L? ESTIMATES FOR THE RIESZ TRANSFORMS
ASSOCIATED WITH PARABOLIC SCHRODINGER TYPE
OPERATORS

YANHUI WANG

ABSTRACT. Let Py = % + (=A)? + V2 be the parabolic Schrédinger
type operator on R"™1(n > 5), where the nonnegative potential V is
independent of ¢ and belongs to the reverse Holder class RH (s > n/2)
and the Gaussian class associated with (—A)2. In this paper, we will
establish the L estimates for the Riesz transforms V2VIP,? | where
§=0,1,2,3, 0<a<1—3j/4, j/A<B<1,and B —a > j/4

1. INTRODUCTION AND RESULTS

For 1 < s < 0o, a nonnegative locally L*-integrable function V is said
to belong to the reverse Holder class RHj if there exists a constant C' > 0
such that the reverse Holder inequality

1 Vs ¢
= Vysdy) S—/Vydy
le;(> B/,
holds for every ball B C R"™.

Clearly, if V' belongs to RHy with s > 1, then V is a Muckenhoupt A
weight; see [10]. From weight theory, we know that V' (z)dx is a doubling
measure, and the class RH has self-improvement property [14]; that is, if
V € RH, for some s > 1, then there exists ¢ > 0 such that V € RH, ..

Let Hy = (—A)? + V? be the Schrodinger type operator on R™, where
n > 5. In [16], it is stated that a locally integrable function V' belongs
to the Gaussian class associated with (—A)?, denoted by V € G((—A)?),
if the operator Hy generates a Cyy semigroup {e ""2},.5 on L?(R") whose

—tHo (

kernel e x,y) satisfies the Gaussian upper bound. Specifically, there

exist constants C' and ¢ such that
4
n T — 3
o) < O e -
t3
holds for all z,y € R™ and t > 0.
It is a non-trivial fact that the class G((—A)?) is not empty, and an
example is given in [2].
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Consider the parabolic Schrodinger type operator

'szg—f-(—ﬁ)k-i-vk, k=1,2

on R"™(n > 2k + 1), where V is a nonnegative potential and independent
of the variable t. When V' € RH; for s > n/2, Gao and Jiang in [7] showed
the LP boundedness of VP, '. Based on this result, they obtained the LP
boundedness of operator V2P, !. Carbonaro et al. in [4] improved the re-
sults in [7] by the potential V' with the variables z, ¢, which is essentially
the generalization to R™™! of the condition of [7]. Suppose V € RH, with
n/2 < s < n, Tang and Han [15] established the L? boundedness of VP, %;
they also obtained the LP boundedness of V%VPf . As for the parabolic
Schrodinger type operator Po, Liu et al. established estimate for the fun-
damental solution of 2% + (—A)*u + V?u 4+ Au = 0 in [9], and obtained
the L? estimate for V2*P, % 0 < o < 1. Using this result, they got the L?
boundedness of operator V4P, !,

We recall some related results of the Schrodinger operator Hy = —A +
V and the Schrodinger type operator Hs. In [12], Sugano researched the
(L?, L) boundedness of operator Van’Hl_B forj=0,1,0 < a < g <1. Liu
in [8] extended the result of [12] to the stratified Lie group. Recently, Wang
in [18] obtained the (L?, L9) boundedness of operator V2H; " for 0 < a <
B < 1, the author of this article in [17] obtained the (L?, L?) boundedness
of operators VQO‘Vj?—Lgﬁ for j =1,2,3,0<a<1-7/4, j/4< <1, and
B—a>j/4

Inspired by the above results, in this paper, we concentrate on the
(LP, L?) boundedness of Riesz transforms

Ti(f)(z,t) = VVIP 2 (f)(2,t), j=0,1,2,3

and their adjoint operators T;. The following (L”, L9) estimates are estab-
lished.

Theorem 1.1. For j = 0,1,2,3, let 0 < a < 1—j/4,j/4 < 5 < 1, and
B —a>j/4. Suppose V € G((—A)?)(\ RHs with s > 427”]..

