CURVATURE SURFACES IN GENERIC CONFORMALLY FLAT
HYPERSURFACES ARISING FROM POINCARE METRIC

—EXTENSION AND APPROXIMATION—

NOZOMU MATSUURA AND YOSHIHIKO SUYAMA

ABSTRACT. We study generic conformally flat (analytic-)hypersurfaces in the Euclidean 4-
space R*. Such a local-hypersurface is obtained as an evolution of surfaces issuing from a
certain surface in R*, and then, in consequence, the original surface is a (principal-)curvature
surface of the hypersurface. The Poincaré metric gy of the upper half plane leads to a 6-
dimensional set of rational Riemannian metrics gy of R?: on a simply connected open set in
the regular domain of gg, a curvature surface f© with the metric go is determined, which we
denote by (fY, go). In this paper, we choose a suitable metric go of R? determined by gz to get
nice curvature surfaces (but it also has degenerate and divergent points in R?), and clarify the
structure of the curvature surfaces (f°, go): the curvature surfaces (f°, go) extend analytically
to what kind of set in R? beyond the regular set of go, and then the extended surface (f°, go)
is defined on a certain open set of R? and bounded in R*; for the extended surface (f°,go), we
explicitly catch the set of degenerate points and the limits in R* of both ends of every principal
curvature line, and then the two limits of every line for one principal curvature are parallel
small circles in a standard 2-sphere S?. Then, every principal curvature line in the extended
surface (f9,go) is expressed by a frame field of R* induced on the surface from a hypersurface
and it lies on a standard 2-sphere S? with line-dependent radius. We also provide a general
method of constructing an approximation of such frame fields, and obtain the entire pictures
of those lines including degenerate points of (£, go).

KEY WORDS: conformally flat hypersurface, principal curvature surface, cuspidal edge, en-
velope, convergence to parametrized circles, numerical solution for orthonormal frame field,
hypergeometric function.

1. INTRODUCTION

Let us regard the Poincaré metric gy := ((dx)*+ (dy)?)/y* as a singular metric on the whole
plane R?. We study curvature surfaces of generic conformally flat (analytic-)hypersurfaces in
the Euclidean 4-space R*, arising from gy of R2. The metric gz of R? gives rise to many generic
conformally flat local-hypersurfaces, but there is no known explicit property or representation
of such hypersurfaces and their curvature surfaces. In this paper, we clarify the structure of
the analytically extended curvature surfaces by using a frame field of R* induced on the surface
from hypersurfaces. Here, we say that a hypersurface is generic if it has distinct three principal
curvatures at each points, and that a surface is curvature if it is woven of the curvature lines
for two principal curvatures of some generic conformally flat hypersurface. Indeed, such lines
always make a surface as mentioned at the definition of the Guichard net in this section. For
n-dimensional hypersurfaces with n > 3, there are no generic conformally flat hypersurfaces by
the result due to Cartan ([6], [15]).

Two papers ([8], [22]) published in 1994 and 1995, respectively, led to the papers ([1]-[4], [13],
[21]) giving important various general properties on generic conformally flat local-hypersurfaces.
However, there are very few explicit examples of such hypersurfaces realized in R*: the only
known large classes are conformal product hypersurfaces ([8], [15]) and hypersurfaces with cyclic
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Guichard net ([10], [18]-[20]); in addition, there is a hypersurface in [5] and the Guichard net
with Bianchi-type ([11]). This is indicative of the fact that it is difficult in general to explicitly
represent such hypersurfaces in R*.

Now, we explain the Guichard net for a generic conformally flat hypersurface, mentioned
above. It was defined in the paper [8]. Let f be a generic conformally flat hypersurface in
R* defined on a domain U of R3, and let x; (i = 1,2,3) be the principal curvatures of f. For
the sake of simplicity for the description, we assume that x3 is the middle principal curvature:
K1 > K3 > Ko Or K1 < K3 < Kg. Then, a principal curvature line coordinate system (z,y, 2)
taken in the order x; (i = 1,2,3) and a function ¢ = p(x,y,2) € (0,7/2) on U are determined®
such that the (non-degenerate) Riemannian metric on U

g = cos® p(dx)? + sin® p(dy)? + (dz)? (1.1)
is conformally flat and the first fundamental form Iy of f is given by
I; := P?g = P*(cos® (dz)? + sin® p(dy)? + (dz)?) (1.2)

with a function P = P(z,y,z) # 0 on U. Furthermore, the principal curvatures k;, ko are
determined from (@, P, k3) as

k1 =P 'tanp 4+ k3, ko= —P 'coty + K, (1.3)

where P~(z,y,2) := (1/P)(z,y,2): in this paper, no inverse function appears. The confor-
mally flat metric g of (1.1) is called the (principal) Guichard net? of f. Note that the above
coordinate system (z,y,2) and the metric ¢g in (1.1) are defined only on the domain where f
is generic. Conversely, for any conformally flat metric g on U of (1.1), there is a generic con-
formally flat hypersurface with the Guichard net g uniquely up to a conformal transformation
of R*, if U is simply connected (cf. [8]-[10], [22]). Then, in order to realize the hypersurface
in R*, it is necessary to find out the functions P in (1.2) and x5 in (1.3) from ¢ such that the
Gauss and the Codazzi equations are satisfied (cf. [12], [21, Proposition 2.3]).

As mentioned at the beginning, it is difficult to find generic conformally flat hypersurfaces,
but is there any way to investigate their structure? For the problem, we proposed in papers
[3] and [21] to study curvature surfaces for such hypersurfaces, because they reflect the nature
of hypersurfaces. In fact, the principal curvature line of a curvature surface is also that of the
hypersurface including the surface and any generic conformally flat local-hypersurface f(x,y, 2)
is regarded as a one-parameter family of (z,y)-curvature surfaces with the parameter z. Al-
though the curvature surfaces in this paper are not explicitly represented, their structures can
be studied in detail and the surfaces are visualized through our frame field approximation. Fur-
thermore, in the papers ([7], [14]), various singularities appearing on surfaces in 3-dimensional
spaces were studied and the explicit criteria for them were given. The curvature surfaces would
be also interesting for the problem of singularities on surfaces in R* (see (A1)-(A4), (B1), (C1)
and (C2) in sub-section 1.2).

To paraphrase the fact that any generic conformally flat local-hypersurface is a one-parameter
family of curvature surfaces, it is obtained by an evolution of surfaces issuing from a certain
surface in R*, and then, in consequence, the original surface is a curvature surface of the
hypersurface. The paper [21] proved that this method is possible. A certain analytic (local-
)surface ¢ in the standard unit 3-sphere S* leads to a curvature surface f° in R* and ¢ is
the restriction to f° of the unit normal vector N of a hypersurface including f°: ¢ gives rise
to an orthonormal frame field of R, and the frame field induces a curvature surface (cf. [21,
Main Theorem 2]). In particular, by [3, Main Theorem 2], a certain family Met’, consisting
of analytic Riemannian metrics § on simply connected open sets V' C R? with constant Gauss

!The interval (0,7/2) can be replaced by each interval in (—m, 7) satisfying sin ¢ cos ¢ # 0.
2We call the canonical principal Guichard net of f only the Guichard net (see [12, section 2]).
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curvature —1, is determined such that each metric g on V' leads to a one-parameter family of the
Guichard net ¢g¢ on some domain V' x I with the parameter ¢ # 0, where I is an open interval.
Note that the Cauchy-Kovalevskaya theorem for analytic evolution equations is applied to get
g¢on V x I from g on V', but g¢is not a direct extension to V x I of g on V' (see the sub-section
1.2). Now, for each ¢g¢ on V' x [ arising from ¢ on V, the existence of a generic conformally
flat hypersurface with the Guichard net ¢g¢ on V' x [ is theoretically guaranteed as mentioned
above. When we recognize the fact as the existence on curvature surfaces arising from g on V'
of Met", we can directly capture these curvature surfaces from g on V: any § on V leads to a
6-dimensional set of Riemannian metrics gy on V' such that, for each metric gy on V', a surface
¢ in S* mentioned above is determined and the curvature surface obtained has the metric go.
Here, the 6-dimension is the dimension of all Riemannian metrics of the hypersurfaces with the
Guichard nets ¢¢ (¢ # 0), because, for each ¢, the hypersurfaces with the Guichard net ¢¢ are
determined by the arbitrariness of conformal transformations in R* and § on V specifies one
surface for each hypersurface (see Section 1.1, cf. [21, Main Theorem 1]).

Now, for the Poincaré metric gy = ((dz)*+ (dy)?)/y* of R?, a family ®° = (¢(z,y), c.(z,y))
with parameter ¢ # 0 consisting of two functions on R? is determined (see (1.4) in the next
subsection 1.1). For a simply connected open set V' of R? satisfying (¢.(¢.)z(2)y)(z,y) # 0,
the metric gy on V belongs to the family Met’. Moreover, for each ®¢, a 5-dimensional set of
rational Riemannian metrics gy on R? is determined. We take ® := ®!, then all 5-dimensional
set of the metrics g of R? was solved in [21, Example 3.2]. In this paper, we choose a suitable
metric gy on R? among them to get nice curvature surfaces, but it also has degenerate and
divergent points in R%. Our first aim is to study an analytic extension of curvature surfaces
beyond the regular set in R? of the metric gy and further to clarify the structure of the extended
surface including the limits in R* of both ends of every principal curvature line, since the
extended surface is defined on a certain open set of R? and bounded in R*. Then, all extended
principal curvature lines in the surface are expressed by the frame field determining curvature
surfaces and they lie on some standard 2-spheres with line-dependent radii. The second aim
is to construct generally an approximation of such frame fields. Then, the approximation of
each principal curvature line also lies on a standard 2-sphere. By the approximation, we give
several figures for the extended surface: the entire pictures of some principal curvature lines,
the image of the set of degenerate points in the surface and so on.

Now, our pair ® = ®! locally determines the functions ¢(z,y, z) in (1.1), P(z,y,2) in (1.2)
and r3(z,y, z) in (1.3) for some generic conformally flat hypersurfaces, of which fact we explain
in the following sub-section 1.1. We summarize the results of this paper in sub-section 1.2.

1.1. Existence of local curvature surfaces. We state the setting in this paper, and briefly
review the results for generic conformally flat local-hypersurfaces in the papers [3] and [21]
in addition to the matters discussed above, which make our problems clearer. Let gy be the
Poincaré metric on R?. From now on, we assume that the domain U, where hypersurfaces
f(z,y,z) are defined, is given by U = V x I C R? x R for a simply connected open set
VCcR?= ]R%x’y) and a suitable open interval I C R = R,y with 0 € I.

(R1) For gy on R?, a pair ®(= ®') = (o(z,y), ¢.(z,y)) of functions is determined as

2% — g2 2xy

NCRINCY, Sin@(xay):ﬁa J
e +y e +y

m, (1.4)

cos p(z,y) = o.(x,y) =

which are analytic functions on R? with the pole at the origin. Here, ¢(z,y) is defined on R?
except for the line x = 0 as ¢(z,y) € (=7, ) for x > 0 and p(—z,y) = —p(z,y): explicitly,
¢(z,y) for x > 0 is determined as follows, when x? — y? < 0,

p(r,y) € (=7, —7/2) if y<0 and ¢(z,y) € (7/2,7) if y > 0;
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when 22 —y? =0, p(x,y)=-7/2 ify <0 and ¢(z,y) =7r/2 if y > 0; and

o(r,y) € (—n/2,7/2) if 2> —y* > 0.
(R2) Let S; be the set defined by

S11={(1,9) €R?| (p(p)a(0:)y)(w,0) = 0} = {(w,9) €R? | ay(a® —y?) =0} (15)

For a domain V such that V' C R?\ Sy, the pair ® leads to an analytic function ¢(z,y, z) on
U = V x I uniquely as an evolution in z-direction under the initial conditions ¢(z,y,0) = ¢(z,y)
and ¢,(z,9,0) = p.(z,y), and then p(z,y, z) defines a conformally flat metric g on V' x I in
(1.1) (by replacing V' x I with a sub-domain V' x I such that ¢.¢.,¢.,sinpcosp # 0 holds
on V' x I, if necessary)®. Hence, there is a generic conformally flat hypersurface fy (z,y,2) on
V' x I with the Guichard net g from ®|y theoretically. However, our aim is to study the explicit
structure on curvature surfaces in R*.

Precisely speaking, the existence of ¢(x,y,z) on V' x I determining a Guichard net is equiv-
alent to that of a pair (¢, ¥)(z,y, z) of functions on V' x I adding a certain function ¢ (z,y, z),
and then (g, 9)(z,vy, z) satisfies a certain system of evolution equations in z (cf. [3, Theorem
1-(3) and (4)]). When we find out (¢, 9)(x,y,2) as a solution of the system evolving from
z = 0, four analytic functions (¢, ., 1, 1.)(x,y,0) on V are required as the initial condition.
These initial functions are determined from gg|y ([3, Theorem 7]). However, we have omitted
the explanation of v, since it does not appear in our argument later.

(R3) As the solutions to a certain system of differential equations defined from &, a 5-
dimensional set {(P, P,,k3)} of triplets consisting of three functions on R? is determined
and each triplet (P, P,,k3) leads to a curvature surface fJ(z,y) on V in some hypersurface
fv(z,y,z). Here, we choose a triplet P = (P(z,y), P.(z,y), ks(x,y)), which is our object,
and explain how the curvature surface fU(z,y) is determined from P. In order to describe
the triplet P explicitly, we prepare a generalized hypergeometric function Xy(x) on R of type
1 Fy (see Section 2.1 for the choice of Xy(z)): for a sequence {ay}?2, given by a; = 1 and
2(k + 1)(4k* + 5/4) a1 + (2k — 1)ap, = 0 (k > 1), Xo(x) is defined by

Xo=Xo(x) :=5/24+ > po arz®* =5/2+2? — (1/21)a* +--- . (1.6)

Note that X{(x)/z is also an analytic function on R satisfying (X{(z)/z)(0) = 2. The P is
determined from X, as follows:

P ) = (/P)(ry) = s gh(e), Fslwy) = = (2% —2X0) +V5),
(PY).(x,y) = —%(x, W= Er e in)z (@2 = 9?) (Xo+ ) + 2097 ) + V5, (1.7)

where h(z,y) = 2Xo — 2 X} + 3> X}/ ++/5 and h(z,y) > v/5 holds on R? (Corollary 2.3 in §2).
For P, a rational Riemannian metric gy on R?, which is our object, is determined by

9o := P (cos® p(dx)? + sin® p(dy)?) = hz(; 0 ((x = : (d:v)2+4y2(dy)2) . (1)

Then, S in (1.5) coincides with the singular set in R? of go, and we have go(z,y) = go(—2,y) =
go(x, —y) on R?*\ S by the property of h (Corollary 2.3).

Next, we review the relation between the triplet P and the generic conformally flat hyper-
surfaces fy(x,y, z) in (R2). For P, we define two functions &; and kg on R?\ S; by

() = %ww+m (20/(@* — ) (X0 + ),
o, ) = P cotp+ Ry =y (22 4+ )/2)(X(/2) = (X0 + )

3We shall omit this remark from now on.

(1.9)
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Then, k1k2 # 0 holds on R? \ S, where S is the set defined by
S:=25US8; and Sy :={(z,y) | (+* +y*) X5 = (2Xo + \/g)x} (1.10)

For a domain V such that V C R?\ S, we have the following facts (R4) and (R5):

(R4) For the pair ® and the triplet P, an analytic surface ¢(z,y) in S® with principal line
coordinates is determined on V. Let F{(z,y) := [¢, X, XJ,€] (x,y) be the frame field of R*,
where X0 and Xg are the unit principal directions corresponding to the coordinates (z,y) and
¢ is a unit normal vector field of ¢. Then, an analytic surface fJ(z,y) in R* with the metric
go of (1.8) is determined on V' as a certain integral surface of (X7, Xj) (see Theorem 1 in the
next sub-section 1.2). In brief, ® and P determine the structure equation dFy = FPQ of the
surface fO(z,y) and its solution F(z,y) on V satisfying the integrability condition.

(R5) There is a generic conformally flat hypersurface fy (z,y,2) in (R2) defined on V' x [
such that fy(z,v, z) satisfies the following conditions (1) and (2):

(1) fu(e,y,0) = f2(z,y) holds on V.

(2) For fy(z,vy, z), the conformal element P? of I s, in (1.2)* and the principal curvatures ;

satisfy the equations P(z,y,0) = P(x,y), P.(z,y,0) = P,(z,y) and k;(z,y,0) = R;(z,y). Let
Fy(z,y,2) =[N, Xa, Xp, X, (z,y, 2) be the orthonormal frame field determined by fy (z, vy, 2),
where N(z,y, z) is normal and (X,, Xg, X,)(z,y, z) are the principal directions corresponding
to the coordinates (z,y, z). Actually, fi (z,y,2) is determined as an evolution of surfaces in z
issuing from the surface fJ(z,y) on z = 0 under the condition Fy (z,y,0) = F(z,y) on V, and
then the condition R1Ry # 0 is necessary ([21, Theorem 3.1]). Here, note that the other triplets
{(P, P.,k3)} determined by ® determine conformal transformations of fy (x,y, z) arising from
P.

