2,) can be obtained as the quotient of the equivariant cohomology
H%, 1 (Q2n) by H>°(BT). 1t is worth noting that the ring structure of H*(Qa,), as shown
in (1.2), depends on whether n is even or odd. We provide a combinatorial explanation
for the difference between H*(Q4,) and H*(Q4pn+2) using Theorem 1.1 (see Lemma 7.2 and
Corollary 7.3 precisely).

The paper is organized as follows, consisting of Sections 2 through 7. In Section 2,
we compute the GKM graph GQ,, of the effective T !-action on @Q,. In Section 3, we
introduce the graph equivariant cohomology H*(GQs,) and define the generators M, and
A, studying their properties. In Section 4, we present the four relations among M, and
Ag. The main theorem (Theorem 5.1) is proved in Section 5. Section 6 and Section 7
serve as additional sections with applications of Theorem 1.1. In Section 6, we establish
multiplicative relations among Ag’s of degree 2n. In Section 7, the ordinary cohomology
ring of ()2, is studied from a GKM theoretical perspective.

2. GKM GRAPHS OF EVEN-DIMENSIONAL COMPLEX QUADRICS (Q2,

In this section, we compute the GKM graph of the effective T !-action on Qs, (see [11,
14] about the basic facts of the GKM graph). In this paper, we identify the cohomology ring

H*(BT™1) as the following polynomial ring generated by degree 2 generators 1, ..., T, 1
(2.1) H*(BT"™ ) ~ Z[xy, ..., 7011
It is worth noting that the generator x;, for : = 1,...,n + 1, is the equivariant first Chern

class of the T !-equivariant complex line bundle over a point, where the action on the
unique fiber is defined by the ith coordinate projection p; : 7" — S' € Hom(7T™+!, S1).
This gives the following identifications:

H2(BTn+1) ~ H0m<Tn+17 Sl) ~ (tg-l-l)* ~ ZTH—I’

where t%“ is the lattice of the Lie algebra of T™*!. 1In this paper, we often use this
identification.

2.1. The GKM graph of the natural 7""!'-action on ,. Suppose that the 77 !-
action on @, is defined by (1.1). We first compute the GKM graph of this non-effective
T+ action.

By definition, the GKM graph consists of the fixed points (vertices) and the invariant
2-spheres (edges), and the labels on edges (the azial function of the GKM graph) which
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are defined by the tangential representations on fixed points. It is easy to check from the
definition (1.1) that the fixed points of @)y, are

m={le] |i=1,...,2n+2},

where [e]] =[0:---:0:1:0:---:0] € CP*" (only the ith coordinate is 1). We first
denote the 2-spheres in CP?"*! by the following symbol:
(2.2) Zi izl ={0:--:0:2:0:---:0:2:0---:0] c Cp*tty,

i.e., the subset consists of the only ith and jth coordinates. If [z; : z;] C Q2n, then it
follows from the quadric equation Z?;Lll ZiZon+3—; = 0 which defines (), that one of the
following properties hold:

e [2;: zj] = CP! (diffeomorphic) if i 4+ j # 2n + 3;

o [2;:2z]={[1:0]}or {[0:1]}if i+ j=2n+3.
Namely, invariant 2-spheres of @2, are [z; : z;] such that i + j # 2n + 3. Therefore, we
obtain the following graph from the 7™ !-action on Qa,:

e the set of vertices Va, = [2n+ 2] := {1,2,...,2n + 2};

e the set of edges Ey, = {ij | i,5 € [2n + 2] such that i # j, i+ j # 2n + 3}.
We denote this graph as I'y, := (Va,, Fa,), see Figure 1.

6 4 8

FIGURE 1. The left graph is 'y (n = 2) induced from the T3-action on Qy,
and the right graph is T's (n = 3) induced from the T*-action on Q.

Remark 2.1. For convenience, we often denote the vertex j € Va, such that i +j = 2n +3
by . Namely, the set of vertices can be written by

Von=[2n+2]={1,2,....n+1,n+1,7m,...,1}.
Moreover, by using this notation, the set of edges can be written by
Es, = {ij | i,j € Va, such that j #i,1}.

We next compute the tangential representations around the fixed points and put the
label on edges denoting as & : FEy, — H?*(BT"™), called an axial function on edges.
Recall that the tangential representations around the fixed points decompose into the
complex 1-dimensional irreducible representations. One can also regard each complex 1-
dimensional irreducible representation as the tangential representation on the fixed point
of the invariant 2-sphere. This implies that, to compute the tangential representations
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around fixed points, it is enough to compute the tangential representation on each invariant
2-sphere [z; : z;] € Qap, see (2.2). By the definition of the T™*!-action on [z; : z;], we may
write the action ¢t = (¢1,...,¢,41) € T"" on [2; : 25] as
[2i : 23] = [pi(t)zi < pj(t) 2],

giving the T"™-actions on the two fixed points of the 2-sphere [z; : z;] by

1ez) o (U 0], (20 1) o iy 2 1),
where p; : T"" — St is the surjective homomorphism defined as the following map.

() = t; ifien+1]
PRU=1 &1 ifie{n+2,...,2n+2}

Therefore, the axial function & : Fy, — H?(BT"') is defined by the following equation
(see Figure 2):
where z; € H?(BT""!) is the element such that

e for i € [n+ 1], z; is the generator of H*(BT™"!) corresponds to the ith coordinate

projection p;, also see (2.1);
o foric{n+2....2n+2}, x;:=—ua;

F1GURE 2. The axial function o around the vertex 1 in I'y. This corresponds
to the GKM graph induced from the T%-action on @4 defined by (1.1). Note
that 6 =1,5=2,4 = 3.