-1
(i) Ifl<p< (2?0‘ + —4(ﬁ;fi_j) , and 5 = é — —4(5;fi_j, then

L5 ()]l a@nery < O fllr@nry;

.. s \/ ntd 11 4B-)—j
(i) If (&) <p< Ty and ;=5 — =t then

T3 ()| La@ntry < O fllze@nty-
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Theorem 1.2. For j = 1,2,3, let 0 < o« < 1 —j/4,j/4 < p < 1, and
B —a>j/A Suppose V € G((—A)*) N RH, with § < s < 2.
1
(i) Ifl<p< (i - —4(5;fi‘j> Land L =1 - 20=ls] e
175 ()l o @iy < Cllflle@ne;

A(B-a)—j
— T“’ then

.. nt4 T
(11) [fp:) S p< 1(B—a)—j° and a =

1
p
175 ()| Lagnrry < Ol f [|onsr),
where L = 2042 _ 1=]
Pa S n
We collect the notation to be used throughout this paper:

Ve =1(04,08,, 0:), B=DB(xe,r)={yeR": |y—x <r},
Q = Q.(zo,t) = {(x,t) € R |lx — zo| <7, to— rt<t< to}-

In this paper, we shall use the symbol A < B to indicate that there exists
a universal positive constant C, independent of all important parameters,
such that A < CB. A ~ B means that A < B and B S A. We also use Cy

to represent a constant related to a positive integer N.

2. PRELIMINARIES

Throughout this section we always assume V' € RH, with s > n/2.

We recall the definition of the auxiliary function (see [11])

/ V(y)dy < 1}, xr € R".
B(z,r)

1
W—SUP{T>O.T’”_2

It is well known that 0 < m(z,V) < oo for any = € R™.
Some important properties concerning the auxiliary function m(z, V)

have been proved by Shen in [11].

Lemma 2.1. There exists constant ly > 0 such that
1
[ vy s @ rma v,
B(z,r)

Tn72

Lemma 2.2. For 0 <r < R < oo, we have

1 / R\"*% 1
Vydyi(—) / V(y)dy.
B(z,r) ( ) r Rn=2 B(z,R) ( )

Tn—2

Lemma 2.3. There exist ko > 1 such that
_ m(z, V) ko
1+ |z —ylm(xz,V k°§—7§1+x—ymx,v T+ko
(1+] im(z,V)) (V) (1+] im(z, V)

for all z,y € R™.
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A ball B(z, m) is called critical. For z € B(xy, m), we have

We endow the space R"*! with the following parabolic metric which is

different from the usual Euclidean metric:

d((z,t), (y, 5)) = max{lz —yl, |t = s|/*}.

It is easy to get the following results from Lemma 2.3.

Lemma 2.4. There exist ko > 1 such that

(1+d«LﬂJ%s»m@Jﬂ>_0§Z§j¥§5(1+d«Lﬂ(%s»mmﬂﬂ>H%

for all (z,1), (y,s) € R*L.

By Lemma 2.4 we get

Lemma 2.5. There exist kg > 1 such that

1/(14ko)
(1 +d((z,1), (y,s)) m(y, V)> < 1+d((z,t), (y, s))m(z, V)

< (1 (. ) mn))
for all (z,t), (y,s) € R™1.

Let I'p,(x,y;y, s; A) be the fundamental solution of operator Py = % +
(—A)? + V2 + \. By Proposition 4.6 in [16], we have

Lemma 2.6. Suppose V € G((—A)?)(\ RH, with s > n/2. Then for any

positive integer N, there exists a constant C'y such that

Lp,(x,t;y,s;\)
7CI90*y\4/3
Cn e =l

< .
T (LA d((x, 1), (y,9) Y (14 mla, V)d((x, 1), (y, 5))) " (E= )™

It is follows from Lemma 2.5 that Lemma 2.6 is also valid if replace
m(z, V) with m(y, V) .

Remark 2.7. From the proof of Corollary 2 in [9] and the explanation
in [2], it can be seen that the condition V' € G((—A)?) in Lemma 2.6 is

indispensable.

Remark 2.8. It should been noted that V € RH, can not guarantee V' €
G((—A)?). For example, although the heat kernel of the bi-Laplacian (—A)?
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satisfies

W=

t
but the dimension of the space has a restriction n < 4 (see (5.2.1) in [5]),

’e—t(_A)2<x,y)‘ S Ct_zeajp{ M}’

while we working in this article is in the case n > 5. For more details, please
refer to [1]-[3].

Let To(z,t,y,s,A) be the fundamental solution of 2 + (—A)? + \. It
follows from Lemma 2.6 that

lz=yl?/3
Cy e S/

(1+ Aid((z, ), (y,5))" (=)™
Let f € Lg (R™™). Denote |Q| by the Lebesgue measure of @ C R™*.
The fractional Hardy-Littlewood maximal function M,  is defined by

Moo (f)(2,t) = Qiupt <|Q| _/If Y, s "dyds)

n+4

Lo(x,t;y,s,0) <

0'

Lemma 2.9. Suppose 1 <o <p < , and % = — 2. Then

1

P n
”MGWfHLq(R”“) < C”fHLP(R”-H)-

3. THE PROOF OF THEOREM 1.1

We denote the kernel functions of the operator P{ﬂ as Kogp(z,t;y,s).
We first give the estimates of K g(z,t;y, s).