Now, by (R4) and (R5), f{(z,y) is an analytic curvature surface with the metric go|y, and
fo(z,y) and FQ(x,y) are determined only by ® and P. Furthermore, each coordinate line of
fP(z,y) is a principal curvature line of f(z,y,z). We emphasize that the curvature surfaces
fY(z,y) are defined only on each domain V' C R?\ S. Our first aim is to study the existence
and the structure of an extended curvature surface f°(z,y) including the singularity of g, and
further to study the boundaries of the principal curvature lines of an extended surface f%(z,y):
for example, let us take the interval (0,1] x {y} C R? for each y, then the length of z-line
f°(x,y) on the interval with respect to g is finite if y = 0, but it diverges to oo if y # 0; hence,
it would be interesting to study the curvature surface as © — +0.

1.2. The results. We summarize the results of each section. Let D := {(z,y) € R? | z > 0}.
In Section 3, we study an extended curvature surface only on the singular Riemannian space
(D, go), since the metric gy on R? of (1.8) diverges on the line # = 0 except for the origin. In
Section 4, we shall study it on the whole R2.

Now, the function Xy(x) in (1.6) determines the properties of the space (D, gy) and the
curvature surfaces. In Section 2 we study the property of Xy(z) for later use. Then, we also
review how the triplet P of (1.7), which we have chosen, is determined from ® of (1.4), since
it is necessary for the study of Xy(x).

In Section 3, we firstly verify that ® and P give rise to an analytic curvature surface f°(z,y)
on D with the metric go. Here, we say that f°(z,y) is a curvature surface on D if, for a domain
V such that V. C D\ 9, there is a generic conformally flat hypersurface fy(x,y,z) on V x I
such that fy(z,y,0) = f°(z,y) holds on V.

Theorem 1. (1) The frame field F)(x,y) on V mentioned in (R4) extends analytically to
a field FO(x,y) := [QS,Xg,Xg,ﬂ (x,y) on D.

Ap=l(z,y,2) == (1/P)(x,y, z) satisfies the evolution equation [21, (2.3.6)] in z-direction.
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(2) An analytic curvature surface f%(x,y) on D is determined as an integral surface of
(Xa, Xp) by df* = (zh(z,y)) " ((2* — y*) XJ dz + 22y X3 dy).

In Theorem 1, the field F°(z,y) is uniquely determined up to a transformation QF°(z,y) by
a constant orthogonal matrix @, and the fact (2) implies that the field F°(z,y) is a solution to
the structure equation of f(x,y) on D.

Theorem 2. The curvature surface f°(x,y) on D equipped with the frame field F°(z,y) =
[(b, Xg,Xg,f} (x,y), given in Theorem 1, satisfies the following conditions (1)—(4):

(1) The unit analytic vector u(y) := (1 + y2)_1/2 [yXg — ¢l(x,y) depends only on y.

(2) Any z-curve fO(x,y) with fized y lies on a standard 2-sphere Sz of radius
(2vB) /(5 +4y2) /(1 + y2) in an affine hyperplane perpendicular to u(y).

(3) The unit analytic vector w(z) := (B2 +C2)~V/2(2)(— B X2 + Cy¢)(, y) depends only on
x, where By(x) = —(1/2)(X}(x)/x) — /5 and Cy(x) = XUI(z) — X} (x)/x.

(4) Any y-curve fO(z,y) with fived x lies on a standard 2-sphere S2 of radius (B2+C2)~'/?(xz)
in an affine hyperplane perpendicular to u(x).

In Theorem 2, when we regard the surface f(z,y) as a one-parameter family of z-curves,
the surface f(x,y) is expressed as

Fzy) = 2VE) W GE+ 4y (1 + 2L fla,y) + Ay) (1.11)

with the unit analytic vector f(z,y) = ((1 +y)(5 + 49?))"/2(X] — 2(1 + y*)¢ + yo) (. y).
Similarly, when we regard the surface f°(z,y) as a one-parameter family of y-curves, the surface
[z, y) is expressed as

Fla,y) = (B + C3) 72 () f(2,y) + Alx) (1.12)

with the unit analytic vector f(z,y) := (B3+C2)"Y2(z) (Bt + C2X0) (z,y). Here, A(y) (resp.
fl(az)) is a R*-valued analytic function of y (resp. of x) determined uniquely up to a parallel
translation, and they are the centers of S; and S2, respectively. Furthermore, the curvature
surface fO(z,y) on D is bounded in R%.

Next, in the singular set S; N D = {(z,y) | y(z* — y*) = 0} of (D, go), the surface f°(z,y)
has the following features:

(A1) Any z-curve fO(z,y) with fixed y # 0 has a cusp of type (2,3,4) at = = |y|.

(A2) Any y-curve fO(x,y) with fixed x has a cusp of type (2,3,4) at y = 0.

(A3) The curves fO(|y|,y) of y are the envelopes of the family of y-curves f°(z,y) with fixed
T.

(A4) We translate the surface f°(x,y) such that f°(py) = 0 holds at some point py := (z,0),
where 0 is the origin of R*. Then, there exists a reflection B about a hyperplane R*(> 0) such
that (B ° fo)(x7y) = f0<l’, _y)7 (B © ¢)<x7y) = —¢(l‘, _y) and (B o g)(:ﬁ,y) = 5(1:’ _y) hold.

In Section 4, we study the limits of z-curves f°(z,y) as x — 0 and y-curves f°(z,y) as
y — 0o. Then, we can clarify the structure of the surface f°(x,y) (and also the space (D, go)):
in the case of x — 0, we replace x with u given by x = e~ and study the case of u — oo. For
the vectors u(y) and @(x) in Theorem 2, we have the following theorem (see Definition 4.2 for
the uniform convergence in the theorem):

Theorem 3. There is an orthonormal frame [boo,c"o,i)oo,éoo] of R (consisting of constant
vectors) such that it satisfies the following conditions:

(1) The vector w(y) moves on the unit circle in a plane spanned by b and &*. Let v, (y)
be a unit vector-valued function in y determined by (du/dy)(y) = (yv*/(1 + y*))vi(y).

Then, u(y) (resp. v1(y)) uniformly converges to the circle b(y) := cosy b + siny >
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(resp. €(y) == —siny b + cosy &®) as y tends to oo. In plain words, w(y) approaches
asymptotically the constant velocity circular motion E(y) as y tends to oo.

(2) The vector u(x) moves on the unit circle in a plane spanned by b> and ¢>. Let v1(x) be
a unit vector of x determined by (du/du)(e™") = =T (u)vi(e™™), where T'(u) > 0. Then,
u(e™™) (resp. v1(e™™)) uniformly converges to the circle b(u) := cos @boo — sin @co"

(resp. —va(u) := sin @b“ + cos @c“) as u tends to 0o.

For the limits of u-curves f(e™*,y) as u — oo and y-curves f°(z,y) as y — oo, we have the
following facts (B1)—(B4):

(B1) Any u-curve f°(e™%,y) with y uniformly converges to a small circle of SZ as u tends to
co: only the u-curve f°(e™",0) converges to a point of S7_,.

(B2) All u-curve X2(e ", y) with y uniformly converge to the circle b(u) as u tends to oo.

(B3) Any y-curve f(z,y) with z uniformly converges to the point (B2 + C2)~Y/2(x)0,(z) +
A(z) as y tends to co.

(B4) All y-curve X§(z,y) with 2 uniformly converge to the circle b(y) as y tends to co.

In (B1) and (B2), the convergences for those u-curves are also uniform with respect to y € R.
In (B3) and (B4), the convergences for those y-curves f°(z,y) are also uniform in the wider
sense with respect to z € (0, 00).

Furthermore, we have some other results: (C1) As x — 0 and z — oo, each z-curve f%(z,y)
with y # 0 converges uniformly to the parallel small circles in 832/' Then, the centers of these
circles lie on the t-line tvq(y) + A(y). (C2) lim, o0 fO(x,y) = lim,,_ f°(x,y) holds for any
x € (0,00). (C3) There is a curvature surface f°(z,y) such that the curve A(y) in (1.11) (resp.
A(z) in (1.12)) lies on the plane H spanned by b and & (resp. on the plane H spanned by
b and ¢*).

In consequence, the curvature surface on D given at (C3) has the following structure. The
centers of the circles in (B1) (resp. the convergence points in (B3)) lie on the plane H (resp.
H). At the intersection of S? and the t-line tvi(y) + A(y), the two tangent spaces of S? are
spanned by b> and €. Similarly, at the two points £(B3 + C2)~V2(2)0,(z) + A(z) € S?, the
tangent spaces of S? are spanned by b> and ¢>. We could imagine clearly the structure of the
curvature surface f(z,%) if we would assume A(y) = A(z) = 0.

At the end in Section 4, we study the relationship between two curvature surfaces f°(z,y)
on D and fO(z,y) on D(=) := {(z,y) | < 0}.

In Section 5, for each positive integer n, we define an approximation F°(z,y) of the frame
field F(x,y) from the structure equation dF° = F°Q. We construct F°(x,%) on a compact
square £ C D, by regarding ¢ (or F°(x,y)) as a (singular) surface in the standard 3-sphere
S?. Then, the Gauss and the Codazzi equations for ¢ are important in the construction. Let
E = [zg,x0+a]l X [yo,yo+a],and zg < 21 < - <xp, =xo+taand yo < y1 < -+ < Yp = Yo +a
be the divisions of [zg, 2o + a] and [yo, Yo + a] of equal length 9,, := a/n. Then, for an initial
orthogonal matrix at (g, ), an orthonormal frame field F~(x, %), independently of the width
Sy, is determined on the lattice in F made from the divisions: precisely, F°(z,y) is defined on
each path (see Definition 5.2). The F°(x,y) is constructed by a kind of polygonal line method:
on each edge [z;, ;1] X {y;} or {;} X [y;,y;11], we approximate F°(z,y) by a rational curve
(not by a line). We further define F(x,%) at all points (x,y) € E by a little change of the
divisions. Then, F°(x,5) converges to F°(z,y) uniformly on E as n — oc. By using F(x,y),
we can draw the curves: coordinate lines, the cusps and the enveloping curves and so on,
which are given in Sections 3 and 4, since each coordinate curve is expressed by the frame field
FO(x,y) asin (1.11) and (1.12). Then, similar to the case of coordinate lines in f°(x,y), those
approximations also lies on 2-spheres S2.
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2. CHOICE OF A SINGULAR METRIC go DETERMINING OUR CURVATURE SURFACES

As mentioned in the introduction, for the Poincaré metric gy = (dz? + dy?)/y* on R?, we

have taken at (1.4) the following pair ® = (¢, ¢,) of functions on R?,
% — g2 2xy

CRINCY Sin@(xay):ﬁ; J
xre+y e +y

p:(T,y) = m,

cos p(z,y) =

and chosen at (1.7) the following triplet P = (P, P,, k3) of three functions on R,
Y

S €T B
P = mh(%y), R =——3 7 (2(Xo —xXg) + \/5) ,
_ PZ 1

Here Xy = Xo(z) is the hypergeometric function on R given in (1.6) and h(x,y) is the function
defined by

h(z,y) = 2Xo — X} + v* (X} /x) + V5. (2.1)

The triplet P of (1.7) is selected from the 5-dimensional set of triplets {(P, P, &3)} in [21,
Example 3.2] determined by ® and it leads to a singular metric gy on R? of (1.8) determining
curvature surfaces. In this section, we firstly explain that the choice of the triplet P is suitable,
and next study the property of Xy(x) for the argument later.

2.1. Choice of the triplet P and the singular metric gy. Each triplet (P, P,, k3) is de-
termined from a pair (X;(x),Y (y)) of solutions to the two differential equations (2.2) below,
of which fact we explain in this sub-section. Now, we define two differential equations for
1-variable functions X; = X;(x) of x and Y = Y (y) of y by

e X" — X"+ (z+9/(42) X| — X1 =c2®, Y'+Y =, (2.2)

respectively, where ¢ is a constant. Let us take ¢ = 0 at the equation for X, then the point x = 0
of the equation is a regular singularity and its fundamental solutions are given by the power
series " [1 4+ Y 72 apx¥] with » = 0, 2 £ +/=5/2. The function Xo(z) of (1.6) is a solution
corresponding to r = 0 and it is analytic on R. The two solutions ¢;(x) (i = 1,2) other than
Xo(x) are the following complex-valued functions: let ry := 2 +1/=5/2 and 75 := 2 — v/—5/2,
then ¢;(x) are given by

a1(2) = * [cos((v/5/2)logal) + V=T sin((v5/2)log a])| [1+ 332, Buaa™]
0(2) = @1 (w) = 2* [cos((V5/2)log al) — V=T sin((v/5/2) log [a)] [1 + 3232, Bosr™]

where ;1 = —(r; — 1)/[(ri + 2)(r? + 5/4)] and B, 511 = —(ri + 2k — 1) /[(ri + 2k + 2)((r; +
2k)? +5/4)] Bix for k > 1. The Xo(x) and a linearly independent pair of real-valued functions
determined from ¢;(x) are a base of real-valued solutions to the equation. Next, the general
solution to the equation for Y involves the linear combination of cosy and siny as terms. In
Proposition 2.1 below, we shall take a particular solution Y that does not include such terms.
That is, we choose the simplest solutions of the equations for X; and Y to get the triplet P.

Now, for the solutions X; and Y to the equations (2.2), we define the functions G**(z) and
HY (y) by

G (z) := (X))* +4eXy + (14 9/(42%)) (X7)? + ((2/z) X, — dex) X7,
HY (y) = (Y = 2cy)* + (Y — cy® + 2¢)* — 4c?,
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where X, := —X| — X; + cz®. Then, both functions G*'(z) and HY (y) are constant as
mentioned in Proposition 2.1 below. Furthermore, for a pair (X1,Y) of solutions, let X = X (),
Y =Y (y) and A = A(z,y) be the functions defined by

X=X —-X;, V=gV =Y, A=X+Y.

The following proposition 2.1 was verified in [21, Example 3.2] except for the equations for
G*1(x) and HY (y) in (3) and (4). Hence, we only prove these equations. In only the proposition
2.1, for the sake of simplicity for description, we say that a triplet (P, P,, k3) is a class for ®,
if curvature surfaces fU(z,y) and generic conformally flat hypersurfaces fi(z,y,2) in R* are
determined by ® and the triplet (P, P,, R3).

Proposition 2.1. Let (X1,Y) be a pair of solutions to the equations (2.2). Then, we have the
following facts (1) and (2):
(1) The functions GX*(x) and HY (y), respectively, are constant.
(2) For any pair (X,,Y) such that G*'(x) + HY (y) = 0, a class (P, P,,k3) for ® is deter-
mined as follows:
_ 2x 2y

P—IZX/_—A7 _:—Y/+
1 22 + 12 k3 22 + 42

A,

_ P 1 2y
P_l P = —_—Z = ———— X, — 4 —4 .
( ) P2 :152—|—y2 (x 1 + x2—|—y2 )

Conversely, all classes (P, P.,k3) for ® are determined by the above forms from the pairs
(X1,Y) such that GX'(x)+ HY (y) = 0. The set of pairs (X1,Y) satisfying GX'(x)+ HY (y) = 0
s 5-dimensional.
Furthermore, we have the following facts (3) and (4):
(3) Xo(z) in (1.6) is a solution to the first equation in (2.2) with c =0, and G*°(z) = =5
holds.
(4) Let us take ¢ = \/5 in two equations of (2.2). Then X1(z) = Xo(z)+v/5 (2? +5/2) and
Y (y) = /5 (y? — 2), respectively, are solutions to the equations, and the pair satisfies
GX1(z) + HY (y) = 0. In particular, we have GX1(x) = 20.

Proof. Firstly, note that X;(z) = Xo(x) +c(2?+5/2) and Y (z) = ¢(y* — 2) are the solutions of
the first and the second equations of (2.2), respectively. Now, we verify that GX*(z) = —5+5¢?
holds. From

(X7(0))* = 4(1+¢)*, 4CX1(0) 10c(1+¢), ((1+9/(42%)(X7)%) (0) = 9(1 + ¢)?,
((2X5/z — 4ex) X7) (0) = ((2X5 — 4ex®) (X /z)) (0) = —18(1 + ¢)?
by (1.6), we have G¥1(0) = —5 + 5¢%. Then, G**(z) = —5 + 5¢? holds for any z, since the
function G (x) is constant. In the same way, we have HY (y) = —4c? for Y (y) = c(y? — 2).

In consequence, we also have verified that the pair X;(z) = Xo(x) + V/5(z? 4+ 5/2) and
Y = /5(y?* — 2) is a solution to (2.2) and satisfies G**(x) + HY (y) = 0. O

Let X1 (z) = Xo(z) + V5 (22 +5/2) and Y (y) = v/5 (3> — 2) be a pair of solutions to (2.2),
given in Proposition 2.1-(4). Note that X{(z)/x is also an analytic function on R satisfying
(X}(x)/x)(0) = 2. From the pair, the triplet P = (P(x,y), P.(x,y), k3(z,y)) of (1.7) is deter-
mined by Proposition 2.1-(2), and then for the triplet P, the singular metric gy on R? and the
functions &; (i = 1,2) on R? are also determined as the forms in (1.8) and (1.9), respectively:

go = h*(z,y) (x72(2* — y?)*(dx)* + 4°(dy)?)
i = 2% — ) (Ko VE/2), R =y [ + 92)/D(X0a) — (Xo +VE/2)].
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2.2. Property of the function Xj(x). Since the function Xy(z) of (1.6) determines the
properties of the metric gy on R? and the functions &; on R?, we study the property of Xo(z).