2.2. The GKM graph of the effective T""!-action on Q,,. Since the T""!-action
(1.1) on Qs is not effective, the axial function @ defined by (2.3) does not satisfy the
effectiveness conditions, i.e., for any fixed i € Vo, the set {a(ij) | ij € Ea,} does not span
H?(BT™1) ~ Z"*1 (see [16, Section 2.1]). For example, around the vertex 1 € V5, the
axial functions are

n—+1\x*
(2.4) Ty — X1y oy Tpp1 — L1, —Tpy1 — L1, —Tp — L1,y ..., —To — 21 € ()7,

and it is easy to check that these vectors span the lattice (xo—x1, ..., Tpi1—21, —Tpi1—21)7
which is the proper subspace in (t%“)*. This is also similar to the axial functions on the
other vertices. To apply the GKM theory, we will identify (xo — 21, ..., Tpi1 — 1, —Tpi1 —
71)z as (1), In this paper, they are replaced as follows:
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e, —riasx,_q fori=2,...,n+1;
® —Tpt1 — X1 AS Tp4q-

For the other vectors in (2.4), we have the following equalities:

—T; — X1 = —(JTZ‘ — IL’1) + (l’n_H — 1'1) + (_xn—i-l — Ilfl)
for i = 2,...,n. Therefore, we may replace the vectors in (2.4) with the following vectors
(respectively):
(25) T, -y Tpy Tpgl, —Tp-1 + Tn + Tptiy ---y —L1 + Tn + Tn41-

Notice that the vectors in (2.5) are primitive generaters of (£2™')*. This gives the axial
function induced by the effective 7" (~ T"*! /Z,)-action on Qs,, where Z, = {£1} is the
kernel of the T™*!-action in (1.1) (more precisely, see the following Remark 2.2).

Remark 2.2. Here, we will explain that the axial function (2.5) is obtained by the explicit
Tl action on Qy, C CP?"*! defined by (2.6). The vectors (2.4) in (£4™)* induce the
non-injective homomorphism ¢ : 77 — 7272 with ker ¢ = {£1} = Z, defined by

(t1y ooy tnrn) = (Lot oo bty Sttt e ).
Note that the image of ¢ is the following subtorus in 72"*2:
im = {(1,taty", .o tamty Sttt ) | (B b)) €T
= {(1,81, .+, 8ms Snt1y S 150Sndly -+ s ST SnSnils Sndni1) | (51, -+, 8np1) € T
By the fundamental theorem on homomorphisms, we have the following identifications:

im o~ T ker o = T )7y ~ T,

So the effective T"*!-action is defined by the standard action of the subtorus im ¢ C 722,

ie., for [21 129+ Zng1 f Zngot Zngs it Zonga] € Qop and (Sy1,..., Su41) € T

(2.6)

(20029 0 D Zpi1  Znao t Znasg ot Zopaol

(2108122 0 Sl T S %02 T Sy 1500123 Tt L ST SnSna122n41 ¢ SnSnt122n42].

This action is nothing but the restricted T"*!-action on @9, from the standard 72" *1-action
on CP?"*2 where T?"*' = {(1,t1,...,tons1) | t1, ... tons1 € T'} C T* 2. Moreover, its
axial function around 1 € Vi, = QI coincides with (2.5). Therefore, (2.5) gives the
effective T"-action on Qy, by (2.6).

Applying a similar way to the other axial functions around each vertex (see (2.3)), we
can define the axial function of the effective 7" -action as follows (see Figure 3).

Definition 2.1. Set f : Vo, — H*(BT™!) as

N Tj—1 — Tp41 jzl,,n+2
f<j)_{ Tn — Tont+2—j j:n+3,,2n+2
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where 2o = 0 and (x1,...,7,.1) = H?*(BT™'). Then we define the axial function « :
Es, — H*(BT™!) as
a(ij) = f(j) = f(i)
for j # i,1.
In this paper, the symbol GQs, represents the GKM graph (I'y,,a) (or equivalently
(Dap, f), called a 0-cochain presentation) for I's,, = (Vay,, Ea,) defined in Definition 2.1.

—Z3 1
Xy X3

Ty — 0

2 T9 — X7 L3

L2 — 2 — 21
i) 6
FI1GURE 3. The GKM graph GQ,, when n = 2 (also see the left graph in
Figure 1). The right figure shows that the axial function a : £, — H?(BT?)

of GQ, around the vertex 1. The left figure shows its 0-cochain presentation
f:Vi— H*BT?).

We exhibit some useful properties for the GKM graph GQ,,.

Lemma 2.1. For every vertix i € Vo, in the GKM graph GQa,, the following equation
holds:

fG@) + f(i) = 2 — Tnsr.

Proof. Since i + 1 = 2n + 3, we have that z;_; = x,,,, ;. The equality is immediately
followed by Definition 2.1. O

Lemma 2.2. For every edge ij € Fs, in the GKM graph GQs,, the following equation
holds:

a(ij) = —a(ij).
Proof. By Lemma 2.1, we have
a(if) = f(7) = (i) = (@0 — Tns1 — f(7)) = (@0 — Tnsr — (D))
= f(i) = f() = a(ji) = —a(ij).

Lemma 2.3. For every j € Va, \ {i,1}, the following equation holds:
a(ij) + a(ij) = zp — Tnrr — 2f(0).
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Proof. By definition of the axial function a : Ey, — H*(BT"™!) and Lemma 2.1, we have
that

a(ij) + alij) = (f(7) = £@) + (f(F) = £(0) = f() + F(7) — 2 (D)
=, — Tpr1 — 2f(7).
U

Lemma 2.4. The GKM graph G Qs is three-independent, i.e., for every verter i € Vo, and
every distinct three vertices ji, j2, js € Von \ {i,4}, the azial functions o(ij), a(ijs), a(ijs)
are linearly independent.

Proof. This is straightforward from Definition 2.1. O

3. TWO GENERATORS

The graph equivariant cohomology of the GKM graph GO, is defined by
(3.1) H*(GQgy) :={h: Vap — H*(BT™™") | h(i) — h(j) =0 mod a(ij) for ij € Es,}.

The equation h(i) — h(j) = 0 mod «a(ij) in (3.1) is also called a congruence relation.
Note that H*(GQs,) has the graded H*(BT™"!)-algebra structure induced by the graded
algebra structure of @, R, where R; is the degree t part defined by R, := H*(BT™!).
In particular, there is the injective homomorphism

(3.2) v H*(BT™) — H*(GQs,)

such that the image of x € H*(BT"™), say u(x) : Vo, — H*(BT™), is defined by the
function

vz)(v) ==

for all v € V5,. This induces the H*(BT™"!)-action on H*(GQs,).
The following lemma holds.