Lemma 3.1. Let V € G((—A)?) Y RH, with s > 2,0 < 8 < 1. Then,
1

d((x, ). (y, )" 43 (1 m(x, V)d((x, 1), (v, 9))"
Proof. For f =1, by Lemma 2.6 we have

|K0,ﬂ($7 6y, 3)‘ = ’F’Pz (3:, 1y, s; O)’

[ Kos(z, t:y,s)| S

4/3

\w y
t—s 1/3
< 1 SO
(1+m(z, V)d((z,1), (y,5)))" =)™
Note that
1 _olz=yl?/3 1
3.1 e =3 <
(3.1) (EDIE @0, 0.9
Then
1
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For 0 < 8 < 1, by the functional calculus,

__sin Wﬂ

PQ — PQ + >\

-1

dA.

Let f € C5°(R™1). As a consequence of

(P, +—A)_l(f)(r,t)==‘/£n+lf#a(x,t;y,s;A)f(y,s)dyds,
we find that
Py (f)(a,t) = Kog(x,t;y,5) f(y, s)dyds,

Rn+1

where
Kop(z,t;y,s) ZC/ A PTp, (x,t;y, 53 A)dA.
0

From (3.1) and noting
00 )\—6
. d\ < d((z 5))t—
N T S A 6

we obtain

1
|Kop(z,t;y,8)] S

d((w,1), (y, )98 (1+ m(z, V)d((w, 1), (1,9)) "
U

For j = 1,2, 3, we denote the kernel functions of the operators VI P, A

as K;p(x,t;y,s). Let us estimate K, 3(z,t;y, s).

Lemma 3.2. For j =1,2,3, let V € G((—A)*) \ RH, with s > %, j/4 <
6 < 1. Then
1

d((w,t), (y, )74 (14 m(z, V)d((w, 1), (4,9)) "

Proof. Similar to the proof of Lemma 3.1, for any f € C5°(R™!), we have

ViP, f(a,t) =/ . K;s(x, t;y,s)f(y, s)dyds,
]Rn 1

|Ka(x, t;y,s)| S

where
C SNV, (2, 6y, s; A)dA, i j/4 < <1;
Kjp(w,t;y,s) =
Vilp(z,t;y,s;0), if 8=1.

Suppose T'g(x,t;y,s; A) is the fundamental solution of % + (=A)? + X
In accordance with Chapter 9 in [6], for j = 1,2, 3,

lz=yl?/3

j . . 1 i 1/3
(3.3) |V§;Fo($7t>y,87>\)’§m€ S
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and by a simple calculate,

1 _cla=ul2/? 1
(3.4) e g y
(t - 5)(n+])/ (d((ﬂ?, t)7 (y> 3)))”4‘]

where c is a positive constant.
Fix To, Yo € R", 9,50 € R, and let R = %d (Zﬁo,to), (yo,So)). Note that
u(z,t) = Ip,(z, t; Yo, So, A) satisfies 2% + (=A)?u+ (V2 4+ A)u = 0. Then

u(z, t)n(z,t) = /

Rn+1

Lo(z,t; 2, 85 )\){% + (=A)* + )\}(un)(z, s)dzds,

where n(z,t) € C3°(Qar(xo, o)) such that n = 1 on Qg(x, tp). Furthermore,
7 satisfies the following estimates:

on

0s

Similar to the proof of Lemma 7 in [13] we have

u(z, t)n(z, t) = /

<SR, IVe(AD)| < R727Y for 1 <2a+b<4.

Co(x,t; 2, s; )\){ — V2un + u? + 4A(VuVn)
s

Rn+1
(3.5) + 2A(uln) — 4V2uV3y — 4VuV (An) — u(Azn)}dzds,
Note
t - I(I*Z)\;ljg 1
e t—s
R P

Then, using (3.3)-(3.6), Lemma 2.6 and by integration by parts we get

[V3Tp, (0, to; Yo, S0; A)|
(3.7)

1 1 V2(2)dz 1
N 1 D P + ol IR
(1 4+ XiR)N (1 + m(xo, VIR)N \ " Jp(ao.r) |7 — 2ol 7 R
By the self-improvement of class RH; we can take some s > 2n/(4 — j).
Choose t > 1 such that 2/s + 1/t = 1. By Hoélder inequality and Lemma