Proposition 2.2. The function Xo(z) on R of (1.6) satisfies the following conditions:
(1) Xo(—x) = Xo(x) > 5/2.
(2) X{(x)/xz >0 for x € R and (X{(x)/z)(0) = 2.
(3) (2Xo —zX{)(z) > 0 for z € R.

Proof. Xo(—z) = Xo(x) follows from the definition (1.6) of X,. For Xy(z) > 5/2 and (2),
suppose that there is a point xy > 0 such that X/(zo) = 0. Then, we have G¥(x,) =
(X{)?(xo) = —5, which is a contradiction. Moreover, we have (X} /x)(0) = 2 by (1.6). Hence,
we have X{(z) > 0 for x > 0 and (X{/z)(x) > 0 for x € R. Furthermore, since X{(z) > 0 for
x> 0, Xo(x) is an increasing function on [0, 00) and X,(0) = 5/2. Hence, we have X(z) > 5/2
for x € R. For (3), we have

GH0(2) = (X§ — X/2)* + (1 +5/(42))(Xg)* — 2Xo(X5/w) = 5.
Hence, we have (X)) — 2Xo(X}/x) = (X}/x)(x X} — 2Xo) < —5. By X}/ > 0 for z € R, we
have 2Xy — 2 X > 0 for x € R. O

Corollary 2.3. For the function h(z,y) of (2.1), we have the following facts.

(1) h(z,y) > V5 on R
(2) There is a number t; (0 < t, < 1) such that 5+ /5 +y? < h(z,y) < 6 +v/5+ 2y? and
|h(x,y) — h(0,y)| < 2(1 4+ 2y*)/7 hold for 0 <z < t; and any y € R.

Proof. The fact (1) follows from the definition (2.1) of h(z,y) and Proposition 2.2. The fact
(2) follows from the definition (1.6) of X,(z). In fact, as x tends to 0, for any y € R we have

2Xo — 2 X, =5+ (2/2)2* + O(2%), X}/x =2~ (4/21)2* + O(a?),
[h(x,y) — h(0,y)] < [2Xo — 2 Xy — 5] +3°|Xg /2 — 2] < (2/T)(1 + 2¢%),

where [(z) = O(x¥) for a function I(x) implies that ¢; < lim,_,o(I(x)/2*) < ¢3 holds for some
constants c;. ]

The function h(z,y) also satisfies the following equations:

h(l‘,y) :h(—f,y) :h(xv_y)v h(ovy) :5+\/5+2y2,
h(z,0) = (2X, — X)) + V5, h(0,0) =5+ V5.

Next, we study the property of Xy(x) as x tends to co. In the following proposition 2.4-(5),
we show that there is a number ¢, > 0 such that X/ (z) is a bounded oscillating function on
[ta, 00], like the function sinxz. Here, we say that X[(x) oscillates at x = oo, if there is a
bounded interval J (not one point) satisfying the following condition: for any point p € J,
there is a sequence z,, (x, — 00) such that X{(x,) converges to p. In Proposition 2.4, the fact
(2) is included in (5) in terms of content, but is described as a proof procedure.

Proposition 2.4. The function Xo(z) on R satisfies the following conditions (1)-(5):

(1) The function 7(x) = (Xo + X{)(x)/x is decreasing in (0,00) and 7(x) converges to a
non-negative constant 7(00) := lim,_,o, 7(z) as x tends to oo. Then, we have T(c0) >
V5, which implies that X}(z) oscillates at x = 00.?

%Actually, we can show 7(00) = /5 coth(v/5m/4) ~ /5 x 1.0614 (> 1/5), by using the asymptotic expansion
formula for large x of generalized hypergeometric functions of type 1 Fy (cf. [16], [17]).
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(2) We have

7(00) — /72(00) — 5 < lim X{(z) 00) + /T

T—r00

where lim,_,o, X (z) implies the oscillation of X|(z) at x = oc.
(3) For z >0, we have (Xo(z) — 7(z)x)?* = (X{(2))? < 7%(x) — 5.
(4) We have

T(00) — \/7%(00) =5 < JLI{}O((ZXO —xX{)/z) < 1(0) + \/72(c0) — 5,

where lim, o ((2Xo — zX{))/x) implies the oscillation at © = oo.

(5) For m(x) := /14 9/(422), we have lim,_,o(7/m)(z) = 7(c0) > /5 by (1). Hence,
there is a number to > 0 such that (1/m)?(z) > 5 on [ty,00]. Then, there is a monotone
(increasing or decreasing) function n(x) on [ty, 00) such that n(z) diverges to oo or —oo
as x tends to oo and

Xj(@) = V/r/mP@) =5 cosna), Xi(@) = (1/m)(@) |(r/m)(@) + /(7 /m)P(@) = 5 sinn(z)]

hold on [ta,00). That is, X)(z) and X[ (x) are bounded oscillating functions on [ts, 00].

Proof. The function Xy(z) is a solution to the first equation in (2.2) with ¢ = 0. Hence, Xy ()
satisfies the following equations:

X'+ (x4 9/(4x)) Xy — (X + Xo) = 0, (2.3)
GXo(z) = (X))* + (1 +9/(42%))(X})? — 27(2) X)) = —5. (2.4)

Now, for (1) and (2), we have 7/(z) = —9/(423)X] by (2.3). Hence, we have 7/(z) < 0 for
x >0 by X'(z) > 0 in Proposition 2.2. Next, we have 7(x)X{ > 5/2 by (2.4). Hence, there is
the limit 7(c0) := lim, o, 7(x) by 7(2) > 0 for x > 0: 7(c0) is non-negative. Next, we have
(X{§)? — 27X, +5 < 0 by (2.4). Hence, we have

m(z) > V5, T(x)—+/m2(x) =5 < X}(x ) + /72 (2.5)

since X{(z) is a real-valued function and 7(z) > 0. Furthermore, 7(z) — \/72(x) — 5 (resp.
7(x) + \/7%(x) — 5) is an increasing function (resp. a decreasing function). Thus, we have
obtained (1) 7(c0) > +/5 and (2). We shall verify 7(co) # /5 after the proofs of (3) and
(4). Here, note that 7(oco0) = V5 is equivalent to lim,_, Xj(z) = V5 and lim, ., X{(z) =0,
respectively, by the argument above. Hence, 7(c0) > /5 implies that both functions X{(z)
and X (x) oscillate at x = oco.

For (3), by X{| = 7(z)x — X, and (2.4), we have

(Xo = 7(2)2)* = (X()* = —(1+9/(42))(X)* + 27 (2) X — 5
< —(X0)* + 27(x) X} — 5 = —(X} — 7(2))> + 72(x) — 5 < () — 5.

For (4), we have lim, o, ((2X¢ — 2X{)/z) = lim, o (27(x) — X{(z)) by (3). Hence, we obtain
(4) by the existence of 7(c0) and (2).
Now, we give an elementary proof of 7(c0) > /5. Firstly, we have

[+ 22) @) = e (1 2) ™ [r(0) — (L ) X] = £ (14 £)

by (2.3) and 7/(z) = —9/(423)X}. The equation shows that (1 +9/(422))""* 7(z) is almost
equal to 7(o0) for x > 10, because X[ (x) is an oscillating function taking small values around
0 and lim, o ((1 +9/(42%))"/%7(z)) = 7(c0) holds. We shall precisely verify it below.

=3/2 5,
XO
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We integrate both sides of the equation on the interval [z, C|, where C' > x > 0: for the right
side, we use the formula of integration by parts. Then, we have (X{(z))? < 47%(z) by (2.4),
(2.5) and the fact that 7(z) is decreasing. Hence, as C' — 0o, we obtain

|7(00) = (1 49/(42®)"?r(x)| < (9/2%)7(x),
for any = € (0,00). That is, for any = € (0, 00), the following inequalities are satisfied
(1+ 9/(422))~ 2 — 9/2%) 7(x) < 7(00) < ((1 4 9/(422))~ Y% + 9/x%) 7(x).

Now, if there is an zy € (0, 00) such that ((1+9/(423))~"/? — (9/23)) 7(20) > V/5, then we
have 7(c0) > /5. Actually, for 2y = 10, the desired inequality holds. We can make sure the
fact as follows. The function 7(x) is expressed as the following alternating power series:

7(2) = (9/2)x7" +(9/4) 332, bea®™ Y by = ai/(4k% 4 5/4),

where ay, is the coefficients of Xy(x) given in (1.6). At x = 10, the sequence |by|z?*~! is strongly

decreasing for k > 4, and [(9/4)b,10%*71| < (3/2) - 107!2 holds for k = 20. Hence, we have
7(x) = ((9/2)x~ + (9/4) S22 b~ 1) | < (3/2) - 10712 at 2 = 10. Furthermore, at z = 10 we
have the inequality

((149/(42%)72 = 9/2%) ((9/2)x~" + (9/4) S50, bpa® 1) > 2.35 (> V/5),

which shows 7(c0) > /5.
For (5), let m(x) = (1+9/(42%))/2. Then, there is a number ¢, > 0 such that (7/m)%(z) > 5
holds on [t, 00] by lim, ., 72(z) > 5. Using m(z), we can rewrite the equation (2.4) as follows:

(X§)? +m? (@) [X = 7(@)/m*(@)]" = (r/m)*(x) = 5.

Hence, there is a function n(z) on [te, 00) satisfying (5) for X{(z) and X[/(z). Furthermore,
when X{/(x) vanishes at x = x1 € [ty, 00), we have

XU (x1) = £+/72(z1) — 5m2(x1) # 0
by (2.3) and (2.4), which shows that X{/(z) and X/ (x) move monotonically even around z = xy,
without folding. Hence, n(z) is a monotone function. Furthermore, since X{(x) and X{(x)
oscillate at z = oo by 7(00) > v/5, n(x) diverges to 0o or —oo as & — oo.
In consequence, the proof of the proposition has been completed. O

Proposition 2.4-(4) implies that the first term of h(z,y) = (2Xo — 2X}) + v*(X}/2) + V5
satisfies 2Xy — 2 X, = O(z) as z tends to oo, and that (2X, —xX())/z oscillates even at x = 0.

In the next section, we study the property of the singular metric go on R? of (1.8). The
singular set in R? of gy is given by S; = {(z,y) € R? | zy(2? — y?) = 0}: go diverges on the
line # = 0 except for the origin (0,0) and degenerates on the lines y = 0 and z? — y* = 0;
lim, 40 go(z,0) totally degenerates.

3. EXTENDED FRAME FIELD AND ANALYTIC CURVATURE SURFACE DEFINED ON [

Let go be the singular metric on R? defined at (1.8):
1 (z* —y°)? 2 2 2
d 4y*(d

x’y)( 5 (d2)” + 4y (dy)” ),

where h(z,y) = 2Xo — 2X{ + y*(X{/x) + V5 of (2.1). The metric has been defined from
® = (p,0.)(x,y) of (1.4) and P = (P, P,,R3)(z,y) of (1.7). In this section, we consider the
metric gy only on D = {(z,y)| z > 0}, because gy on R? diverges on the line z = 0. Since
h(z,y) > /5 holds on R? by Corollary 2.3, the degenerate set of the Riemannian metric space
(D, go) is given by DN Sy = {(z,y) | y(z* — y?) = 0}. We shall verify in this section that a
certain orthonormal frame field of R* is determined on the whole space D from ® and P, and

Jo = n2(
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that the frame field leads to an analytic curvature surface in R* as a realization of the space
(D7 g())'

Now, as mentioned in (R4) and (R5) of the introduction, for a simply connected open set V'
with V' C D\ S for S in (1.10), a curvature surface f2(x,y) on V and a generic conformally flat
hypersurface fy(z,y,2) on V x I are determined from ® and P such that f2(z,y) = fv-(z,y,0)
holds on V. Then, the coordinates (z,y, z) of fy(x,y, z) is a principal curvature line coordinate
system. Let Fy(z,y,2) = [N, X,, X3, X,,] (2,9, ) be the orthonormal frame field on fy (z,y, 2),
where N is a unit normal vector field of fy(z,y,2) and (X,, Xg, X,)(z,y,2) are the unit
principal curvature vectors corresponding to z, y, and z-curves: let ¢(x,y, z) be the function
determined from @ by o(z,y,0) = ¢(x,y) and p.(z,y,0) = ¢.(r,y), and P(m,y,z) be the
function determined from P by P(z,y,0) = P(z,y) and P.(z,y,0) = P.(z,y)%, then the frame
field (Xo, Xp, X,)(2,y, 2) is given from (1.2) by

X, = (Pcosp) '0fy/0x, Xg:=(Psing) 'dfy/0y, X,:=P '0fy/0z.
Hence, the differential dfy (x,y, z) of fi (z,y, z) is expressed as
dfy(z,y,2) = P(z,y, 2) ((cos pdx) X, + (sinpdy) Xp + dz X)) (x,y, 2).

For the frame Fy(z,y,z2), we put ¢(z,y) := N(z,,0), X2(z,y) = Xo(z,y,0), XJ(z,y) =
Xgs(z,y,0) and &(x,y) = X,(x,y,0). Then, we have

Xo = (Pcosp)'ofy/0x, Xg:=(Psing)'0fy /0y (3.1)

and that F{(z,y) = [¢, X, XJ,€] (x,y) is an orthonormal frame field on f{(z,y). Further-
more, the vector fields X7 (z,y) and Xj(x,y) are the unit principal curvature vectors on fp(, y)
(see (3.4) and (3.5) below): if we regard ¢(z,y) as a surface in S*, then X7 and X} are the unit
principal curvature vectors and ¢ is a unit normal vector field of ¢(x,y). Thus, the differential
dfd(z,y) of fO(z,y) is determined as

dfy(z,y) = P(x,y) (cosgodeg + singodng) (z,y)
= h7Ha,y) (((¢* — y?)/2)de Xp + 2ydy X§) (2,y), (32)

and in particular f(z,y) has the metric go|y. For the functions &;(z,y) (i = 1,2) in (1.9), the
principal curvatures x;(z, v, 2) (i = 1,2,3) of fy(x,y, z) satisfy x;(z,y,0) = R‘,( ,y) (i=1,2,3)
on V. The structure equation of fy (z,y,z2) (i.e., the equation for dFy (z,y, 2 )) is determlned
from (¢(z,y,2), P(x,y,2), ki(x,y,2)), and then the structure equation of fi(z,
equation for dFQ(x,y)) is determined from ® and P, as the restriction to Fy (z,y
for Fy(x,y, z) (see the proof of Lemma 3.1 below).

Now, we divide D into several closed sub-domains according to the singularity D N S} of

(D, go):

y) (i.e., the
,0) of those

Dy :={(z,y) € D|y >0}, Dy:={(z,y) € D|y<0},
Dy = {(7,y) € Dy | z? < Z/Q}a Dj = {(,y) € D; | x® > 3/2}-
For each D;;, we arbitrarily fix a simply connected open set V;; such that V;; C D;; \ S. Let V'

be the canonical connection of R*: V/, o = 0/0x. On each domain Vj;, the structure equation

(3.3)

of fy, (2,y) is determined as the following form:
/Xng =F1¢ — Bi§ — Ong»

3.4
Vied = =R X3, V& =BiX,, VioXj=C1Xp (3:4)

SFor references on the evolution equations for p(z,y, z) and P(z,y, z), see (R2) and footnote 4, respectively,
in §1.1.
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and
V’Xng = Rop — Byt — O X0,
V’ngb = —R2 X}, ’ng = By X}, v’Xng = (X},
where B, and C are functions on V;; and &; (i = 1,2) are the functions given in (1.3):
Fi= 29/ =) (Yo + ), R =y (0% +9)/2(XY2) - (Xo+5)).

Lemma 3.1. On each V;; given above, the functions By, Cy in (3.4) and (3.5) are determined
as follows:

Bi(z,y) = — (2> —y*) " (Xo + ‘/75) —V5, Ci(z,y) = —2(2* - y*) " (Xo + \/75)’
By(z) = —(1/2) (Xg/z) = V5. Ca(x) = Xy — Xg/z.
Then, for these functions By and Cy, the equations in (3.4) and (3.5) extend to D\ Si.

Proof. The structure equation of the hypersurface fy,, (z,y, 2) is given at ([21, equations (2.2.3)
and (2.2.4)]). Then, by F%j(x,y) = Fy,(z,y,0), the derivative of F&_j = [¢, Xo, X3, €] is
obtained from the equation by taking as ¢(z,v,0) = ¢(z,vy), ¢.(z,y,0) = ¢.(x,y) and
P(z,y,2) = P(z,y), P.(z,y,0) = P,(x,y). For B;: We have

P2 _ 1 _ _
B, = (Pcosg), = — ((P7").cosp+ P, sing).
COSs @ COS @

Then, we obtain B; by
p:=y/(x* +97), (P7). =5+ (2> — ) (Xo + L) + 227 X)) /(2* + v*)*.
For C1: We have

p2 _ -1 B -
Ci=—— (P - - Pfl Pil . .
! singpcosgo( cos )y sin ¢ cos @ ((P71), cos i+ @y Sin p)
Then, we obtain C; by
oy =2z/(x* +y%), (P7Y, = 2zy(x* +y*) (- 2Xo + 22X, — V5).