Lemma 3.1. For the effective T" ' -action on Qa,, the following graded H*(BT™1)-
algebra isomorphism holds:

;ﬂn+1 (QQn) = H*<gQ2n)

Proof. Because the effective T"-action on @y, is obtained by the quotient T"*!/Zy by
the finite kernel of the action (1.1). This implies that all isotropy subgroups of the effective
TmHaction are connected. Therefore, by using H°(Q,,) = 0 and [4] (also see [1, Theorem
2.12]), we have the statement. O

Lemma 3.1 means that to compute the equivariant cohomology H7.,.+1(Q2x) is equivalent
to compute the graph equivariant cohomology H*(GQs,). The goal of this paper is to
describe its generators and relations by the combinatorial data of the GKM graph GQs,;
this will be proved in Theorem 5.1. The injective homomorphism (3.2) for H*(GQy,) is
also given in Proposition 3.4; toghether with Theorem 5.1, this establishes the H*(BT™t1)-
algebra structure on H*(GQ,,). To prove it, in this section, we introduce two types of
elements in H*(GQ,,) which will be the ring generators of H*(GQs,,).
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3.1. Degree 2 generators. We first define the degree two element, denoted by M,, in
H?*(GQs,) for every v € Vsy,.

Definition 3.1 (degree 2 generators). Take a vertex v € Vo, = [2n + 2]. We define the
function M, : V5, — H?(BT"') by
0 j=v
M,(j) = a@v) = f(v) = f(5) j# v,
a(tk) + a(vk) =z, —xpy — 2f(0) j=7
The equality for M,(v) is obtained by Lemma 2.3; this means that M,(v) does not
depend on the choice of k € V4, \ {v,7}. The following proposition holds.
Proposition 3.2. For every v € Va,, the function M, : Vs, — H?*(BT™) is an element
of H*(GQay), i.e., M, € H*(GQs,).
Proof. We claim that M,(j) — M,(k) =0 mod «a(jk) for every jk € Es, by case-by-case
checking.

The case when j = v: For every k € Vo, \ {J,j} = Van \ {v, 0}, by Definition 3.1 we
have

M, () = My(k) = 0= (f(v) = f(k)) = f(k) = f(v) = a(vk) =0 mod a(vk) = a(jk).

The case when j = u: For every k € Vo, \ {J,7} = Van \ {v,7}, we have that

M, (j) — M, (k) = (k) + a(Tk) — a(kv)

= a(tk) + a(vk) — a(vk) (by Lemma 2.2 and Definition 2.1)
= a(vk) =0 mod a(Tk) = a(jk).

The case when j # v,v: With the method similar to that demonstrated as above
for the two cases (k # v and k = ©), we can easily check that M,(j) — M,(k) =0
mod «a(jk).

Therefore, we have that M, € H*(GQs,). O

Ezample 3.1. For n = 2, Figure 4 represents the class Mg € H*(GQy).

FIGURE 4. The element Mg € H*(GQ,).
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3.2. Some properties for degree 2 generators M,. Before we define the higher degree
generators, we introduce three properties for M,’s.

For the vertices W C V4, we denote the full-subgraph with vertices W by 'y, i.e., I'y
consists of the following data:

e the vertices W;
e the edges FEy :={ij € Ey, | i,j € W}.

Note that, by Definition 3.1, the value of M,(j) € H*(BT™™!) for j # ¥ coincides with
the axial function a(jv) on the vertex j of the full-subgraph I'y, where I = V5, \ {v}. We
also note that the edge jv is the unique out-going edge of the full-subgraph I'; from the
vertex j € I\ {v}. The following proposition shows that an element in H?(GQs,) with
such a property is uniquely determined.

Proposition 3.3. If an element A € H*(GQy,) satisfies that A(j) = M,(j) for every
j € Vo, \ {v,0}, then A= M,.

Proof. We first claim that A(v) = 0 = M,(v). By using the congruence relations on the
edges jov for all j € V3, \ {v, 7}, we have
A(j) — Av) = My(j) — A(v) = a(jv) — A(v) = —A(v) =0 mod a(jv).
This shows that for every j € Va, \ {v, 7} there exists an integer k; such that
A(v) = —kja(jv) = kja(v)).
In particular, for every ji, j2 € Vo, \ {v,7},
A(v) = kjla(vjl) = k]éa(Uj?)'
By Lemma 2.4, this gives that k; = 0, thus establishing A(v) = 0.
We next claim that A(v) = x, — x,11 — 2f(V) = M,(v). By using the congruence
relations on the edges jv for all j € V4, \ {v, v}, we have
A(J) = A[v) = My(j) — A(v) = a(jv) = A[®) =0 mod a(jv).
This shows that for every j € Vi, \ {v,7} there exists an integer k; which satisfies the
following equation:

A(v) = a(jv) + k;ja(jo)
= (7)) + kja(vj) (by Lemma 2.2 and Definition 2.1)
=Zp — Tpp1 — 2f (V) — a(V)) + kja(vy) (by Lemma 2.3)

=xp — Tpy1 — 2f(U) — (1 + k;)a(vj) (by Lemma 2.2)
In particular, this equation holds for every ji, jo € Vo, \ {v,0}. Therefore, by using the
similar method for the proof of A(v) =0, we obtain 1 + k; = 0, thus k; = —1. Therefore,
by Lemma 2.2 and Lemma 2.3,

A@) = a(jv) = a(j) = &n — Tni1 — 2f(0).

This establishes A = M,,. O
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Recall « : H*(BT""') — H*(GQs,) in (3.2). By abuse of notation, we also denote
v(z) : Vo, — H*(BT"™) as x : Vy, — H*(BT"™) for an element z € H*(BT""!). The
following proposition shows that x can be also presented by M,’s.

Proposition 3.4. The generator x; € H*(BT"™) fori=1,...,n+ 1 is obtained by the
following equality:

T; = M/L'+1 — Ml-

Proof. Because i = 1,...,n+ 1, for all j € V5, \ {1,7+ 1}, we have that

Mi1(j) — Mi(j) = f(@+1)—f(J)—(f(1) fG) =fl+1) = f(1) =2 — 2pir — (T0 — Tnr) = 7.