2.1,
/ V2(2)dz
Bwo,Rr) 12 — 0|49

1 2s 1q dz 1t
§R”(—/ stdz) (—/ )
R"™ JB(zo,R) (=) R"™ | p(ao.r) |2 — ao|(nAF9)
1

2
< R (— / V(z dz) R
R JB(ao,R) )

< R7(1+ Rm(x, V).
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Then
1

(14 N R)N(1 + m(z, V)R)N R+

|VITp, (To, to; Yo, So; A)| S

For g =1, we have
K62, b1y, 5)| = [Vilp, (2, £y, 5:0)]
< ! .
d((w,1), (y, )"+ (1 + m(z, V)d((x, 1), (y,5)))
When j/4 < g < 1, by (3.2),

K (s 15, 9)] < / AP T, (2 £y, 53 \) A
0

- 1
T d((@,t), (y, ) (L ml, V(0 8), (9, 9)))
O

Lemma 3.3. Assume that V € G((—=A)?)(RH, for s > 2n/(4 —j),j =
0,1,2,3. let 0 <a<1—j/4,7/4< <1, and f—a > j/4. Then

T3 ()@, )] S Mgy (f)(2, 1)
for some 1 < q1 < qq, where qiozl—%a and v =4(f —a) — J.

Proof. Let r = m, Cr = {(y,s) € R*T . 281y < d((x, 1), (y,5)) < 2Fr}.

Then by Lemma 3.1 and Lemma 3.2 we have

101 = [ 1Kol si OV 5)ldyds
/ V(y)*|f(y, s)|dyds
woit d((, 1), (y, )48 (14 m(e, V)d((@,1), (9, 9))"

= (ri)w_j 1 / 2
< Vi(y)“|f(y, s)|dyds.
Z (14 28)N (25 )n 44 [t () <257 W)=, 9)

k=—00

AN

Choose qq such that qio + 2?"“ = 1. Then, by Holder inequality and V' € RH;
we have

=
_— V(y)**| f(y, s)|dyds
(2Fr)" 4 J (). () <21

1 2 1 1/40
< (e V(y>dy> (— / f(s %dyds)
((2]“")" /Iy—arls%r (2Fp)nta d((w7t),(y78))<2k7‘| )

For k > 1, by Lemma 2.1,

1 2a . ) . X
<—<2mn / o V<y>dy) < (2Fr) 710 (1 4 20)Poe < (2hy)leglonk,
y—z|<2%r
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For k < 0, by Lemma 2.2, we have

(@7 ], 0%0)

2a(n/s—2) 1 20
< O(2F _4a< r ) /
A = v
S C(ri)74a22ak(2fn/s).

Taking N > 2lyc, then

0 00
Ty ()@ S ( D e +Z2’“(”°“‘N)>
k=1

k=—o00

< 1 1/q0
9 LR o s)lqodyds)
(2ky)ntd=(4(B—0)=j)ao /d((as,t),(y,s))d’“’”

S My A (f)(,1),

where v = 4(5 — a) — j, qio =1- 2?0‘ By the self-improvement of class RH,

we know that there exists some 1 < ¢; < qg such that

TE (D), )] S My, A(LFD (2, 1)

Proof of Theorem 1.1 By Lemma 3.3 and Lemma 2.9 we get

||T;<(f)||L‘1(R"+1) 5 ||f||L1)(Rn+1)
S — n+4
for (ﬁ)l ={qo S p < 4(,372)7]‘7
By duality, we have

1T ()l Lagn+ry S (1 lpe@a+ry

1 _ 4B=a)—j
p n+4

1
q

+4
=) < 4 < s

equivalent to

1 _ 4B=—a)—j

. These condition are
p n+4

for and % —

4(5—&)—1‘)_17 g Lol 4B-a)-j
q p n+4

l<p< 2&+
P= S n+4

These complete the proof of Theorem 1.1.

4. THE PROOF OF THEOREM 1.2

Let us estimate the kernel function Kjgs(x,t;y,s) when V € RH for

%§s<2—”..
n—j
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Lemma 4.1. For j = 1,2,3, let V € G((=A)*) N RH, with § < s < ;2
and 5 < B3 < 1. Then,
K s, )] S :

d((x,1), (y, $)) =18 (1 + m(z, V)d((z, 1), (y,5))) "
VZ3(2)dz 1
* (/B(Llwy/ﬁl) ’Z - x|n7(47j) - d((.ﬁE,t), (yv 3))j) .