The functions By and Cy are obtained in the same way.
The last statement follows from the fact that the functions By and C} above are independent
of the choice of domains V;; C D;; \ S. O

Next, we obtain the following lemma directly from (3.1) and Lemma 3.1:
Lemma 3.2. On each V;, we have the following equations:

i?/ax(b = _alxgu /a/axg = b1X27 Vfa/ang = ClXO

)

/3/3y¢ - _a2Xg7 V’a/ayf - b2X8, V/a/ang = C2X27

where
_ 2% V5 _ o~ V5 2 .2
a; = ai(x,y) == P <X0+ S ) , b =bi(z,y) = h(eg) (XO + 24+ Vh(a?—y ))
—2
- — V5
C1 = Cl($,y) = xh(x,y) (XO + D) > s
-1 X -2 X/

a2 = a2(@,y) = (”0”3‘ (x”yQ)f)’ by = bfay) = 7 (%”5)
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Then, all equations above are independent of the choice of domains Vi; C Dy;; \ S and they are
analytic equations defined on D.

We also have vg,/mxg = a1 — 1€ — chg and v/a/ang = g — br€ — X2 by (3.4) and
(3.5).

For the analytic functions (a;, b;, ¢;) on D in Lemma 3.2, we define the matrix-valued functions
Ql and QQ by

0 ap 0 0 0 0 a O

I 0 C1 bl . 0 0 —Co 0
Ql<m7y) - 0 —C 0 O (‘Tay)7 QQ(x7y) - —ay Gy 0 62 (Jf,y) (36)

0 —=bp 0 O 0 0 —by O

For a frame field F°(xz,y) := [¢, X3, X3, £](x,y) and the matrix-valued differential 1-form Q =
Qidx + Qady on D, the equations of Lemma 3.2 are summarized as

dF° = F°Q, (3.7)

which is an analytic equation on the whole domain D, and in particular, it is independent of
the choice of V;; C D;; \ S. Now, in Theorem 3.3 below, we shall verify that the equation
(3.7) has a solution F°(z,y) on D. Then, the solution F°(z,y) is uniquely determined up to
a transformation QF(x,y) by a constant orthogonal matrix (. For the sake of simplicity for
the argument in Theorem 3.3, we determine an initial condition of (3.7) by

FO(20,10) = 1d (3.8)

for a while, where (x,%0) is a point of Vj5 and Id is the unit matrix. It is possible to take
such an initial condition. In fact, for the frame field Fy,,(z,y,2) determining the hypersur-
face fy,,(z,y, 2), suppose Fy,,(zo,y0,0) # Id. We take a constant orthogonal matrix C' such
that C'Fy,,(%o,%0,0) = Id holds. Then, the frame CFy,,(x,y, z) determines the hypersurface

OfVu ($, Y, Z) by Cdfv12 = d(CfVm)'

Theorem 3.3. An analytic orthonormal frame field F°(x,y) is uniquely determined on D such
that it is a solution to the structure equation (3.7) under the initial condition (3.8). Then,
the surface fV., (x,y) on Vip determined above extends to an analytic surface f°(x,y) with the
metric go defined on the whole domain D. Furthermore, for any simply connected domain V;;
satisfying Vi; C Di; \ S, there is a generic conformally flat hypersurface vy (z,y,2) on Vi, x I
such that fO(x,y) = fvy (2, y,0) holds on V.

Proof. The frame field Fy,,(x,y, z) on Viy x I is determined from the hypersurface fy,,(z,y, 2).
Since FU_(z,y) = Fi,(2,y,0) and f0_(2,y) = fu,(x,9,0), the 1-form Q(z,y) satisfies the
Maurer-Cartan equation d2 + 2 A €2 = 0 on the open domain Vj5. Then, since € is analytic
on D, the Maurer-Cartan equation is satisfied on the whole domain D. Hence, a frame field
FY(z,y) on D is uniquely determined under the condition (3.8), which is the extension of
Y (x,y) on V.

Furthermore, for the vector fields X and X§ of FO(z,y) on D, an analytic surface f(z,y)
on D is determined by

df’ = 6, X2 + HQXE, 01 := (2* — v*)/(zh(z,y))dx, 0y :=2y/h(x,y)dy, (3.9)

since f1., (x,y) satisfies (3.2) on Vio. In fact, df°(z,y) in (3.9) satisfies d(df’) = 0 on D
by Lemma 3.2. Hence, f%(x,y) is an extension of fy (z,y) to D. Then, ¢ and & are the
normal vector fields of f%(z,y), which are distinguished by the condition for the hypersurface
fvi, (7, 9y, 2). Furthermore, the surface f°(x,y) on D has the metric gy by (3.9).

Finally, the existence of the generic conformally flat hypersurface fVi’j (x,y,2) in the last

statement follows from the fact that F°(xz,y) is determined by ® and P. O
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Definition 3.4 (Curvature surface defined on D). By Theorem 3.3, we may recognize that the
analytic surface f°(z,y) on D is an extended curvature surface. Our aim is to study the property
and the structure on f%(z,y). We call f°(x,y) and F°(x,y) in Theorem 3.3, respectively, a
curvature surface defined on D and a frame field determining the curvature surface f°(z,y)
on D. Then, we can arbitrarily take the initial condition of F°(z,y) by F°(xo,v0) = @Q not
only (3.8), where (z, ) and @ are a point of D and an orthogonal matrix, respectively. For a
fixed frame field F°(z,y), the curvature surface f°(z,y) is determined uniquely up to a parallel
translation.

Next, we study the coordinate (the extended curvature) lines of a curvature surface f°(z,y)
on D. Let ||v]| be the Euclidean norm for a vector v € R*.

Theorem 3.5. Let fO(x,y) be a curvature surface on D and F°(z,y) = [¢, X2, X3, €] (z,y) be
the frame field determining f°(xz,y). Then, for an x-curve fO(x,y) with fized y, we have the
following facts (1), (2) and (3):
(1) Along any x-curve f(x,y), the vector (yXg — ¢)(x,y) is constant. That is, an analytic
unit vector u(y) of y is determined by w(y) = (1+y*)"2(yX§ — ¢)(z,y).
(2) Let f(x,y) be an analytic unit vector defined by

Fl@,y) = ((1+y°)(6+4y) 2 (X5 =21+ y*)E + yo) (x,).

When we regard the surface f(x,y) as a one-parameter family of x-curves, it is ex-
pressed as

Fla,y) = @V5) WG +4y?) (1 +y2) L f(z,y) + Aly),

where A(y) is a R*-valued analytic function of y determined uniquely up to a parallel
translation.

(3) Any x-curve fO(z,y) lies on a 2-sphere S2 of radius (2v/5)7'\/(5 4 4y?)(1 +y?)~! in
an affine hyperplane Rg perpendicular to w(y), and A(y) is the center of 812/'

Proof. We firstly verify (1)—(3) on the domain U := {(z,y) € Dis | © > y > 0}, and then we
use the equations in Lemma 3.1. Now, we have V'y, (ng — ¢) = 0. Hence, we have (1). Next,
we have Vy, (X§ —2¢) = 2v/5X°. The component f(z,y) of (X5 — 2¢)(z, y) perpendicular to
u(y) is given by

Flay)=X5—26—y(L+y*) " Pu= 1+ (X]— 21+ ) +yo) .

Hence, we have V’ng = 2¢/5X°. Then, since f(z,y) is the normalization of f(z,y), we have
(2) by X2 = X% Finally, since X%(x,y) L u(y) (or f(z,y) L u(y)) and the fact that
| f (x,y)] is a function only of y, we obtain (3). By the above argument, we have verified the
theorem for x-curves on U.

Next, all z-curves f°(x,y) on D are also expressed as the form in (2), since all our objects:
the frame field F(x,y), the surface f(x,y) and the vector f(x,y), are analytic on D. Actually,
by Lemma 3.2, we have the following equation,

Voo (2V5) 1/ (5 +492) (1 +y2) L fo + A) = (7 — y?)/(wh(a,y))] X3

on D, which coincides with 9f°/0x on D. We can verify directly by Lemma 3.2 that all z-curves
on D also satisfy (1) and (3). In consequence, the proof has been completed. O

Theorem 3.6. Let fO(x,y) be a curvature surface on D and F°(z,y) = [¢, X2, X3, €] (z,y) be
the frame field determining f°(z,y). Then, for a y-curve f(z,y) with fized x, we have the
following facts (1), (2) and (3):
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(1) Along any y-curve f°(z,y), the vector (—Bo X0 + Co€)(x,y) is constant, where By(x) =
—(1/2)(X}/7)—+/5 and Co(z) = X — (X} /x). That is, an analytic unit vector w(x) of x
is determined by w(x) = (B? + C2)™Y2(=By X% + Co¢)(x,y), and then (B2 +C2)(z) =
(X}/7)(2Xo — 2 X — X)/x + /5) > 0 holds for x € R.

(2) Let f(x,y) be an analytic unit vector defined by

Fla,y) = (B3 + C3) 7 (2)(Bao + C2X)(,y).

When we regard the surface f°(x,y) as a one-parameter family of y-curves, it is ex-
pressed as

fOla,y) = (B + C3)" 2 (x) f(x,y) + Al),

where fl(x) is a R*-valued analytic function of v determined uniquely up to a parallel
translation.

(3) Any y-curve fO(z,y) lies on a standard 2-sphere S of radius (B2 + C2)~Y2(z) in an
affine hyperplane R3 perpendicular to w(x), and A(x) is the center of 2.

Proof. We firstly prove the theorem on the domain U := {(z,y) € Dy| y > 0}, and then we use
the equations in Lemma 3.1. Now, we have Vo (—B2 X 4 C2¢) = 0 and (B3 + C3)(z) > 0 on
5

R by By(z) < 0. Furthermore (B3 + C%)(z) is expressed as the form in (1) by (2.4). Hence, we

have obtained (1). Next, we have V'yo (B2{+Co X)) = (B3 +C3)Xg. Then, by (B3 +C3)(z) # 0
E ~

and X3f° = Xp, we have (2). Finally, since X L @(x) (or f(z,y) L u(z)), we have (3) by

(B3 + CH™V2(2) f(z,y)|| = (B2+C2)~'/%(x). Thus, we have verified the theorem for y-curves

on U. These results also hold for all y-curves on D by Lemma 3.2 similarly to the proof of
Theorem 3.5. In consequence, the proof has been completed. U

Remark 3.7. (1) In Theorem 3.5 and Theorem 3.6, the vectors u(y) and w(z) are perpendic-
ular for all (x,y) € D. In fact, by the definitions of u(y) and @(x), we have

(u(y), u(z)) = C(z,y) (yX3 — ¢, —Bo X2 + C€)(w,y) = 0,

where (u, @) is the inner product of R* and C(z,y) := ((1 + y?)(B32 + C3)(x))

(2) The vector u(y) of y (or w(z) of x) moves on the unit circle S' in a plane without
stopping. We shall give a simple proof of these facts in the next section (see Theorem 4.3).
Certainly, we can also make sure these facts by direct calculation, but it is very hard. Here, we
only give the norms of the first derivatives of u(y) and w(x):

2 X{ +2vbhx) (2X S

/) )] = 2. | ) ()] = IRV BRI,

y dx X} (2Xo — 2 X} — X4 )z + V/5)
These norms show that the length of the curve w(y) (resp. @(z)) diverges to oo as y tends to 00
(resp. as x tends to 00): in the right hand side of the second equation, we have (2X,—zX()(z) =
O(z) and X{(z) is a positive bounded function, by Proposition 2.4. Furthermore, the length
of u(z) on (,1] also diverges to oo as £(> 0) — 0, since we have ||V}, a(z)|| ~ V/5/(2z) by
Xo(0) =5/2 and X|(z) =~ 2z.

(3) The curvature surface f°(x,y) on D is bounded in R%. In fact, let us take A(1) as a point
in R%. In the theorems 3.5-(2) and 3.6-(2), the first terms of the right hand sides in f°(z,y) lie
in uniformly bounded 2-spheres centered on the origin. Hence, we have only to show that A(y)
is a bounded function. As we determine A(1) as a point in R*, the curve f°(1,y) is bounded
by Theorem 3.6. Hence, the curve f°(1,y) and A(y) in Theorem 3.5 are also bounded.

—-1/2

By Theorems 3.5 and 3.6, any z-curve f°(x,y) with fixed y (resp. any y-curve f°(z,y) with
fixed =) belongs to an affine hyperplane perpendicular to w(y) (resp. @(x)). We can determine
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the following orthonormal frame fields along the curves: let f(z,y) and f(x,y) be the vectors
in Theorems 3.5 and 3.6, respectively; along each z-curve, the frame field is given by

[U(y)7X2(C(],y),f(ZL',y),’ll,Q(l'7y)] (310)
where uy(z,y) is defined by us(z,y) := (5 + 4y2)_1/2(2Xg + & + 2y¢); along each y-curve, the
frame field is given by

[@(x), X3(x,y), f(x,9), ¢(x,y)]. (3.11)

Now, in the following theorem, we verify that each z-curve with y # 0 (resp. each y-curve
with x) of a curvature surface f°(z,y) on D has a cusp at the point z = |y| (resp. at the point
y = 0). Then, we say that a curve p(t) in R3 with p(0) = 0 has a cusp of type (2,3,4) at t = 0,
if p(t) is expressed as p(t) = (at?, bt?, ct*) around ¢ = 0 with constants a, b and ¢ (abc # 0).
Theorem 3.8. For any coordinate curve of a curvature surface f°(x,y) on D, we have the
following facts (1) and (2):

(1) Any x-curve with y # 0 has a cusp of type (2,3,4) at x = |y|.
(2) Any y-curve has a cusp of type (2,3,4) at y = 0.

Proof. Let F°(x,y) = [¢, X3, X3, &](x, y) be the frame field determining f°(x,y) on D. For (1),
let f%(x,y) be an z-curve with fixed y # 0. We study the curve only in a small neighborhood of
(ly|,y). Now, the first derivative of the curve is given by f2(z,y) = ((z* — v*)/(xh(z,y))) X (z,y)
and we have

(@ =)/ (@h(z,1))), = (@*h*(z, )" (@ +y")h(z,y) + (27 — y*) (X5 — Xp/x)) |
we(@,y) = ((2° = y*)/(2h(z,y))), Xa + (@ = y*)/(@h(z,9))) (Ve Xa) (1),

v (U] 9) = (2% = °)/ (@h(z,9))),, (wl.9)Xa(lyl, ) + (4/Rlyl 1) (VienXa) (Yl y)-
We define the functions w;(z) (i = 1,2,3) of = by
wi(@) = (fz,9), Xa(lyly),  wal@) = (f(z,9), w2yl y)),  ws(@) = (f*(z,n), £yl y).
Then, we directly have

(wi)a(Jy]) = (w2)2 (1Y) = (w3)a(|y]) = (w2)aa(|y]) = (W3)aa(ly]) =0, (wi)aa(lyl) # O
Furthermore, we have (ws)...(|y]) # 0 by Va/az = a1¢ — b€ — ;X3 and Lemma 3.2. For
w3, (w3)zzz(|y]) = 0 holds by <Vg/8mXa,f>(|y| y) = 0, and further we have (w3)zzex(|y|) # 0
by ((V5/0:)° X, £)(|yl,y) # 0. Hence, for ¢ := x — |y|, we have

wilyl + ) = wilyl) + (#/2)(wi)aa(y]),  wallyl + 1) = wallyl) + (£°/6)(w2)zaa (Y1),

ws(y + 1) = ws(lyl) + (t/24) (w3) (Y1),

as t tends to 0, which show that the z-curve f°(z,y) = (wy,ws,w3)(x) has the cusp of type
(2,3,4) at the point (|y|,y).

For (2), let f°(x,y) be a y-curve with fixed z. We study the curve only in a small neighbor-
hood of (x,0). The first derivative of the curve is given by f(z,y) = (2y/h(x,y))X5(z,y), and
we have

(2y/h(z,y))y = (2/h*(z,y)) (h(z,y) — 2y*(X/x)) |
oo (0,9) = 2y/h(z,9)), X5(2,y) + (2y/ M2, y))(V0,X5) (2, y),
yuy(:0) = (2y/ (2, y)) (2, 0)X3(2, 0) + (4/h(x, 0))(V,5,X5) (2, 0).
We define the functions w;(y) (i = 1,2,3) by
@ (y) = (f(x,9), X§(x,0)),  @a(y) = (f°(x,9), &(x,0)),  @s(y) = (f*(x,y), f(x,0)).
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Then, we obtain

(wl)yy(o) 7& 0, (“72)yyy(0) 7é 0, (@S)yyyy(o) 7é 0,

and that the lower derivatives of each w;(y) vanish at y = 0, in the same way as in (1). Hence,
we have verified that the y-curve also has the cusp of type (2,3,4) at y = 0. U

By Theorem 3.8, the curves f°(|y|,y) of ¥ and f°(x,0) of x are the cuspidal edges in a
curvature surface f°(z,y) on D. The curve f°(z,0) of z is also the singular set of the Poincaré

metric gg on D. For these curves, we have the following corollary. In the following two
corollaries, F°(z,y) = [¢, X2, X§,&](x,y) is the frame field determining f%(z,y) on D.