For j =1 = 2n + 2, we have

M (20 +2) — My(2n+2) = f(i +1) — f(2n+2) — (20 — Tnp1 — 2f (20 + 2))
=fli+1)+f2n+2)—(fGi+1)+ f(i+1)) (by Lemma 2.1)
=f(2n+2)— f(i+1)=x; (by Definition 2.1).

For j =i+ 1=2n+2 — i, we have

Mg (2n+2—4) = Mi(2n+2—1i) = (2, — Tpy1 — 2f(2n+2—1)) — (f(1) = f(2n + 2 — 1))

=x, — f(2n+2—1i) (by Definition 2.1).
In this case, by using Definition 2.1 again, we have the following equations.
ACACRUES (Pt I e

Therefore, M 1(2n+ 2 — i) — M;(2n + 2 — i) = z;. These equations show that M;,,(v) —
M, (v) = x; for all v € V4,. This establishes the statement. O

We also have the following proposition for the 0-cochain presentation f : V5, — H?(BT")
defined in Definition 2.1.

Proposition 3.5. The 0-cochain presentaion f : Vi, — H?*(BT"™') satisfies that f =

n+2-
Proof. By definitions of f and M,, .5, we can easily check the statement. O
Example 3.2. The left figure of Figure 3 in Section 2.2 also represents that f = —Mj.

3.3. Higher degree generators. We next define the degree 2/ element Ay in H?(GQ,,)
for some K C V4, such that |K| =+ 1, where |K| is the cardinality of K.

For a non-empty subset K C Vj3,, by definition of I'y,, the following two properties are
equivalent:

e the full-subgraph I'x is the complete subgraph of I'y,;

o if i € K, then i ¢ K (or equivalently {i,i} ¢ K for all i € V4,).
We call one of these properties the property (x). Note that if K satisfies the property (%),
then its cardinality satisfies 1 < |K| < n + 1.
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Definition 3.2 (degree (>)2n generators). Let K C Vs, = [2n + 2] be a non-empty subset
that satisfies the property (x). We define the function Ag : Vo, — H*"2E+2( BT+ by
the following map.

a(jk) = (f(k) = f(J) jeK
(3.3) Ag(j) = kgll;[{j} keﬁl{_U[{j}
0 jE€K

Note that Ak is nothing but the Thom class of the GKM subgraph I' ¢ (see [22, Section
4]). Therefore, by the similar arguments for the proof of [22, Lemma 4.1], we have the
following lemma.

Lemma 3.6. If K C Va, satisfies the property (x), then A € H"2K+2(GQ, ).

Remark 3.1. Geometrically, A is the equivariant Thom class of the invariant submanifold
in o, (see [21]) which is diffeomorphic to the projective space whose fixed points consisting
of K. For example, there exists the following subspace which is diffeomorphic to CP'~! in
Qo for every 1 <1 <n+1:

{[er:20:-:2:0:---:0] € Qan | z: € C} =~ CP.

In this case, K = [I] C [2n + 2] and the class A € H*" 2%2(GQ,,) corresponds to the
equivariant Thom class of CP'"! C s, in the equivariant cohomology H%”_m“(an).

Ezample 3.3. For the GKM graph GQy, the set of vertices K = {1,2,3} satisfies the
property (). Figure 5 represents the class Ax € H*(GQy).

FIGURE 5. Ak for K = {1,2,3}, where Ag(2) = (x5 — x1)(x2 — 1 + 23).

Ezample 3.4. For the GKM graph GQy, the set of vertices L = {1,2} also satisfies the
property (). Figure 6 represents the class A;, € H(GQ,).



EQUIVARIANT COHOMOLOGY OF EVEN-DIMENSIONAL COMPLEX QUADRICS 13

Ap(l) = xows(zy — 1 + 23)

FIGURE 6. Ay for L = {1,2}, where Ap(2) = (3 — x1) (23 — 1) (22 — 21 + 23)

4. FOUR RELATIONS

In this section, we introduce the four types of relations among M,’s and Ag’s (see
Lemma 4.1- 4.4).

Relation 1 (]],,_y G7 = 0). We use the following notation for J C V5,.

(4.1) Gy = M, if J=V,, \ {v} for a vertex v € V5,
' 771 Ay if J satisfies that the property (x), i.e., {i,i} ¢ J for every i € Vi,

By Definition 3.1 and Definition 3.2, we have the following relation in H*(GQ,,) (see
Figure 7).

Lemma 4.1 (Relation 1). There is the following relation:

(4.2) I[ ¢ =o.
NJ=0

Ay (1) 0 0

R M (2), -~ M (4
O*\//m\\)O 1 / \ 1(4) 0 0

Y N x =

O&z--c--5~--40

\\\ \ ////// M]_( ]_(5) 0 0

0 M (6) 0

FIGURE 7. In H*(GQ,), the relation Ay - My = 0 holds (Relation 1).

Relation 2 (M; + M; = M; + M;). We define the element X € H?(GQs,) by the map
X : Vo, — H?*(BT™) which satisfies

X(F) = @ — 2nss — 20 (K)
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for all k € Va,. Then, by Lemma 2.3, for every j € V5, such that j, j # k, there exists the
following equation:

X(k) = a(kj) + alky).
By Lemma 2.1 and Definition 3.1, we have the following relation (see Figure 8).

Lemma 4.2 (Relation 2). For every v € Vs, there is the following relation:

(4.3) M, + M, = X.
Mg(1) =0 To + T3
E
N Ty — 2 3 — I3
) + =
\\\\\\\ ////// :L‘3_ _xQ_IE}
Ms(6) = 0 —p — w3

FIGURE 8. Mg+ Mz = X (Relation 2), where 6 =1 € V}.

Relation 3 ([ [;c; Mi = Augay)e +Agugay)e). Assume that the subset I C Vo, satisfies that
|I| = n and the property (x). Then, because |Vs,| = 2n + 2, there exists the unique pair
{a,a} C I¢ = Vy, \ I such that

Ak, Ape H™(GQan)
for K = (IU{a})*=1°\{a} and L = (I U{a})® = I°\ {a}. Then, the following relation
holds (see Figure 9 for n = 2 and Figure 10 for n = 3).