Proof. By (3.7), we have

‘viFPQ (iIZ’, t) Y, s; A)’
< 1

U+ A ((, 1), (g, )Y (L + mle, V)d((, ), (g, 9) ¥ d((2,0), (9, 5)"

V2(2)dz 1
% v i)
B(z,|lz—y|/4) |Z - :C‘ d((l‘, t)a <y7 S))
Then for g =1,

1
’KJ,5($7 t;y, 3)’ ~

d((z,t), (y,s))” (1—|—m( V)d((x,t),(y,s)))]v
* (/ V(z)dz + 1 )
Blafa—ylja) 12 = 20 d((@ 1), (g, 5)) )

For j/4 < p <1, by (3.2),

Ko, ty,5)] < / BV, (2, £y, 53 ) A
0

< 1
T d((x.t), (y, 5)) 8 (1 m(x, V(2,8 (y, )

y (/ V2(2)dz N 1 )
B(z,|z—y|/4) |Z - xln—(ﬁl—j) d((l‘, t)v (y7 S))j ‘

Lemma 4.2. Assume that V € G((—A)%*) (" RH, Jor 5 < s < n2n]>]

1,2,3. let0<a<1—j/4,57/4<B <1, and f—« > j/4. Then

75 (P, )] S My, () (2, 1)

for some 1 < q; < pl, wherep%z%—%. and vy =4(8 — a) — j.
Proof. Let r = m, Cr ={(y,s) e R": Qk_lr < d((z,t),(y,s)) < 2Fr}.
2

We choose t such that % = = — ;” Then o T 20‘ + % = 1. By Holder
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inequality,

175 1) = / sl DIV (0, 9)ldyds

1/t 2a/s
</ |K;5(y, s; 2, )] dyds) (/ V(y)sdyds)
k=—o00 Ck

) 1/p4,
X ( |f(y, S)!”“dyd8> :
Cy,

Similar to the estimates in Theorem 1.1,

90/s <2k7,)—4o¢22kl0a7 if k Z 1;
( 1 / |
T V(y)sdde) N
(2k7~) i C, (2197“)740422Icoz(27n/s)7

For (y,s) € Ck,

1 V(2)%dz 1
K s, )| < - -
’ ]»ﬁ(ya S, )| ~ (2kr>n+4—4ﬂ(1 + 2k)N (/|;—y|<2kr |Z _ y|n—(4_3) + (2]{:7»)3)

1 p
S sy ey GV xeeaen) ) + (2)7)

where Z,(f)(y) = [gn [&)dz_ Note that 1 =2_2J py the theorem on

|z—y[n—e s

N

it £<0.

fractional integral and V' € RH,, we get

(% /y . (Zoes (VX paaror,) () + (257)79) dy) "

woom [ 1 2/s .
< (Qkp)E (—/ 1% Sd) + (2kp)

n | 2n ]. 2 -
< (QFp)y—Et T4 —/ Viy)d ok, \ =i
~ ( T) ((2kr)n_2 B($72k7‘) (y) y +( r)

Then

1/t
n+4( o n+4/ |K; 5y, s;2,1)| dyds)

. 1/t
DN ((2kr)”+4 /Ck (Zs— (VX B(a2itrr) (y) + (2F7)77) dyds)

< —
~ (2ir) 8

<

1

(

1

~(20r)74B(1 4 2F)N ((2’“7“ Rr
1

< (2]7”)] 45(1+2k N ( n72 Bla2r )V(y)d?/+1)

< 1

S @)y

1/t
(Lo (Vi) (y) + <2’€r>—j)tdy)
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Therefore, taking N > 2al,,

A0S 30 [ 1Rl )V s

k=—o00

0 )
5 < Z 22k‘a(2—n/q) + ZQk(N—Zoalo)) MP&7V<x’t)

k=—o00 k=1

S My, »(f)(@,1).

By the self-improvement of class RH; we know that there exists some 1 <
q1 < p., such that

|Tg*f(x7t)‘ S Mq17’7(f)<x7t)'

0
Proof of Theorem 1.2 By Lemma 4.2 and Lemma 2.9 we get
175 ()| Lagnry S N1 fll ooy
forpa<p<"Jr4 andl—g—n—ﬂ,wherey—él(ﬂ a) —j.
By duality, we get
15 ()| Laqgnrry S 11fllzornsry
for ﬁf‘w < q < pa, and 1 = ]—3 — m These conditions are equivalent to
1<p§%, and 1:1— 7
oo T o g p n+4
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