Corollary 3.9. (1) The two curves f°(ly|,y) of y are the envelopes of the family of y-curves
Oz, y) with x. (2) The vector ¢° := ¢(x,0) does not depend on x. The curve fO(x,0) of z lies
on a 2-sphere ngo of radius 1/2 in an affine hyperplane Rzzo perpendicular to ¢°.

Proof. (1) For the sake of simplicity, we assume y > 0. The derivative of the y-curve f°(y,y)
is given by ((8/0x + 9/0y) f°) (y,y) = (0f°/0y)(y,y) by (3.9). Hence, the tangent vectors of
both y-curves fO(x,y) and f°(y,y) coincide at (y,y), which implies that the y-curve fO(y,y) is
the envelope of the family of y-curves f(x,y).

(2) We have (V}5,¢)(x,0) = 0 by Lemma 3.2. The other statement is already proved in
Theorem 3.5. U

Now, let us visualize the curvature surface f°(x,%) around the curve f°(y,y) by using the approx-
imation fo(z,y) of fO(x,y), where 6, := 1/n, that will be defined for each positive integer n in
Section 5. In Figures 1 and 2 below, we illustrate fo(z,y) via the projection 7 : R* — R3, where
£%(yo,90) = 0 and 7 ((ry,7r9,73,74)) = (r1,79,73) for the coordinates (ry,79,73,74) of R* with respect
to the frame F°(yo,yo) = Id.

y
625
mof'/0,
s 525 575 625 675

FIGURE 1. This shows z-curves passing through the pomts fl/QO (Yk, Yk } on the
cuspidal edge: the lines in the domain are given by y, = 5.754+0.025k (k =0,1,...,20)
and yp — 1 <z <y, + 1. Each z-curve is drawn with black for y, — 1 < z < y; and
with gray for yp <z <y + 1.
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FIGURE 2. This shows the envelope made by y-curves passing through the points
{r 120z, zy)} from the same domain as in Figure 1: the lines in the domain are given
by xr = 4.754+0.05k (k=1,2,...,49), 21, — 1 <y <z + 1 and 5.75 <y < 6.25.

Next, for a curvature surface f°(z,y) on D, we study the relation with f°|p,(x,y) and
f°lp,(x,—y). To the end, we translate the surface f(x,y) such that the obtained surface
fO(x,y) satisfies f%(po) = 0 at some point py := (29,0). Then, for the sake of simplicity, we
recognize that the frame of R containing the new f%(x,y) is given by F°(py) = Id. That
is, [X2, X3, &](po) is the standard frame of R3_; = {(0, 21,22, 23)"|2; € R}, where a” is the
transposed vector of a.

Corollary 3.10. Let f(z,y) and F°(x,y) be the curvature surface and the frame field, ex-
pressed by the above coordinate system of R*. Then, for the orthogonal matrix B = [b;;] such
that byy = —1, by; =1 (2 <4 <4) and bjj = 0 (i # j), we have (Bo fO)(x,y) = fO(x, —y),
(Boo¢)(x,y) = —¢(x,—y) and (Bo&)(z,y) = &(x,—y) for y > 0. Furthermore, (Bou)(x) =
a(z) and (B o A)(z) = A(z) hold.

Proof. Let §j = —y for y > 0. We put ¢(z,y) = —o(z,7), X2z, y) = X(z,7), XJ(z,y) :=
XJ(x,y) and &(z,y) = &(x, 7). We study the derivative in y > 0 of FO = (¢, X3, X3, ¢]
by Lemma 3.2. Then, we have dF°(z,y) = F°(z,y)Q(z,y) for y > 0, where Q(z,y) is the
differential 1-form in (3.7) such that dF°(z,y) = F°(x,y)Q(z,y). Thus, F°(z,y) is another
solution to (3.7) in y > 0, and hence there is an orthogonal matrix B such that BF%(z,y) =
F°(z,y). Then, B is determined at py by F°(po) = [¢, X3, X],&](po) = Id and F°(py) =
[—¢, Xo, X3, &](po) as the matrix in the statement. Furthermore, f%(z,%y) is the integral
surface of (X3, X§)(z, &y) in (3.9), respectively, and (Bo f°)(x,0) = f°(z,0) holds by f°(x,0) €
R3_,. Hence, we have (B o f)(z,y) = f%(z, —y). In consequence, we have verified the first
statement in the corollary.

For (Bou)(z) = u(z): Any y-curve f°(z,y) lies on a 2-sphere S2 in R? perpendicular to @(z)
and it is not a circle (for example, see Figure 5 in the next section). Hence, we have B(R3) = R3
by (Bo fO)(x,y) = f°(x, —y), which shows (B oa)(z) = u(z) by (Bow)(x) = u(xg).

For (Bo A)(z) = A(z): We have fO(x,y) = (B2 + C2)~V?(z)f(z,y) + A(x) and fO(z, —y) =
(B2 1 C2)Y2(a)J (. —y) + A(x) or y > 0. Then, since (B o f9)(z.y) = /°(z, —y) and (B o
f)(z,y) = f(x, —y) by the definition of f(x,y), we obtain (Bo A)(z) = A(z). In consequence,
we have verified the corollary.

Here, we remark the relation with F°(z,y) and F°(z, —y) for y > 0, explicitly. For ¢(x, +y),
the first coordinate elements are equal and the other elements have the different sign. For each
Xo(z, £y), Xj(x,+y) and &(z, £y), the first elements have the different sign and the other
elements are equal. l
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4. STRUCTURE OF THE EXTENDED CURVATURE SURFACE

Let f°(x,y) be a curvature surface on D = {(z,y)| z > 0} and F°(z,y) = [¢, X2, X3, €] (z, )
be the frame field determining f°(x,y), defined in the previous section. In this section, we study
the limit of z-curves f°(z,y) with fixed y as = tends to 0 and oo, and the limit of y-curves
f%(x,y) with fixed z as y tends to +o0o. For z-curves f°(z,y) as z tends to 0, we change x
for a new parameter u by x = e™*: the change is reasonable for the metric gy on D of (1.8)
and the equations of Lemma 3.2. Then, any u-curve f°(e™*, y) uniformly converges to a circle
S'(y) parametrized by u as u tends to oo, and any y-curve uniformly converges to a point
p(z) as y tends to +oo. Furthermore, the convergence of u-curves is uniform with respect to
y € (—00,00) and the convergence of y-curves is also uniform in the wider sense with respect
to z € (0,00) (see Definition 4.2 in this section for the uniform convergence). Thus, S*(y) and
p(x), respectively, are continuous for y and x. Through further study for these convergences,
we can understand the structure on the surface f°(x,y) in R* in detail as mentioned in the
introduction, and can connect two curvature surfaces defined on D and D(—) := {(z,y) | z < 0}
continuously at the origin (0,0) € R? in a sense. In this section, we write V/, Jox 85 0/0x, since
V' is the canonical connection of R%.

Now, let f°(z,y) be an z-curve with fixed y in a curvature surface on D. The z-curve
f%x,y) is included in an affine hyperplane Rg perpendicular to u(y) by Theorem 3.5, and
the orthonormal frame field of R? along the z-curve is given by [X7, f, uo](z,y) in (3.10). We
change the parameter x for u by x = e™, and then, for a vector Z(z) of z, we denote by Z(e™")
the vector Z(u) := Z(e™*) of u. The vectors f(e™%,y) and uy(e™,y) satisfy the equations

(8f/au) (6_ua ?J) = _U3(e_u7 y)Xg(e_uv y)a (8“2/8U)(€_u, y) = U?(e_u7 y)Xg(e_uv y)a
by 0/0u = —x 0/0x and Lemma 3.2, where

va(x,y) = (5 + 4y?) " V2h 1 (x, y)((5 + 49?) (X + \/5/2) + \/g(:v2 — yz)),
vs(,y) == 2v5(” =y ) (2, 9)v/ (1 + y?) (5 + 4y?) !

Hence we have 0X°/0u = vsf — vouy. For the functions v;(x,y) (i = 2,3), v;(0,y) are also
well defined: we have v5(0,0) = v/5/2, v2(0,%) > 0 for y € R and v3(0,0) = 0, v3(0,y) < 0 for
y # 0. As z tends to 0, the functions vy(x,y) and vs(x,y), respectively, converge to v,(0,y)
and v3(0,y) uniformly with respect to y € R. In fact, we have the following fact in the same
way as in Corollary 2.3-(2): there is a number ¢; (0 < ¢; < 1) such that

35+ V6 +4y* o 35+\/_—i—4y 22

[v2(2, y) = v2(0,9)| < 5 51 ap hry) <3 Jitir siviis (4.1)
vg(,y) — va(0,y)] < 22, [LEV 2T HyY) 205 [14y? (42)

7 \/5+ 42 h(z,y) 7 \/ 5+ 4p2”

hold for 0 < x < t; and any y € R. By the above equations, M(u,y) = [X2, f,uz)(e™, v)
satisfies the following equation for (u,y) € R?:

oM 0 _’U3($(u)7y) UQ(%’(U),:I/)
%(u,y) = Mu,y)V(w,y), V(uy):= | vs(z(u),y) 0 0 (4.3)
—vz( (u),y) 0 0

In V(u,y), we replace the functions vy(x,y) and vs(x,y) with v9(y) := v2(0,y) and v§(y) :=
v3(0,7), respectively, and denote by V°(y) the new V(u,y). Then, we define another matrix
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N(u,y) = [b(u,y),a(u,y), c(u,y)], by the differential equation

ON 0 —v) vy
u —y 0 0

Lemma 4.1. Let N(u,y) = [b,a,c](u,y) be a solution to (4.4). Then, v°(y) = (via +
vie)(u,y) does not depend on u. The solution N(u,y) is a rotation with respect to the axis
v2(y) and the speed of its rotation is ||[v°(y)]|.

Proof. In this proof, we fix the parameter y arbitrarily. We have d(v3a + vie)/0u = (—v§v +

vv9)b = 0 by (4.4). Hence, v°(y) does not depend on u. Now, we set

Lo e o 1 0 0
B°(y) = T U% 0 Ugo (1), Puly) = |0 cos(ul[°(W)[) —sin(ul"W))|,
vz 0 —uy 0 sin(ul[v’()[)  cos(ulv® (W)
and then B%(y) and @, (y) belong to the special orthogonal group SO(3). Then, we have
(B"®," (09,/0u) (B°)7") (y) = V" (y) (4.5)

by direct calculation. Next, with any orthogonal matrix N*°(y) depending on y, the solution
N(u,y) to (4.4) will be given by

N(u,y) = N*(y) (B"(y)2u(y)(B°) "' () - (4.6)

The equation implies that the lemma holds good. We can verify that N(x,y) in (4.6) is a
solution to (4.4) as follows: taking the derivative of N(u,y) by u, we obtain
ON/ou = N*B°®,(B%) " (B"®,"(0®,/0u)(B’)~") = NV°

by (4.5). In consequence, the proof of Lemma 4.1 has been completed. U

Now, we return to the equation (4.3) for M on R?. In the following lemma, we use the
notations in the proof of Lemma 4.1, and for a square matrix A = [a;;], we define the norm
[A]] by [[A]] == /22 (as;)?.

Lemma and Definition 4.2. (1) Let M(u,y) := M(u,y) (B°®_,(B*)™) (y) for (u,y) €
R2. Then, there is an orthogonal matriz N> (y) continuous for y € R such that M (u,y)
with fized y converges to N*®°(y) as u tends to co. Furthermore, the convergence for
u-curves M (u,y) is uniform with respect to y € R.

(2) Let N*°(y) be the matriz of y in (1). Then, the frame field M (u,y) with fixed y uni-
formly converges to the rotation N(u,y) = N®(y)(B'®,(B°)"')(y) as u tends to oo,
and further the convergence for u-curves M(u,y) is also uniform with respect to y € R.

Here, as u tends to oo, we say that M(u,y) with fized y uniformly converges to N(u,y), if
there is a real number U for any € > 0 such that | M(u,y) — N(u,y)|| < € holds for u > U.
Then, we say that the convergence for u-curves M (u,y) is uniform with respect to y € R, if we
can take the above U independently of y € R for any ¢ > 0.

Proof. (1) Taking the derivative of M (u,y) by u, we have
OM Jou = (OM/Ou)B°®_,(B°)' + MB°(0®_,/0u)(B")™*
= MV (B°®_,(B%)™") = M (B"(0%_,/d(—u))®,(B°) ") (B°®_,(B°) ™).
Then, we have B°(0®_,,/0(—u))®,(B")~t = V° by (4.5). Hence, we obtain
OM [Ou =MV -V (B"®_,(B")™"). (4.7)
Now, we have

[0M /ou(log(1/x), )| = IV (z,y) = V(0,y)] (4.8)
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by (4.7), and hence we have

_ _ e dx
87 (s, ) — F ()| < | e -vouls

—u

[ Wt - v<o,y>||du‘ _

ul

by (4.7) and (4.8). Then, by (4.1)—(4.2) there is an orthogonal matrix N*°(y) for each y € R
such that

1M (log(1/2),y) — N*(y)|| < Ca? (4.9)

holds as # \, 0. In particular, N*°(y) is continuous for y € R, since the continuous matrix
M (u,y) of y converges to N°°(y) uniformly with respect to y € R as x N\ 0.
(2) We have [|M (u, y)—N>(y) (B"®,(B°) ™) (y)|| = [|M (u, y) (B°®_u(B°) ) (y) —N=(y)|| <

Ce™2" by (4.9). Then, since C is independent of y, we have the assertion. O

In Lemma 4.2-(2), we put N*(y) = [b>,a>,c>](y) and N(u,y) = [b,a,c](u,y). Since
N(u,y) is a matrix in (4.6) determined by N*(y), the vector v°(y) := (vJa + vie)(u,y) does
not depend on u by Lemma 4.1. Furthermore, we have ||v°(y)|| = v/5/2 by direct calculation.
We define v, (y) := —(2/+/5)v°(y) and another unit vector vy(u,y) by

va(u,y) = (2/V5) (V(y)a(u,y) — v3(y)e(u, y))

which is perpendicular to b(u,y) and v1(y). Then, we have

0 m)} ) {cos(\/ﬁu/z) — sin(v/5u/2)

o) 2 0,00
b, vao] (u,y) = |b ,E(vga — vyC sin(\/gu/Q) cos(\/gu/Q) (4.10)

by (4.6), and

a(u,y) = Z (—v3(m)vi(y) + vi)va(w,y) . elu,y) = =% (05(y)vi(y) + v (y)v2(u, y))
by the definitions of v; (i = 1,2). Here, any u-curve a(u,y) with fixed y is a circle of center
—(2/V/5)v3(y)v1(y) and radius (2/v/5)|v9(y)| by (4.10). In particular, in the case y = 0, the
circle degenerates into one point —wv1(0) by v9(0) = 0.

Furthermore, we have (0b/9y)(u, y) = 0. In fact, as u tends to co, X2(e™, y) and (0X°/dy)(e™, y)
with fixed y, respectively, converge uniformly to b(u, y) and zero-vector, and these convergences
for u-curves are also uniform with respect to y € R. Here, the first convergence follows from
Lemma 4.2 and the second one follows from X} — X{,/z = O(x?) in the equation of Lemma 3.2.
Hence, the vectors b (y) and (2/v/5)(v3a™ — v9¢>)(y) are constant by (4.10): we write these
constant vectors as

b* =b%(y), —c*:=—c*(0) = (2/V5)((15a™ — 15e))(y) (4.11)

by ©9(0) > 0 and v9(0) = 0. In consequence, [b, vs](u,y) in (4.10) does not depend on y. Then,
since v (y) is perpendicular to u(y), b> and ¢>, the pair (u(y), v1(y)) is an orthonormal frame
field of the plane perpendicular to the vectors b and ¢*. In particular, u(y) moves on a circle
S*, of which fact we have mentioned in Remark 3.7-(2).

By the argument above, we can write [b, vs](u,y) as [b, vo](u), and then by (4.10) and (4.11)
we have

b(u) = cos(vV5u/2)b™ — sin(v5u/2)e®,  wvy(u) = —sin(v/5u/2)b>® — cos(vV5u/2)e™,
a(u,y) = (2/V5) (~vy(y)vi(y) + 5 (y)va(w) . alu,0) = —v1(0).

In the expression of a(u,y), y is a parameter for the family S*(y) of circles and u is a rotation
parameter for each circle S'(y): vy (y) is perpendicular to the circle S'(y).

(4.12)
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Next, f(e ", y) converges uniformly to a(u,y) as u tends to oo, by Lemma 4.2. For each
y € R, let I'(u,y) be the following circle in R* with rotation parameter u:

D(u,y) = {(M)_lm +4y?)(1+y?) Tau.y) + Aly) v #0,

—(1/2)v1(0) + A(0) y =0, (4.13)

where A(y) is the R*-valued function in Theorem 3.5-(2). Each circle T'(u,y) with y has the

radius of 232 /(v/5h(0,v)).
In the following theorem, we use the notations in (4.11)—(4.13).