Lemma 4.3 (Relation 3). For every I C Vs, as above, there is the following relation:
(4.4) T M = Ausgay + Auugaye
icl

Proof. If v € I, then Hie[ MZ(U) =0= A([U{a})c(v) + A([U{a})c(v). Ifoel \ {(I,a}, then
v € I. Thus, we have

H M;(v) = Myx(v) H a(vi) = (a(va) + a(va)) H a(vi)

i€l i€I\{7} icl\{v}

= Aguape(v) + Auugape(v)-
For the vertex a(¢ I), we have
Agugape(@) + Aqugape(a) = 0+ [ [ alad) = [ ] Mi(a).
il il
Similarly, we have [[,.; M;(@) = Ajufa))e (@) +Arugay)e(@). This establishes the statement.
O
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FIGURE 9. For the GKM graph GQ4 (where the vertices are defined in
Figure 1), this represents the following equation (Relation 3):

My - My = Agpoz6) + Ags 561,
where I = {1,4} C V} (for n = 2).

FIGURE 10. For the GKM graph GQg (where the vertices are defined in
Figure 1), this represents the following equation (Relation 3):

M - My - M3 = Az 6780 + Aga7,8
where I = {1,2,3} C Vs (for n = 3).

Relation 4 (Ag - M; = AK\{i}). For two generators Ax and M;, we have the following
relation (see Figure 11).

Lemma 4.4 (Relation 4). Fiz i € Va,. If a subset K C Vi, satisfies {i} C K and the
property (x), then there is the following relation:

Proof. The multiplication of Ax and M; is not zero only on K N (Va, \ {i}) = K \ {i}.
Therefore, we have the following equations.

H a(vj) ifve K\ {i}
Ak - Mi(v) = S jeu\fipuie)
0 if v € K\ {i}

This shows the equation Ag - M; = Ag\ 3y O
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FiGure 11. A{2,3,6} . M3 = A{2,6} (Relation 4), where ¢ = 3 and K = {2, 3, 6}

5. MAIN THEOREM AND ITS PROOF

In this section, we prove the main theorem (Theorem 5.1). To state the main theo-
rem precisely, we first prepare some notations. We denote the set of elements defined in
Section 3 as follows:

Generator 1: M :={M, | v € Vo, };
Generator 2: D := {Ag | K C Vj, with the property (x)}.

Let Z|M, D] be the polynomial ring which generated by all elements in M and D. We
define the degree of elements by

e deg M, = 2 for every M, € M;

o deg A =2(2n— (|K|—1)) = 4n — 2| K| + 2 for every Ag € D.
Let Z be the ideal in Z[M, D] generated by the four relations defined in Section 4. Namely,
the ideal Z in Z[M, D] is generated by the following four types of elements:

Relation 1: [[.,_, G, for G; € M UD;
Relation 2: (M; + M;) — (M; + M) for every distinct 4, j € Vap;
Relation 3: [[..; M; — (Arugay)e + Augay)e) for every subset I C Vs, which satisfies
the property (%) and |I| = n, where {a,a} is the unique pair in V3, \ I;
Relation 4: Ag - M; — Ay for {i} C K.
We use the following notation:
(5.1) 7|G Qs == ZIM,D]/T.

Because of Section 3 and Section 4, there exists the well-defined homomorphism

(0 Z[QQQn] — H*(QQQn)

by the induced homomorphism from
b ZIM, D) = H*(GQsy).
Namely, v is induced from the following commutative diagram:

(5.2) Z|M, D]

N

Z[G Qo] —2= H*(GOsy)
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where the vertical map is the natural projection.
The following theorem is the main theorem of this paper.

Theorem 5.1. The homomorphism 1 is the isomorphism, i.e.,

Together with Lemma 3.1, we obtain Theorem 1.1.
Note that in the proofs below, by definitions of generators in Section 3, we may write

O(M;) = My, (Ax) = Ak € H*(GQsn).

5.1. Surjectivity of ¢ : Z[GQs,| — H*(GQa,). We first prove the surjectivity of ¥. To
prove it, we use the inductive argument for vertices which is often used in GKM theory
(see e.g. [22, Lemma 4.4] or [18, Lemma 5.6]).

Lemma 5.2. The homomorphism 1 : Z[GQa,] — H*(GQo,) is surjective.

Proof. By the commutative diagram (5.2), it is enough to prove that o is surjective. Take
an element f € H*(GQs,). By definition, for the vertex 1 € V4,, the polynomial f(1) €
H*(BT™*!) can be written by

F) =) kar® =g
where k € Z and x, := 2{" -+ - 237 for a = (a1, ,an41) € (NU{0})"*!. By definition
of My, ..., M, 5 in Definition 3.1, we have M(1) = x4, ..., M, 12(1) = 2,4 1; therefore,
o= gt = M M M (L)

This means that we may take an element from Z[Ms, ..., M, 5| C Z|M, D] whose image

of 1 coincides with f (1) on the vertex 1 € V.
We next put

f2=71—-aq.
Then, f2(1) = 0. So, by the congruence relations on the edge 21 € Es,, we have
f2(2) — f2(1) =0 mod a(21) = M;(2).