Theorem 4.3. Let fO(x,y) be a curvature surface defined on D and F°(x,y) = [¢, X2, X3, &](x,y)
be the orthonormal frame field determining fO(z,y). Let u(y) and f(x,y) be the analytic vec-
tors in Theorem 8.5. Then, there is an orthonormal pair (b, c>) of constant vectors such that
it satisfies the following conditions (1), (2) and (3):

(1) The vector u(y) moves on the unit circle in a plane perpendicular to b> and ¢>. Let
v1(y) be a vector determined by du/dy = (y*/(1+y?))v1(y). Then, [u(y),v1(y), b, c™]
is an orthonormal frame field of R* depending on v.

(2) As u tends to oo, all u-curves X2(e™",y) with y uniformly converge to a circle b(u),
and each u-curve f(e " y) with fixed y uniformly converges to the circle a(u,y). These
convergences for u-curves are also uniform with respect to y € R. In particular, the
circles a(u,y) deform continuously for y and the circle a(u,0) degenerates to one point.

(3) Any u-curve fO(e™",y) with fived y uniformly converges to the circle T'(u,y) as u tends
to 0o. The convergence for u-curves is also uniform with respect toy € R. In particular,
the circles T'(u,y) deform continuously for y and the circle T'(u,0) degenerates to one
point.

Proof. Almost all facts have been verified in the argument above. Now, since the vector u(y) of
y is perpendicular to b5 and ¢, we have (du/dy)(y) = +(y*/(1+y?))v1(y) for (1) by Remark
3.7-(2): we shall determine the sign £ at the end of this proof. The convergences in (2) follow
from Lemma 4.2, (4.10), (4.11) and (4.12): the frame field M (u,y) = [X?, f, us](e™ %, y) with
fixed y uniformly converges to the rotation N(u,y) = [b, a, ¢](u, y) as u — 0o, and the converge
for u-curves is also uniform with respect to y € R. Then, a(u,y) is analytic for y and a(u,0)
is one point. We obtain (3) by Theorem 3.5 and (2).

Now, we verify (du/dy)(y) = (y*/(1+y?))v1(y). Then, we use the fact (2): lim,_,o f(z,0) =
—v1(0). Firstly, we have

(du/dy)(y) = (L+y*) 22 [(1+ (1 + y*)az) (X5 + o) — y(1+y7) (o€ + e2XQ)] (2,y) (4.14)

by Lemma 3.2: note that (du/dy)(y) is independent of z. Next, we define p(z,0) for each x by
the limit p(x,0) := lim, o y ?(the right hand side of (4.14)). Then, we have lim, o p(z,0) =
—lim, o f(z,0) = v1(0) by (4.14) and the definition (1.6) of Xy(x). In consequence, we obtain
the equation desired for all y € R by the continuity of (du/dy)(y) and v (y). O

Remark 4.4. For the vector @(z) in Theorem 3.6, (u(y), @(z)) = 0 holds by Remark 3.7-(1).
Hence, u(z) is expressed as a linear combination of X2, f and wy: explicitly, we have

(w2 —2v14 9 f)) (™).

1 Cy
ale ™) = —Bo X2 4 ——
™) VB3 + C3(e ) ( ? V5 + 4y?
where By and C5 are the functions in Lemma 3.1. Then, since lim,_,, %(e™") = lim, o, X2(e7*, 1)

by By(x) < 0 and Cy(z) = O(2?), @(e™) uniformly converges to the circle b(u) = cos(v/5u,/2)b> —
sin(v/5u/2)c™ as u tends to oco.
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Now, for each y € R and 0 < ¢ < 1, let [¥(x) be an z-curve given by l¥(z) := f(x,y) for
x € [e,1] and L(I¥) be the length of [¥(x) by the metric go. As e — 0, L(l¥) diverges to oo if
y # 0 and L(1¥=°) converges to a finite value. However, we have the following corollary:

Corollary 4.5. Let {(zn,yn)}52, be a sequence in D convergent to the origin (0,0) with respect
to the Euclidean distance of R%. Then, the sequence f°(z,,yn) converges to the point I'(u,0) =
—(1/2)v1(0) + A(0). That is, when we define f°(0,0) := ['(u,0), fO(x,y) on D extends to
D uU{(0,0)} continuously in this sense.

Proof. Let (z,,y,) € D be a convergent sequence to (0,0) with respect to the Euclidean dis-
tance. Let u, = exp(1/z,) and S} := {T'(u, y)|u € R}, where Sg is one point py := I'(u,0). We
define a kind of distance d(S},po) between S} and py by d(S},po) :== Max{d(p,po) | p € S,}
with respect to the distance d of R*. Then, there is a number N; for any € > 0 such that
J(Sglln, po) < € holds for n > Nj, because S}/ degenerates to py continuously as y — 0. Further-
more, fO(e~“" y) converges to I'(u,,y) uniformly with respect to y € R as n — oo. Hence,
there is a number Ny for any € > 0 such that || f%(e7"",y) — T'(u,,y)|| < ¢ holds for any y € R
if n > Ns. In consequence, for any € > 0 and n > Max{Ny, Ny} we have

Hf0<€_un7 yn) - pOH < HfO(e—un’ yn) - F(um yn)” + Ci(Sgl/nva) < 257
which shows that the corollary holds. 0

Corollary 4.6. The vector u(y) determines an orthonormal pair (b°°, &) of constant vectors
uniquely such that it satisfies the following conditions (1) and (2):
(1) The system [b>, >, b%,&>®] is an orthonormal base of R*.
(2) u(y) and vi(y) satisfy the following equations:
u(y) = —sin(y — arctany) b + cos(y — arctan y) &>,

v1(y) = — cos(y — arctan y) b — sin(y — arctan y) ¢*.

In particular, as y — oo, u(y) and v1(y), respectively, converge uniformly to the following
circles b(y) and €(y): b(y) := cosy b>® +siny €, €(y) := —siny b> + cosy ™.

Proof. The unit vector u(y) belongs to the plane perpendicular to > and ¢, and it satisfies
the equation (du/dy)(y) = (v*/(1 + y*))vi(y). O

Now, for the function b;(z,%) in Lemma 3.2, we have by(z,y) — —v52/(2Xy — 2X}) as
x — oo for any fixed y. Here, z/(2X,—xX]) is a positive and oscillating function for « € [ty, 00]
satisfying (z/(2Xo — 2X())(0) = 0 and z/(2X, — 2X{)) = O(1) as © — oo, by Propositions 2.2
and 2.4. Hence, the integral w(z) := \/gfox[x/(QXo — xX|)]dz is an increasing function such
that w(z) = O(z) as  — oo. Then, we have the following theorem, where, for §? and A(y),
see Theorem 3.5.

Theorem 4.7. Let f°(x,y) be a curvature surface defined on D and F°(x,y) = [p, X2, X3, &](x,y)

be the orthonormal frame field determining f°(z,y). Let n(z,y) == (14+y*)3(X] +yo)(z,y).
Then, we have the following facts as v — oo:

(1) Each z-curve n(x,y) for x € [1,00) with fized y has infinite length and the curve
approaches the point —v4(y) while winding uniformly around the point. Then, the curve
never reaches —v1(y) at any finite x.

(2) There is a constant orthonormal base [I;, ¢| of the plane spanned by b> and ¢ such that
all x-curves &(x,y) and XO(x,y) with y, respectively, converge uniformly to the circles
expressed as b(z) = cosw(z) b — sinw(z) & and &(z) = sinw(x) b + cos w(z) é.

(3) Each z-curve f°(z,y) converges uniformly to the following circle of 812/"

—(2VB) T 1+ 7)) (vi(y) +2(1 + )2 b(x)) + A(y).
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The convergences for the x-curves in (2) and (3) are uniform in the wider sense with respect
toy e R.

Proof. We consider the z-curves n(z,y) as x — oco. Before the proof, we note that the vector
n(x,y) is perpendicular to u(y) for any x. Now, the Propositions 2.2 and 2.4 are important
for the proof, which give the property of the function Xg(z).

For (1), we firstly have the following equation for any fixed y # 07,

[v1(y) + n(z,y)l| = O(1/x) (4.15)

by (4.14) and (du/dy)(y) = (y*/(1+y?))vi(y). Hence, the z-curve n(z,y) converges uniformly
to the point —v;(y) as © — oo. Then, the equation n(z,y) = —v;(y) does not holds at any
finite x, since we have by(z,y) # 0 for (x,y) € D in (4.14). Note that the convergence of the
z-curve is also uniform with respect to y of any bounded interval [—y, 1], since (4.15) holds
uniformly for y € [—y1, y1]. Next, we have

on/or = (1+ 1), X%, 0X°/0x = —(1 + ) 2eon — b€, 06)0x = by X° (4.16)

by Lemma 3.2. The length L(z) on [1, z| of the z-curve n(z,y) diverges to co as © — oo, from
(On/0x)(x,y) = O(1/x) by Proposition 2.4.

Now, we regard m(x,y) as an analytic curve on the unit 2-sphere S?, and then X° and
¢ are the unit tangent and the unit normal vectors of m(x,y), respectively. The curvature
k(z,y) = (14+y?)"Y2(by/c1)(x,y) of n(z,y) diverges to oo as z — oo, by k(z,y) = O(x). In
consequence, when we take the geodesic m, on S? for each x connecting n(z,y) with —v(y)
and put ¢ := inf{x >t | n(x,y) € my,} for a fixed x = ¢y, the length L(t;)— L(to) of the curve
n(x,y) (to < x < t;) converges to 0 and further the curvature of the curve n(z,y) (to < x < t)
is almost constant (g, y), which diverges to oo as tg — oo. This fact implies that, as z
increases, the curve n(x,y) gradually approaches a smaller and smaller nearly circle of central
axis —v1(y), which shows (1) (see Figure 3 below).

For (2) and (3), we firstly verify them for an arbitrarily fixed y. For (2): At first, note
that every tangent plane at n(z,y) converges to T, (,)S* uniformly as @ — oo, by (1). We
regard the normal vector £(z,y) and the tangent vector X%(z,y) of the curve n(z,y) as the
vectors at —vy(z) by the parallel translation of R*. Then, these vectors &(z,y) and X2(z,y)
converge uniformly to the curves parametrized by x on the unit circle of T_,,,)S* by (1), of
which curves we denote by b(x,y) and &(x,y), respectively. Then, we have 9b/0r = —w'(z)e
and 9¢/0x = w'(x)b from (4.16) and the definition of w(x) by ¢; = O(1/z), which implies the
fact (2) for each y. That is, there is an orthonormal pair (b(y),&(y)) of vectors depending on
y and perpendicular to u(y) and v;(y) such that

b(z,y) = cosw(z) b(y) — sinw(z) &(y), e(x,y) = sinw(z)b(y) + cosw(z) é(y)

hold (see Figure 4 below). The fact (3) follows from (1) and (2) directly by f(z,y) = (5 +
4y )2 — 2(1 + y?*)%€)(x, y) in Theorem 3.5.

Finally, we obtain that b(y) and é(y) are constant vectors. In fact, as © — oo, 9¢/8y and
0X? /0y converges to zero-vector uniformly with respect to y of any bounded interval [—y;, 1],
by Lemma 3.2 and Proposition 2.4.

In consequence, we have completed the proof. [l

"For y = 0, see the proof of Theorem 4.3.
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0.5

0.0

-0.5 -

FIGURE 3. These show the z-curve n'/29(z, 1) on [1/500, 100]: the right hand-side is
a bird’s-eye view of the left.

0.5 =

0.0 —

05 |-

FIGURE 4. These show the z-curve £€/2°(z, 1) on [1/500,100]: the right hand-side is
a bird’s-eye view of the left.

By Theorem 4.3-(3) and Theorem 4.7-(3), each x-curve f°(x,y) with y # 0 converges uni-
formly to the parallel small circles in Sz as r — 0 and z — oo. Furthermore, the two points

+(2v/5) 71 /(5 + 4y2) (1 + y2) v, (y) + A(y) are the antipodal points of S7 to each other and
the tangent spaces at these points are spanned by the vectors b> and c>.
Next, we study y-curves fO(x,y) with fixed z as y tends to oo. Along any y-curve f%(z,y),

we have an orthonormal frame field [@(x), X3(z,y), f(z,y), ¢(z,y)] as in (3.11): any y-curve

lies on S? of an affine hyperplane R? perpendicular to @(z), where (w(x), f(x,y)) is defined
in Theorem 3.6. In particular, the vector f = (B? 4+ C2)"1/2(CoX? + By¢) is analytic and
(B2 + C3)(z) = (X}/2)(2Xo — X} — X} /2 4+ +/5) > 0 holds. By Lemma 3.2, we have

8]"/834 = —173Xg, 0¢/0y = 62Xg (= —aQXg ), 0Xg/0y = 0sf — Ua¢, where
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Oa(w,y) = hH (2, y)[2X0 + V5 — (2% +9°) (Xp/2)], B2, y) = —2(y/h(w,y))(BF + C3)"2(x).
Lemma 4.8. (1) For an arbitrarily fized x, > 0, let (0,x;] be the bounded interval. Then,
there is a constant C' > 0 independent of x € (0, 1] such that |vs(x,y) + 1] < Cy~? and
|03 + q(z)/y| < Cy=3 hold for x € (0,z1] as y tends to co, where
q(z) = 2(x/X0) (B + C3)'*(x).

(2) For arbitrarily fived two numbers x1 > xo > 0, let [xg, x1] be the bounded interval. Then,
with T'(x) given in Remark 3.7, there is a constant C > 0 independent of x € [xg, 1]
such that

I(da/dx)(z) = T(2)f(x,y)ll < Cly, [I(OF /0x)(z,y) + T(x)a(x)| < Cly

hold for x € [xo, 1] as y tends to oco.

Proof. We have h(z,y) = 2Xo—x X} +132(X}/x)+v/5 > /5 and B3 +C3 = (X} /2)(2Xo— X} —
X} /z++/5) > 0. Here, X}/ is a bounded positive functions on R satisfying (X} /2)(0) = 2, and
2Xo—x X is also a positive function satisfying (2Xy—xX()(0) = 5 and (2Xy—2Xy)(z) = O(x)
as r — 00, by Propositions 2.2 and 2.4. Now, we have
L/h(w,y) = (1/y*)(x/Xp) — (2/X0)(2Xo — 2X + V5)/(y*h(z, y)).
The fact (1) follows from the equation. For (2), we have
T(z) = [(B; + C3) "' (=ByCa + BaCy) + V5 X (x).
Then, we obtain (2) from Lemma 3.2 by direct calculation. O

In the study of y-curves f°(x,y) as y — oo, we can not adopt the way of the proof for
Theorem 4.3 by the fact 93(x) — ¢(z)/y in Lemma 4.8-(1).

Now, for the function T'(z) in Lemma 4.8, we define its integral @ (z) by @(x) := (v/5/2)log z+
ST () — (V5/2)(1/x)]dz, since T(z) = (v/5/2)(1/z) + O(z) as x — 0 and T(z) = O(1) as
x — oo by the definition of Xy(z) and Propositions 2.2 and 2.4.

For the function w(x) and the orthonormal frame [b™, ¢>, b>, ¢™] in Theorem 4.3 and Corol-
lary 4.6, we have the following theorem, where, for A(x), see Theorem 3.6.

Theorem 4.9. Let f%(x,y) be a curvature surface defined on D and F°(x,y) = [¢, X3, X3, &](x, y)
be the orthonormal frame field determining f°(x,y). Then, we have the following facts (1)-(3):
(1) There is a unit vector v1(x) such that (du/dx)(x) = T(z)01(x) and (dv/dx)(x) =
—T(z)u(x) hold. Furthermore, u(z) and v1(z), respectively, are expressed as follows:
u(z) = cosw(z)b™ +sinw(x) c™, v1(r) = —sinw(x)b™ + cosw(z) c™.
(2) As y tends to oo, each y-curve Oz, y) with fized x converges uniformly to the point
(B2 + CH7V2(2)01(2) + A(x).
(3) Asy tends to oo, every y-curve ngx, y) (resp. every y-curve ¢(z,y)) ~wiih x uniformly
converges to the circle b(y) = cosy b> + siny € (resp. —€(y) = siny b> — cosy €™ ).
Furthermore, the convergences for these y-curves in (2) and (3) are uniform in the wider sense
with respect to x € (0,00).

Proof. Let (0, 1] or [xg,x1] be an arbitrarily fixed bounded interval, as in Lemma 4.8.

For (1) and (2): There is a vector ,(z) := lim, o f(2,7) on [zg, 1] by Lemma 4.8-(2)
such that (du/dx)(z) = T(x)v1(x) and (dv,/dz)(x) = =T (z)u(zr) hold. Then, since [xg, 1]
is any bounded interval in (0, c0), these equations hold on (0, 00). Hence, there is a constant
orthonormal base [b, ¢] of the plane spanned by b> and ¢* such that

u(z) =cosw(z)b+sinw(r)e, vi(x)=—sinw(zr)b+ cosw(z)e
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hold, since @(x) and u(y) are perpendicular to each other for all (z,y) € D by Remark 3.7-(1).
Then, () converges uniformly to the circle cos((v/5/2) log )b + sin((v/5/2) log x)c as  — 0.
On the other hand, the circle is expressed as cos(v/5u/2)b™ — sin(v/5u/2)e>® by Remark 4.4.
Hence, we obtain b = b™ and ¢ = ¢* by u = — log x, which shows (1). Furthermore, since any
y-curve fO(z,y) is given by (B? + C3)~Y2(x)f(z,y) + A(x), we obtain (2).