Therefore, we have that f2(2) = goM;(2) for some go € H*(BT™™). By Proposition 3.4,
we have that

.TIIMQ—Ml, ce xn+1:Mn+2_Ml-

This implies that go € Z[My— My, M5 — My, ..., M, 1o — M;] C Z|M,D]. Note that it may
also be regarded as go € Z[M;y, Ms, M3, ..., M, s]. This shows that g, M is in the image
of ¥. Put

f3=fa— 92M1(: J—ag1— 92M1)-
Then, by f2(1) = Mi(1) = 0 and f5(2) = goM1(2), we have
f3(1) = f3(2) = 0.
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By the similar argument, we may write f3(3) = gsM; Ms(3) for some g3 € Z[My, Ma, Ms, ..., M, o].
Similarly, we can also check that f; := f3 — g3M; M, satisfies fy(1) = f4(2) = f1(3) = 0.
[terating similar arguments n + 2 times (note that n + 1 = n + 2), we obtain an element
fn+2 = fn+1 - gn+1M1 T Mn S H*<gQQn)

such that g,.1 € Z[My, My, ..., M, 5] and f,1 € H*(GQs,) satisfies that f,,1(1) =--- =
fari(n) =0and f,o1(n+1) = gue1 My --- M,(n+ 1). Consequently, we have that
(5.3) frr2 = fas1 = Gna My - - My

= fn - (gan e M’rz—l + gn+1M1 T Mn)

=f—(g1+gM +- 4 g My My_y + gny1 My -+ M,).
Note that f,,o satisfies that f,,2(1) = -+ = fui2(n + 1) = 0. Therefore, by the

77777

fn+3(1) == fn+3<n + 2) =0.
Similarly, for k > 2, there exists g,x € Z[My, Ms, ..., M, 5] such that
(5-4) fn+k+1 = fn+k - gn+kA{n+k ..... 2n+2}
and frirs1(1) =+ = fuikr1(n+ k) = 0. Then, in the case when k = n + 2, there exists

Jon+2 € Z[Mh MQ, Ce 7Mn+2] such that

Jont3 = fonqo — 92n+2A{2n+2}

and fon43(v) = 0 for all v € Va,. Therefore, fonio = gony2Qfantoy. Substituting this
equation to (5.4) for k = n + 1, we get fon41; and iterating this argument from k = n to
k = 2, we have

Jont1 = g2n+2A{2n+2} + 92n+1A{2n+1,2n+2};

Jon = Gonr2Dont2y + Gont 1D 20412042} + G20 D20, 20112042}

Jnt2 = Gonr2Qpniay + Gont1Ani1,2n42) T+ Gnr2Qnya,. 2012}

Together with (5.3), every element f € H*(GQ,,) can be written by the elements in
Z|M, D] as follows:

(5.5) f=g1+gM +-+ g1 M --- M,
+ Gnr2Afnia,. 2012} T In13D(ne3,. 2042y 0+ Goni2Qjonta)
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for some g1 € Z[MQa SRR MTH-Q] and g2,y 9omt2 € Z['Tl: s axn-‘rl] = Z[MQ:Mly RS Mn+2_
M| C Z[M,...,M,s] C Z|M,D]. This shows the subjectivity of ¢ : Z[M,D] —

5.2. Injectivity of ¢ : Z[GQs,] — H*(GQs,). We next prove the injectivity of .
Lemma 5.3. The homomorphism 1 : Z|GQa,] — H*(GQo,) is injective.

To show this lemma, we will use the combinatorial counterpart of the localization theo-
rem which will be stated in Corollary 5.5. To state that, we prepare the following notation.
For v € V,, = [2n + 2], the subset [, C [n + 2] C V4, is defined by

e [,=n+2]\{v}forl<v<n+l,;
o [,=n+2]\{v}forn+2<v<2n+2.

Note that I, = s, 43, for 1 <v <n+1, for example, Iy = {2,...,n+ 2} = I5,.0.

Lemma 5.4. The following isomorphism holds for every v € Va,:

2UGQul/(Gy | v € J) ~ Z[M; | i € 1] ~ H(BT™Y),
where (Gy | v & J) is the ideal in Z]GQa,) generated by Gy with v & J (see Relation 1 in
Section 4).

Proof. We will prove the statement only for the vertex v =1 € V5, because the proofs for
the other vertices in Vs, = [2n + 2] = {1,...,2n + 2} are similar.
Suppose that v =1 € V5,,. We shall prove that

ZIGQu /(G | 1 € J) ~ Z[My, ..., Mypyy, My yo] ~ H*(BT™).

We first claim that every element in D can be written by the elements in M in Z[G Q] /(G | 1 &
J). Assume that K C V5, satisfies {i,i} ¢ K for every i =1,...,n+ 1. If 1 € K, then
Ag =01in Z[GQ2,]/(G; | 1 € J). If 1 € K and |K| < n+ 1, then by Relation 4, we have
that

AK == AKU{]’} . Mj for j,; Q K.

This implies that in Z[GQa,]/(G; | 1 &€ J) the generators in D can be written by Ag’s
such that 1 € K and |K| = n+ 1. We next assume that I C Vj, satisfies |I| = n
such that 1 ¢ I and there is the unique pair {a,a} C Vs, \ I. Put I = {ji,...,J,} and
I¢°=Vo, \ I ={1,i1,...,in_1,a,a}. Then, by Relation 3, we have

A{l,il,...,z'n,l,a} = M; ---M,, — A{ul,...,z‘n,l,a} € Z[Qan]/<GJ ’ 1¢ J)-

This shows that for the generator Ax € D such that 1 € K and |K| = n + 1, if there is
the vertex @ € K for a = 2,...n + 1, then we may replace Ag into A\ (a})ufa} by using
elements in M. Therefore, we may reduce the generators in D into only one generator

.....

by Relation 3. This shows that every element in D can be written by the elements in M.
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Next, by the definition of M;, we have M; = Gy,\y1y = 0 in Z[GQs,|/(Gs | 1 & J).
Therefore, together with Relation 2, we have that
My=My+ Mz =+ = My + M7 € Z[GQ2,]/(Gy | 1 £ J).
Therefore, M7 = M1+ M, o and My = M, 11+ M, 1o — My, for k =2, ..., n. This implies
that the generators in M can be reduced into
MQa s 7Mn+1a Mn+2-
This shows that there is the surjective homomorphism

p:ZMs, ... Myuys] — ZIGQan] (G | 1 & 1)

defined by p(M;) = M, for i = 2,...,n+ 2. We finally consider the following composition
homomorphism:

ZiMy, ..., Mysa) B ZIGQa) /(Cr | 1 & 1) S HY(BT™),

where (1 is the induced homomorphism from Z[G Q] Y H *(GQy,) — H*(BT™) such
that f+— (f)(1) for f € Z[GQs,]. By the definition of M;, we have ¢; o p(M;) = x;_; for
1 =2,...,n+2. Therefore, the composition map ¢; op is an isomorphism. This shows that

p is injective. Consequently, p is an isomorphism. This establishes that Z[GQa,]/(G; | 1 ¢
1)~ Z[M,, ..., Myio] = H*(BT"). O
Therefore, by the definition of the graph equivariant cohomology and Lemma 5.4, we

have the following corollary.