For (3): For & € [z, 1], we have w(y) = (1 +2) /2(yX3 — 6)(x,y) = X(z,y) + O(1/y)
and (du/dy)(y) = —¢(z,y)+O(1/y) as y — oo. Furthermore, by Corollary 4.6, u(y) and v, (y)
converge uniformly to the following circles as y — oc:

u(y) = b(y) = cosyb™ +sinyé®, wvy(y) — é(y) = —siny b™ + cos y &.
Hence, we obtain (3). In consequence, the proof has been completed. O
Corollary 4.10. We have lim, o, fO(x,y) = lim,,_ f°(z,y).

Proof. For the sake of simplicity, we translate the curvature surface f°(x,y) such that the
obtained surface f°(z,y) satisfies f°(py) = 0 for some point py = (x¢,0), and take the same
coordinate system of R* as that in Corollary 3.10: F%(py) = Id, and hence ¢°(= ¢(z,0)) =
(1,0,0,0)" and [Xg, X3, &](po) is the standard frame of RY_ = {(0, 21, 22, 73)"|2; € R}.

Now, let B be the reﬂectlon in Corollary 3.10. We firstly use the equations B[¢, X7, X§, £](z, —y) =

[—6, X9, X9, €](z,y) and B(f°(z,~y)) := f°(z,y). Then, f°(z,y) := f*(z,y) (y > 0) is a curva-
ture surface determined by the frame field [—¢, X2, X3, €] (z, y). Hence, we have lim,,_, fO>z,y) =
hmy_mf (x, y) = (B3 + C’Q) V2 (x )o1(z) + A(z) by Theorem 4.9. Next, by the equations
B(f*(z,y)) = [*(x, —y), B(A(z)) = A(x) and B(9:(x)) = ©1(x), we obtain im0 f(z, —y) =
(B3+C3)~2(2)0,(z)+A(z). Here, B(91(x)) = ¥y (x) follows from B((du/dx)(z)) = (du/dx)(z).
U

By Theorem 4.7 and Corollary 4.6, every tangent space of S2 at the point lim, . f°(x,y) is
spanned by the vectors b and ¢ independently of z € (0, 00).

Now, for the centers A(y) and A(z) of S? and S} in Theorems 3.5 and 3.6, we have the
following facts:

Corollary 4.11. ~(Z) The curve A(y) lies on an affine plane spanned by b> and &>
(2) The curve A(x) lies on an affine plane spanned by b> and ™.

Proof. We only verify the fact (1), since (2) is obtained in the same way. A curvature surface
f%x,y) on D is expressed as

Flzy) = VB + 7)) (X5 — 21+ )¢ + yo) + A(y),

(as a family of -curves f°(z,y) with y). The vector w(x) = (B2+ C2)™Y2(—By X% + Cyé)(z,y)
moves on the circle of a plane spanned by b and c¢>. Hence, we have only to show that
(A'(y), (=B X2 + Cy¢)(x,y)) = 0 holds for any (x,y). Now, by fg(w,y) = (2y/h(x,y))X§, we
have A'(y) = (2V5(1 + %)) (b2 + 2X0)(x,y) except for the terms of XJ(z,y) and ¢(z,y).
Then, we have —cyBy + b;Cy = 0 by Lemmata 3.1 and 3.2, which implies (A’(y), (—B2 X2 +

Let {b°°, c®}g (resp. {b*°, &®}g) be the plane spanned by b and ¢ (resp. b and &),
including the origin. Then, there is a curvature surface on D such that the curves A(y) and A(x)
for the surface lie in {b>,&®}g and {b™, ¢™}g, respectively. In fact, let fO(z,y) be a curvature
surface. By Corollary 4.11, we can denote A(y) and A(z) for fO(z,y) by A(y) = B(y) + p and
A(z) = B(z) + p, where B( ) (resp. B(z)) is a curve in {b>,&®}g (resp. in {b*°, ¢®}r) and
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p (resp. P) is a constant vector of {b>, € }g (resp. of {b>,&®}g). Then, by Theorem 3.5-(2)
and Theorem 3.6-(2), we have

Py —p—p=2V5) VG +42)(1+ ) f(z,y) + Bly) — P
= (B + C3)"*(2) f(z,y) + B(z) — p.

In consequence, for the curvature surface f°(z,y) —p — p, we have A(y) = B(y) — p and
A(x) = B(z) — p by definition, which shows the assertion.

\

(A) y-curve at xp = 2.

(B) y-curve at xg = b.

FIGURE 5. These are the y-curves f%/?°(zg,y) on [~100,100]. Each curve is in a
sphere SC%O, and has a cusp at y = 0. We change its color from gray to black at y = 0.
As for the asymptotic behaviors, each curve converges to one point as y — +o0.

FIGURE 6. This shows the z-curve f1/20(z,2) on [1/500,100]: the figure on the right
hand-side is a side view of the figure on the left. This curve is in a sphere S?/:Q, and
has a cusp at x = 2. We change its color from black to gray at z = 2. As for the
asymptotic behaviors, the curve converges uniformly to parallel small circles in 812112

as x — 0 and x — oo.
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FIGURE 7. This shows the z-curve f1/29(z,0) on [1/100, 100]: the figure on the right
hand-side is a side view of the figure on the left. The curve is in a sphere 812/:0. The
curve converges to a point as z — 0, and converges uniformly to a small circle as
x — oo. This curve has no cusp.

In consequence of the all results above, we have obtained the simple structure on the curvature
surface fO(z,y) on D, as mentioned in the introduction: in a sense, f°(0,%) is a curve on the
plane {BOO,EOO}R and fO(x,00) = f%(z,—00) is a curve on the plane {b™, c>®}g; these planes
are orthogonal to each other.

At the end of this section, we study a curvature surface defined on D(—) = {(z,y) | = < 0}
in relation to a curvature surface f°(z,y) on D = {(x,y) | * > 0}. The singular metric gy in
(1.8) is defined on D U {(0,0)} U D(—), and the map j : D 3 (z,y) +> (—z,y) € D(—) is an
isometry between the spaces (D, go|p) and (D(—), go|p(~))- Although P in (1.7) is a negative
function on D(—), the equations of Lemma 3.1 and Lemma 3.2 also hold on D(—) for ® in (1.4)
and P in (1.7), and hence these equations also determine a curvature surface fO(z,y) defined
on D(—).

Now, the following lemma is verified in the same way as the proof of Corollary 3.10.

Lemma 4.12. Let F°(z,y) = [¢, X2, X3, €] (x,y) be a frame field on D satisfying the equations

of Lemma 3.2. Then, for x > 0, the frame field FO(—x, y) := F°(x,y) also satisfies the equations
in Lemma 3.2 on D(—).

By Lemma 4.12, a curvature surface fO(xz,y) on D(—) is obtained by fo(—z,y) := f%(z,y)
from a curvature surface f°(z,y) on D determined by F°(z,y). We regard the surface f°(z,y)
on D(—) as the back side of the surface f°(x,y) on D. Then, we can define f°(0,0) = £°(0,0) :=

—(1/2)v1(0) + A(0) by the continuity of fO(x,y) in the sense at Corollary 4.5. In consequence,
we obtain the following corollary.

Corollary 4.13. Let f°(z,y) be a curvature surface on D. When we attach one point —(1/2)v(0)+

A(0) to the surface formed by both sides of f°(x,y), the extended surface is curvature on
D uU{(0,0)} U D(—) with the metric go.

5. APPROXIMATION OF FRAME FIELD DETERMINING EXTENDED CURVATURE SURFACE

It would be difficult to express explicitly the curvature surfaces in R* arising from the metric
gr on R? by Lemma 3.2 and (3.9). However, in Sections 3 and 4, we have given the approximate
figures of curvature lines and the other curves in the curvature surface f°(z,y) on D = {(z,y) €
R? | z > 0}. These figures helped us to capture the surface f(z,y) in details: in particular,
the entire pictures of the curvature lines were obtained. In this section, for each positive integer
n we construct an approximation F°»(x,y) of the orthonormal frame field F°(x,y) from the



32 N. MATSUURA AND Y. SUYAMA

structure equation dF° = F°Q in (3.7), which induces these approximate figures, in particular,
for the coordinate lines by (1.11) and (1.12).

Now, let FO(z,y) = [¢, X2, X3, €] (z,y) be the orthonormal frame field determining a cur-
vature surface fO(z,y) on D. Then, we regard ¢(z,y) as a (singular) surface in the standard
unit 3-sphere S3: X(z,y) and Xg(x,y) are the principal curvature vectors and &(x,y) is a
normal vector field of ¢. The frame F(z,y) satisfies the following equations with the analytic
functions a;, b;, ¢; on D by Lemma 3.2:

dp = —(adzr) X2 — (agdy)Xg, d¢ = (bydr) X0 + (bgdy)Xg,
0Xg/0x = a1 X)), 0X)/0y = X},

Then, we have the following lemma:

(5.1)

Lemma 5.1. The functions a;, b; and c; satisfy the following equations on D:

(al)y = Q2Cy, (a2)z = a1y, (bl)y = bycy, (bQ)x = byca,

(Cg)m + (Cl>y + ajag + blbg =0.

Proof. These equations are equivalent to the Maurer-Cartan equation df2 + 2 A 2 = 0. Here,
we give another proof. The first four equations follow from (5.1) by d(d¢) = d(d§) = 0. For
the last equation, suppose firstly that ¢ is a surface in S*. Then, the Gauss curvature K, of ¢
is given by

Ky = —(amaz) ™' [((a2)s/ar), + ((a1)y/a2), ] = 1+ N,

where Ay := by /a; and Ay := by/as are the principal curvatures of ¢. Thus, the lemma holds
good if ¢ is a surface. Next, since the functions a;, b;, ¢; are analytic on D and the domain for
¢ to be a surface is open, the last equation also holds on D. O

Now, for a point (zg,y9) € D and a constant a(> 0), let [zg,zo + a] and [y, yo + a] be the
closed intervals and E := [zg,x¢ + a] X [y, Yo + a] be a compact domain in D. From now
on, we write z, := xg + a and y. := yo + a. For the domain FE, let us fix an orthonormal
frame F°(zq,v0) at (zo,yo) arbitrarily. For a point (z,,y,) € F and an integer n > 0, we put
E, = [xg, x| X [Y0,Yp] and 0,, := a/n.

Definition 5.2 (Division of the domain E, and Path). (1) For a point (z,,y,) € E, we divide
the intervals [z, z,] and [zo, y,], respectively, into sub-intervals of equal length:

To<Ty < < Tsg=Tp, Yo<<-<Y=71Yp

Here, we take the integers s and ¢ such that 0 < s,t < n and (x, —x0)/s < 0p, (Yp —y0)/t < 0.
Then, we denote A} := [;, Ziy1] X [y, y541] (C Ep).

(2) For two lattice points P, j := (z;,y;) and Piyy j+1 := (Zitk, yj11) in a division of E,,, where
k > 0 and [ > 0, let m be a polygonal line in the division connecting the two points. We
express m as

m:Pj— = Pop = Pea— = Piygjnl

by pointing to lattice points through which m passes, in order. Then, we call m a path from
P, j to Py ju if ¢ > a and d > b are satisfied.

Now, let us fix a division of E, for (x,,y,) € E. Under F°(x,yo) := F°(x, o), we construct
an approximation F°(x,y) of F°(z,y) on any path from (zg,90) to (z,,y,). At the beginning,
we state the program for the construction of F»(z,y).

Step A: We take a sub-domain A}, arbitrarily, and suppose that an orthonormal frame
For(z;,y;) at P is determined.

(1) We construct an orthonormal frame field F°(x,y;) on [z, z;11] % {y;} from Fo(z;,y;).



CURVATURE SURFACES 33

(2) We construct an orthonormal frame field Fo(z;,y) on {z;} X [y;, yj+1] from Fo(z;, y;).

In the constructions of F°(z;,1,y;) and F°(x;,y;41) in (1) and (2), suppose that we
start from the other orthonormal frame F"(z;,5;) at P;;. Then, we obtain distinct frames
For(zi41,y;) and Fo(x;,y;41) from Fo(x;1,7y;) and F(z;,y;41), respectively. In this case,
these frames will satisfy the equations

I = Fo) (i ys)l| = (F = F) (i, yy) | = [(F = F) (@i, yg) (5.2)

where ||A]| = /D _(a;;)? for a square matrix A = [a;;], as in the previous section.

(3) From F°(z;41,v;) obtained by (1), we firstly have an orthonormal frame field F° (z;41, )
on {11} X [yj, yj+1] by (2): we denote by F»(z;41,y;41) the frame at P, ;1 determined in this
way. Next, from F°(x;,y;.1) obtained by (2), we have an orthonormal frame field F° (z,y;11)
on [, Zi+1] X {y;+1} by (1): we denote by Fdn (%it1,yj+1) the frame at Piyq ;41 determined in
this way. That is, the two frames F (z;4,9;11) and For (241, yj+1) are determined at Py 1.
Then, although F(x;,1,y;41) and For (41, yj+1) do not coincide, we shall have the following
inequality,

[(Fo = Fo) (i1, yi40)[| < K (60)°, (5.3)

if n is sufficiently large, where K is a constant on E determined independently of n (see
Definition 5.11 below). In the proof of (5.3), we shall use Lemma 5.1 essentially.

Step B: Let P, ; be a lattice point of E, and m be a path from F,, to P, ;. By Step A, we
have an orthonormal frame field F°» on the path m.

Proposition 5.3. Let P := (z,,y,) € E and F°(zo,yo) be an orthogonal matriz fized arbitrar-
ily. For an integer n, we take a division of the domain E,. Let m; (i = 1,2) be two paths from
Poo to P in the division, and F*(x,,v,) (i = 1,2) be the frames at P determined from m;,
respectively. Then, we have

I — Fy) (2, yp) || < K20,
if nis sufficiently large.

Proof. In this proof, we suppose that (5.2) and (5.3) hold good and that n is sufficiently large.
Now, under the assumption that a frame F°(x;,y;) is determined at a point P;; (i < s—2, j <
t — 1), we study the frame at P, ;1. In this case, there are three paths m; (i = 1,2,3) from
P, ; to Piys41. For each m;, we point to the lattice points only on the way, and then we have

my : P — Py, Mo P — Pipjp, ms: Pijp — P j.
Let F{S" (%it2,yj+1) be the frames at P15 ;11 determined from m;, respectively. Then, we firstly
have [|(Fy" — F{")(wirz, yj)|| < K6 and [|(Fy" — Fy")(wira, yj)|| < K06 by (5.2) and (5.3).

Furthermore, the closed polygonal line m3 —m; includes two sub-domains A7, and A?,; ;, and
we have

I(F5™ — FP) (wivz, yj) |
<E" = By") (@ivz, yyan) |+ [1(F5" = FY)(@ina, yjn) || < 2K

Next, we arbitrarily take two paths m; from Py to P = (x,,y,). Then, the closed polygonal
line m; — my includes at most n? sub-domains A ;. In consequence, we obtain the lemma by
(5.2), (5.3) and the above fact. O

Step C: For a given integer n and a point (z,,y,) € E, we take a division of E,. For the
division, let m and m be two paths defined by

1P0,0 = (I(]ay()) — Ps,o = (xp,yo) — Ps,t = (l'myp)a
Poo = (0,y0) = Por = (20, yp) = Psi = (T, Yp)-

3l 1=
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Let Fon(x,,y,) and Fon(z,, y,) be the frames at (z,, y,) determined from m and 7, respectively.
Then, we shall verify that F«(z,,v,) converges to F°(z,,v,) uniformly for any (z,,y,) € F
as n tends to oo, where F O(z,y) is the frame field with a given F°(zg,y0). In consequence,
Fon(x,,y,) also converges to the frame F(x,,y,) uniformly for any (x,,y,) € E as n tends to

00, since ||(Fén — Fon)(z,, y,)|| < Ka26, holds by Proposition 5.3.

Now, we verify Steps A and C. In these proofs, we fix an integer n, and study only the case
of E = [zg, 2] X [yo,ye| for E,, by Definition 5.2. Hence, we have s = t = n, and denote
0 =0, = a/n, A;j = A}, and F° := Fr,

For Step A: Under the assumptlon that an orthonormal frame F(x;, y;) at P, ; is determined,
we construct F° on boundary of the sub-domain A;; according to the ways (1), (2) and (3),
and verify (5.2) and (5.3). Let F? =: [¢5,X2,Xg,§5]. We simply write (z;,y;) as (0,0) in the
following Steps A-(1) and A-(2).

Step A-(1): For a given F°(0,0), we express F°(z,y;) for = € [z, 241 as

0 (z,y5) = #°(0,0) := =*5%a1(0,0) (X3(0,0) + Xi(,3)) (5.6)

& (w,y5) = €(0,0) = #5201(0,0) (X5(0,0) + X (1)) (57)

X, y5) = X5(0,0) = #52e1(0,0) (X2(0,0) + X3, 13)) (58)

and find out a suitable X (x,y;) from these equations. Now, let s{(x,y;) and t{(z,y;) be the

functions on (z,y;) € [xl-,xlﬂ] {y;} defined by

s‘f(a:,yj) = <Xi(xayj)’Xg(0>0)>a ti(ﬂf,y]’) = (1 + 5?(%3/]’)) /2’ (5'9)

respectively.