Corollary 5.5. There is an injective homomorphism.:
H*(GQ2n) = €D H* (BT ~ €D 2[GQu]/(Gy | v ¢ J) = @ ZIM; | i € L).
vEVay, vEVan, vEVay

Notice that Corollary 5.5 may be regarded as the counterpart of the localization theorem
for the usual equivariant cohomology.
Now we may prove Lemma 5.3.

Proof of Lemma 5.3. 1t is enough to prove that the following composition map ¢ is injec-
tive:

2[GQzn) 5 H (G Qo) — €D H* (BT ) = @ ZIM; | i € 1,].

IS% vEVay,

Assume that ¢(f) = 0 for an element f € Z[GQs,]. We will prove that f = 0. In the
proof, we use the following restriction map for w € Va,:

pw: €D ZIM; | i€ L] > Z[M; | i € I,]

vEVa,
and the image of f € Z[GQs,] by the composition map p,, o ¢ by f(w)(:= pwo@(f)). The
assumption ¢(f) = 0 is equivalent to that p, o o(f) = f(v) =0 € Z[M; | i € I,] for all

v e Vo,
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In the proof of Lemma 5.2, especially in Equation (5.5), we also show the following
fact: for any element f € Z[GQy,], there exists g;, g, € Z[My — My, ..., Mo — M| C
ZIMy, ..., Myo] fori=1,...,2n and go € Z[Ma, ..., M, 2] such that

(5.6)

----------

:go+zgiM1"'Mi+X<A)v
i=1
where X (A) is the Ag terms. Note that ¢(g;),¢(g,) € Zlx1,...,Tnt1] (see (3.2)) for
all 7 = 0,...,2n. This implies that if there is a vertex v € Vi, such that g;(v) = 0

(resp. g;,(v) =0), then g; = 0 (resp. g, = 0).
We first claim that f can be written by A terms only. Since M;(1) =0 and X (A)(1) =
0, by (5.6), we have that

90(1) = f(1) — (ZgiMl"‘Mi +X(A)> (1) = f(1)=0.

Therefore, we have g = 0. Similarly, by using go = 0 and (5.6), we have that

g1(2)M1(2) = f(2) — (Z giMy - M; + X(A)) (2) = 0.

Now ¢1(2), M1(2) € Z[M; | i € I, ={1,3,...,n+2}] and M;(2) # 0. Since the polynomial
ring Z[M; | i € I5] is an integral domain, we see that ¢;(2) = 0; therefore, g; = 0. Iterating
the similar arguments for ¢ = 3,...,n — 2, we also have that go =--- =g, 1 =0, i.e.,

f=g.My--- M, + X(A)
= gn(A{n+2 2n+2} + A{n+1,n+3 2n+2}) + X(A) (by RelatiOn 3)

..........

Therefore, if f(v) = 0 for every v € V5, then f can be written by the A terms only;
more precisely,

(5.7)

We next claim that f =0 if f(v) = 0 for every v € V,,,. The equality (5.7) implies that
for the vertex n + 1 € V5,

77777

the similar arguments for ¢ = n +2,...,2n + 2, we have that ¢/, = gpo1 =+ = g2 = 0.
This establishes that f = 0. Consequently, ¢ is injective. U
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6. MULTIPLICATIVE FORMULA OF Ag, Ay WITH |K| = |H|=n+1

In this section, we show some multiplicative formula in H*(GQs,,) which gives a typical
difference between H*(GQ,,) and the graph equivariant cohomology ring of a torus graph,
i.e., the face ring proved in [22].

Let K,H C Va, be the subsets with the property (%) and |K| = |H| = n + 1, i.e.,
there are classes Ax, Ay € H*(GQ,,). Note that if K N H # (), then we can also define
Agng € H"#(GQ,y,) for k = |[K N H|—1. If KN H = 0, then we put Ay = 0. Recall
that the elementary symmetric polynomial with degree j is defined by

y o a a
Si(r; |i=1,...,n):= E Tt
al+"'+a’ﬂ:jy
OSCL,LSI
Moreover, because of Relation 2, for every v =1,...,n + 1, we may put

X == M, + My € H*(GQs,).

There is the following multiplicative formula in H*(GQs,) ~ Z[GQs,] (see Figure 12 and
Figure 13).

Theorem 6.1. The following formula holds:
k

(6.1)  Ag-Ay=Agnm- (Z(—l)"xi Gpi(My | v g KU H)) € H"(GQzn),
i=0
where k = |[K N H| — 1.
Proof. It K N H = (), then the statement follows from Relation 1 and Ay = 0. So we may
assume K N H # ().

Because Ax, Ay € H*(GQ,,), their multiplication satisfies Agx - Ay € H™(GQy,).
Moreover, the degree of each term on the right-hand side in (6.1) satisfies that

deg Agng +deg X' 4 deg &y (M, | v € KU H) = (4n — 2k) + 2i + 2(k — i) = 2n.

For every p ¢ K N H, because Ak - Ay (p) = Agnu(p) = 0, the relation (6.1) holds.
For p € K N H, by the definitions of Ag’s and M,’s, it is easy to check that

Ak - Ap(p) = Agnu(p) - H M, (p).
vg KUHU{p}
Because |[K N H| =k + 1 for 0 < k <n, we may put
KnNH={a,ai,...,ar} C Vo,

where we assume p = ag. Because |K| = |[H| =n+ 1= |V§"‘, we also have that K¢ =

{@|a € K}and H® = {b|b € H}. Therefore, K’NH® = {7 |x € KNH} = {ap,ay, ..., ax}.
This shows that v ¢ K U H U {p} if and only if v € (K UH U{p})* = (KN H)\ {p} =
{a1,...,a}. Therefore, if we put A := {ay,...,ax},

(6.2) A - Ap(p) = Agra(p) - [ Mu(p).
veEA
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On the other hand,

(6.3)
Z(_l)iXi Gpi(M, |vg KUH)(p) = Z(_l)iX(p)i +Sp-i(M, | v e {pt UA)(p).

By the definition of M,, we have Mz(p) = X (p). Therefore, for 0 <i <k —1,

S—i(M, | v e {p} UA)P)
= 6pi(M, [ v e A)p) + X(p) - i (M, | v € A)(p).

Substituting this into (6.3), we have

S (DX () Sei(My | v € () UA)P)

N
—_

P (=)' X(p)" - Gii(M, | v € A)(p) + ' (1)'X ()" Gpia (M, | v € A)(p) + (-1)" X (p)"

=6,(M, | v e A})(p)

=11 Mu(p) (by |A] = k).
veA

I
o

Combining (6.2) and (6.3), we obtain (6.1). O

F1cURE 12. This represents the following relation (also see Figure 13):
Apser - Apser = Agsey - (61(My, My) — X) = Agg gy - (M + My — X),
because KNH = {3,6} and KUH = {2,3,5,6} C I (so V}\(KUH) = {1,4}).
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1 X(1) A(1)
A X(2 X(4) A(2) - A(4)
TN
B N : :<,\\, I 7//}: ,35)
T3 — (5) ABN
—Ty — T3 —Ty — T3 A(6)

FiGUrE 13. This figure represents the term A = M; + M, — X in Figure 12.
Note that A(3) = A(6) = —x4 by Figure 3. Moreover, A(1), A(2), A(4), A(5)
mlght not be 0 € HZ(BT?’), hOWGVGI‘7 A{376}(1) = A{376}(2) = A{376}(4) =
A{g}@}(f)) - 0

7. COMPARISON OF TWO ORDINARY COHOMOLOGY RINGS H*(Q4,) AND H*(Q4n+2)

Since H°%(Q,,) = 0 by [20], Q2, is the equivariantly formal GKM manifold (see [8]).
Therefore, its ordinary cohomology also can be computed by the quotient of H7(Qs,) by
H>°(BT™). Thus, by using Theorem 5.1 and Proposition 3.4, we also have the ordinary
cohomology of (o, by the different way of [20].

Corollary 7.1. The ordinary cohomology H*(Q2,) is isomorphic to Z|GQa,]/J , where J
15 generated by

My — M,
fori=1,...,n+1.

Recall that the cohomology ring formula of ()5, depends on n is even or odd, i.e., by
[20],

H* (Q4n) =~ Z[C, :L']/(CQnJrl — ch’ .1’2 _ Can>;
H*(Qun+2) = Zle, a] /(™" — 2cx, 2%).

In this final section, we give the combinatorial reason why this difference occurs by using
Corollary 7.1. To do that, the following lemma is essential.

Lemma 7.2. If K C Vs, is the following subset with the property (x):
K - {il, [ ,in+1}.
Then, there is the following formula in Z[GQs,]/ T :

AK = By inr it}
Proof. By definition of J, in Z[GQa,]/J, we have
My =My == My = M,

By Relation 2, M, 1 + M, .2 = M; + M; for all i = 1,... n. Therefore, we also have that
M, = Mn+3 == M2n+2-
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Consequently, we have M; = M; for all 4,7 € [2n + 2|. Because K satisfies the property
(%), for every a € K, the subset [ := K \ {a} C V4, satisfies that || = n; moreover, there
are unique pair {a,a} C Vs, \ I. Therefore, we may apply Relation 3 for K\ {a}. Together
with M; = M, for all i € V5, as above, we have

(7.1) M = Age + Aqr\fapyuiape = Dke + Ake\@pufa}-

Note that this equation (7.1) holds for all K C V5, which satisfies the assumption of this
lemma. Therefore, we have

M} = Agiy iy + A,
ThUS, A{il,.. = A{ily--w

Consequently, we have the following corollary.

inflyin:inﬁ»l}‘

m} + A{ilv"'»

bnsint1} A{il,...,z'n,

~7in+1} in—17;7in+1}. D

Corollary 7.3. For K C V,,, which satisfies the assumption of Lemma 7.2, there are the
following relations:

o Ay - (M — Ag) =0 inZ|GQu)/T if m = 2n;

o A2 =0 inZ[GQuni2]/T if m=2n+1.
Proof. Suppose m = 2n + 1, i.e., m =1 mod 2. By iterating to use Lemma 7.2, we have
Age = Ag. Therefore, by K N K¢ = () and Relation 1, we have the 2nd relation in the
statement.

Suppose m = 2n, i.e., m =0 mod 2. In this case, K = {iy,...,i2,+1}. By iterating to

use Lemma 7.2, we obtain

A =

{i1,82,-si2n41}"
By applying (7.1) to i1 € {i1,i2. .., 12041} = {i1,%2. .., @2,11}, it follows from this relation
that

M12n = A{il7g,,,,7i2n+1} +A = AK + AK(;.

{i1,i2yesiont1}
Hence, we have Age = M?" — Ag. Therefore, by K N K¢ = () and Relation 1, we have the
1st relation in the statement. [l

Figure 14 and Figure 15 show the difference of the ordinary cohomology for n = 2 and
n = 3. For example, in Figure 14, K = {3,5,6} (see Figure 1). In this case, by applying
Lemma 7.2, A = Ay for H ={1,2,3} = {2,4,6} = {1,4,5}. This shows that KNH # (;
therefore, A% # 0. However, in Figure 15, we can take such H as K¢ this gives A% = 0

_ 2
AK AKC —Ml _AK AK AKC :AK
_A AT -
oot SN ST LA

x-SR CARA N A
‘\\// \\//‘ ‘\\// \\//‘ T\\’//\}J :\ \)//’\ W NP
N noxXo g Xr=20 A2 Lo X R LN =0
:/ \ ’ \: :/ \ ’ \: 17\ A ¥\ N o /\;

. - LN e i W SN
v IR \P«( T

2 _
FIGURE 14. Ag(Mj — Ag) = FIGURE 15. A% =0 for n = 3.

0 for n = 2.
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