Lemma 5.4. Suppose that the frame field F°(z,y;) in (5.6)—(5.8) is orthonormal at each point
(,y;) € [zi,xia] X {y;}. Then, for x € [x;,x:41] we have the following equations:

(X2(,97),0°(0,0)) = —(¢° (2, y5), X3(0,0)) = a1(0,0)(z — z;)t] (z,y;),
(X2(w,95),€°(0,0)) = —(&(2,y;), X3(0,0)) = —b1(0,0)(x — z;)t (2, y;),
(X2(w,15), X5(0,0)) = —(X}(x,y;), X2(0,0)) = —c1(0,0)(z — )19 (x, y;),
4
4+ (z—x)%(a? + b2+ ¢2)(0,0)

Proof. Let © € [x;,%;41). Suppose that F°(z,y;) in (5.6)—(5.8) is an orthonormal frame field
at each point of [x;, ;1] x {y;}. Firstly, we verify the first equation under the assumption
a1(0,0) # 0. By (5.6)—(5.8), we have

= ((z = 2:)/2) a1(0,0) (X3(x,55), ¢°(0,0))
= (¢°(x,y5) = ¢°(0,0),6°(0,0)) = (¢’ (2, y;),6°(0,0)) — 1,

4 — (z —2)%*(a? + b2 + ¢2)(0,0)
4+ (z—x;)2%(a? + b2 + ¢2)(0,0)’

Z5(15( 7yj)

6(37 yj) =

and
= (& = 24)/2) a1(0,0) (¢° (2, 3;), X2(0,0))
= <¢5(x>yj) - ¢5( 5 )7¢6($ayj)> - < ($,yj),¢5(0,0)>.
Hence, we have (X’(z,y;),#°(0,0)) = —(¢°(z,y;), X2(0,0)) by a1(0,0) # 0. Furthermore,

since

~((& = 2:)/2) a1(0,0) (1 + s (w, ) = (¢° (2, y5) — ¢°(0,0), X3(0,0)) = (¢ (2, 3;), X2(0,0)),
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the first equation is obtained:
<Xg($,yj),¢6(0,0)> = _<¢6(x7yj)’Xg(070)> =5 Ila’l(ov ) (1 + S(IS(x yj)) :

In the case a;(0,0) = 0, the equation is also satisfied from (5.6)—(5.8) by ¢5(:U y;) = ¢°(0,0).
In the same way, we can verify the equations for (X7 (x,y;),£°(0,0)) and (X3 (x,y;), X5(0,0)).
Next, from these equations verified above, we have

X (z,y;) = 83 (2, ;) X3(0,0) + 255 (14 s{(2,y5)) (a1¢® — b1€° — 1 X35) (0,0).  (5.10)

Taking the norm of both sides of the equatlon, we obtain the equation for s(z, y;j). Then, the
equation for ¢4(z,vy;) follows directly from the definition.
In consequence, we have completed the proof. O

The following lemma follows from (5.10) and the definition of 3(z, y;).
Lemma 5.5. Suppose that the frame field F°(z,y;) in (5.6)—(5.8) is orthonormal at each point

(, ;) € [ws, wipa] X {y;}. Then, for x € [x;,2i11], we have
X0(0,0) + X0 () = #9(x, ) (2X2(0,0) + (x — x;) (@16’ — bi§* — 1X5)(0,0)) .

By Lemma 5.5, if the frame field F(z,y;) in (5.6)—(5.8) is orthonormal at each point (z,y;) €
(%3, ip1] X {y;}, then we have

X2(,y5) = X3(0,0) = (& — @)t (x, y) (Y?(0,0) — 552 ((af + 07 + ) X2) (0,0)),  (5.11)
where Y(0,0) := (a1¢° — 01€° — ¢1X5)(0,0), and

¢ (,9;) — ¢°(0,0) = —(x — x:)t] (x, y;)a1 (0,0) (X3(0,0) + £52Y7(0,0)) , (5.12)

& (w,y;) —€°(0,0) = ( — )11 (,5;)b1(0, 0) (X2(0,0) + Z52¥/(0,0)) , (5.13)

X5, 5) — X5(0,0) = (w — 2:)t5 (2, ;)1 0,0) (X3(0,0) + #5%Y7(0,0)) . (5.14)

Namely, with Q;(x,y) in (3.6),
F(w,y;) = F*(0) = (z — 2)t] (2, 5;) F°(0) (2(0) + =55 ()*(0))
holds. Conversely, we have the following theorem.
Theorem 5.6. Let the functions s5(x,y;) and t{(x,y;) in (5.9) on [x;, 1] x {y;} be given by
Lemma 5.4. Let F°(x;,y;)(= F°(0,0)) be an orthonormal frame. Then, the frame field F°(x, y;)
defined by (5.11)~(5.14) is orthonormal at each point (x,y;) € [x;, vi41] x{y;}. Furthermore, for
a transformation QF°(z;,y;) of F(x;,y;) by an orthogonal matriz Q, F°(z,y;) in (5.11)—(5.14)
changes into QF°(z,vy;). In particular, for the unit matriz Id, we have
1(Q = I F°(wi, yp)ll = 1(Q — I) F* (wisr, )| = |Q — 1d].
Proof. Note that the equations in (5.11)—(5.14) are induced from (5.6)—(5.8) and (5.10) (or
Lemma 5.5). Now, let the frame F°(0,0)(= F°(x;,y,)) be orthonormal. The theorem follows
from (5.6)—(5.8) and (5.10) by direct calculation as follows. We firstly take the norm of the
both sides in the equation of Lemma 5.5, and then we have
HXi(Ov O) + Xi($7 y])H2 = 4#15(:6, y])
By the equation, we can show that all vector fields of F°(z,y;) have unit norm: for example,
by (5.10) we have
IXa (@, y)lI? = (s1(2,9;))* + (2 — 2)* (1 (2, y3))*(aF + bT + €1)(0,0)
_ (1= (@ = 2:)/2)%(a} + 07 + )(0,0)" + (z — 2,)*(aF + B} + ) (0,0)

= 1.
(1+ ((z = 2;)/2)2(a} + b} + ¢})(0,0))°
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In the same way, we can verify that ¢°(x,y;), £ (z,y;) and Xg(x, y;) are also unit vectors.
Next, we have

(X2(0,0) + X2 (2, 15), (016" = b1€” — c1X3)(0,0)) = (x — 2ty (w,y5)(ai + b7 + ¢)(0,0)

by Lemma 5.5. By the equation, we can show that all vector fields of F°(z,y;) are orthogonal
to each other: for example, by (5.6)—(5.8) and (5.10) we have

(Xor ) (@, y5) = — (2 = 24)/2)s1 (2, ;) (1 + 87 (2, 7))a1 (0, 0)
+ (2 — )t (2, y3)a1(0,0) = ((z = 2,)*/2) (8} (2, ))* ((af + b} + ¢)ar) (0,0)
= — (z =) (t}(w,9))* (1 = (v — 2:)/2)*(af + b} + ¢)(0,0)) a1 (0, 0)
+ (2= 2) (0 (2, 95))° (1 + (2 — 2:)/2)*(a] + b] + ¢1)(0,0)) a1(0, 0)
— (@ = 23)*/2)(#9(,97))* ((af + 0% + ¢)as) (0,0) = 0.

The other orthogonality for these vectors is also obtained in the same way.
The assertion for transformation QF°(x;,y;) of the initial condition follows directly from
(5.11)—(5.14). In consequence, we have verified the theorem. O

Step A-(2): For a given F?(0,0), we express the frame field F°(z;,y) on {z;} X [y, y;j+1] as
a similar form to (5.6)—(5.8):

¢ (5,y) — ¢°(0,0) := = a,(0,0) (X5(0,0) + X5 (x1,y)) , (5.15)
& (i, y) — €(0,0) := 52by(0,0) (X5(0,0) + X5 (w:,9)) , (5.16)
X0 (s y) — X5(0,0) == L52¢5(0,0) (X5(0,0) + X2 (z1,y)) - (5.17)

Let sS(z;,y) and ¢3(x;, y) be the functions on {z;} x [y;,y;4+1] defined by

Then, we have the following lemma and theorem in same way as in Step A-(1).

Lemma 5.7. Suppose that the frame field F°(x;,y) in (5.15)~(5.17) is orthonormal on {x;} X
[Yj,Yj+1]. Then, we have

4= (y—y;)*(a3 + b3 +c3)(0,0) 5 4
- 202 L 12 L2 , (@i, y) = 202 L 12 L2 ,
4+ (?J - yj) (a2 + b3 + 02)(07 0) 4+ (y - yj) (a2 + b3 + ¢3)(0, 0)
Xg’<0a 0) + Xg($z7y) = tg($17y) (2Xg(07 0) + (y - yj)(a2¢6 - b2€6 - CQXg)(O7 0)) :

By Lemma 5.7, if the frame field F°(z;,y) in (5.15)—(5.17) is orthonormal at each point
(z5,y) € {a;} x [yj,yj+1], then we have

Xg(wi,y) = X5(0,0) = (y — yy)ta(s,y) (Y5(0,0) — 552 ((a3 + b3 + 3)X5) (0,0)),  (5.19)
where Y (0,0) := (a2¢° — b2€° — 2 X2)(0,0), and

Sg(xiv y)

¢6($ia y) - ¢6(07 0) = _(y - yj)tg(xia y)a2(07 O) (Xg(()» 0) + %Y;(Oa O)) ) (520)
gé(xi’ y) - §6(07 0) = (y - yj)tg(xiv y>b2(07 0) (Xg(ov O) + %}/25(0’ 0)) ) (521>
Xa(wi,y) = X2(0,0) = (y — y;)t(wi, y)e2(0,0) (X5(0,0) + 454 Y5(0,0)) . (5.22)

Namely, with Qs(x,y) in (3.6),
FP(x,y) = F2(0) = (y = yi)ts (i, ) F°(0) (22(0) + 5% (22)°(0))

holds. Conversely, we have the following theorem.




CURVATURE SURFACES 37

Theorem 5.8. Let the functions s§(x;,y) and t3(x;,y) in (5.18) on {z;} X [y;, y;+1] be given in
Lemma 5.7. Let F°(x;,y;)(= F°(0,0)) be an orthonormal frame. Then, the frame field F°(z;,y)
defined by (5.19)(5.22) is orthonormal at each point (x;,y) € {x;} ¥ [y;, yj+1]. Furthermore, for
a transformation QF°(z;,y;) of F°(x;,y;) by an orthogonal matriz Q, F°(z;,y) in (5.19)-(5.22)
changes into QF°(x;,y). In particular, we have

1(Q = TA) F° (i, yy) Il = (@ — 1) F* (i, yj) || = [|Q — 1.

Step A-(3): For a sub-domain A, ;, the orthonormal frames F°(z;y1,y;) and F°(z;,y;11)
have been determined from F°(z;,y;). Hence, we can construct the frames F°(z;,1,9) on
{zis1} % [y, y541] and F(x,y;41) on [z, ziy1] X {yj41} by (2) and (1) of Step A, respectively.
Thus, we have two frames F°(z;,1,y;41) at the point P,y .1, since F°(z;11,y;41) is defined for
each path from P, ; to Py j4+1. We study the difference of these two frames and verify (5.3).

In this step, we simply write

0:= (fhyj)? 1:= ($i+17yj)7 2= (fﬁi,yﬁl), 3= ($i+1,yj+1)

and denote by F%(3) and F?(3), respectively, the frames determined by the paths m : 0 — 1 — 3
and m : 0 — 2 — 3. Note that ¢} (resp. t3) is defined on [z;, z;1] x {y;} and [z, xi11] X {yj41}
(resp. on {z;} X [yj,yj41] and {x;11} X [y;,y;+1]). Then, we have

(1)
t5(2)

1/ (1+(6/2)*(ai + b5 + ¢})(0)) . 3(3) =1/ (L + (6/2)*(a3 + b5 + 3)(1)) ,
1/ (1+(8/2)*(a3 + b3+ ¢3)(0)) , 15(3) =1/ (1 + (6/2)*(af + b3 + 1)(2)) ,

and hence (k) = 1 + O(5?) hold for the integers i and k above. Furthermore, since a;, b; and
¢; are analytic functions on E, we have t3(3) — t5(1) = O(6%) and #5(3) — t5(2) = O(3%).
Now, we have

We define G, and G, by
G, = (F°(3) — F*(2)) — (F°(1) — F*(0)), G, := (F&3) — F°(1)) — (F*(2) — F°(0)).

Then, we have only to verify that G, = G, +0O(6°) holds. Hence, we study the third degree for §
of G,—G,: in the asymptotic expansion G, -G\, ~ Zi:o prd” for &, we show pp, =0 (k= 0,1,2).
In the estimate of each G, and G, the frames F°(3) and F¥(3) are naturally distinguished by
(5.11)—(5.14) and (5.19)—(5.22), and hence we can write them as F°(3).

Now, for a function or a vector field k(z,y), we denote [k]} := k(1) — k(0) and so on. Let
}/‘15 = CL1¢6 — blé-d — Cng and }/25 = a2¢5 — bgfd — CQXg.

Lemma 5.9. With the second degree for § of [Y?2)2 and [YY]S, we have
[YPT5 ~ 8 (10X + (c2)2X3) (0) + (0%/2) (((c2)e — (€1),)Ys — r(a3 + b3 — c3)X3) (0)
+(0%/2) ((a1)yy0” — (01)yy € — (c1)yy X3) (0),
[V3lo = 0 ((e1)yXa + 12 X3) (0) + (62/2) (((cr)y — (c2)a)Y? — eala? + b7 — 1) X7) (0)
+ (52/2> ((a2)xx¢5 - (b2)x:c§6 - (02)x:cXg¢) (0).
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Proof. We only prove the equation for Y, since the equation for Y7 is obtained in the same
way. Now, for the element [a;¢°)2 of [Y]2, we have

[01¢°15/6 = (ar(2)[¢°]5 + (a1(2) — a1(0))$°(0)) /6
~ —(az(a1 + 6(a1)y))(0) (X5 + (/2)Y3) (0) + ((a1)y + (6/2)(a1)yy)(0)¢°(0)
~ (—alang + a201¢5) (0) 4+ (6/2) (—alang — 2(1%ch§ + (al)yy¢5) (0),

by (a1), = azc; in Lemma 5.1. In the same way, we have
[0:£°15/6 & (b1b2 X5 + baci &) (0) + (6/2) (b1baY3 + 2b5¢1. X5 + (b1)y,€°) (0),
[e1 X515/0 = (13 + (e1)y X3) (0) + (6/2) (2(er),Ys — exlas + b5 + ) X5 + (c1), X5) (0).
Then, by (c2). + (c1), + araz + bibs = 0 in Lemma 5.1, we obtain the equation for [Y?]2. O

Lemma 5.10. With the third degree for ¢ of G, — G, we have
([0°) — [¢5] ) = ([¢°] = [¢°]5)
—(6%/2) (cl((ag) — alcg)X5 —co((ay), — agcl)Xg) (0),
([€ — [55] ) — (€] - [€)
~ (0°/2) (e1((b2)y — brc2) X3, — ea((br)e — bacr) X3) (0),
([xal5 — [Xalo) — ([XalT — [Xalo)
~ = (6°/2) (—ei((az)y — aic2)¢’ + er((ba)y — bica)€’) (0)
—(6°/2) ((c2)zz + (c1)yy + c1(a3 + b3) + ea(ai +b7)) (0)X5(0),
(1813 = [X35) — (L3I} - [X8T5)
~ (8%/2) (—ea((ar)e — aser)d” + ea((br) — bacr)€°) (0)
+(0°/2) ((c2)aw + (c1)yy + c1(a3 +03) + c2(af +b7)) (0)X3(0).
Proof. For the first equation, we have
(6% = [6°10)/6 = — [0} (ax (X2 + (6/2)Y7)) (2) = #5(1) [aa (X2 + (6/2)Y)]
~ = [m(X2+ (6/2Y))],
= —a(2) [XI+ 6/2Y], [l (X2 + (6/2)7) (0)
— d0(a1 + d(a1)y)(0) (chg + (6/2)(023/26 + clcQXi + (CQ)ng)) (0)
=0 (((ar)y + (8/2)(ar)yy) (Xo + (8/2)Y7)) (0).

Q

Hence, we have
([0°5 = [¢°])/8°
- (GQClXi + G1€2Xg) (0) —(6/2) (G1G2(Cl + C2)<Z55 — (a1baca + C521)101)55) (0)
—(4/2) ((alcg(cl —¢2) + (a1)yy) Xg + (al(cg)x + 2a9c109 — agc%) Xg) (0).
In the same way, we have
([6°]F = [¢°]5)/8°
— (CLQCng + alchg) (0) — ((5/2) (a1a2(01 + Cg)(b(S — (a1b202 + agblcl)f‘s) (O)
—(6/2) ((—alcg + 2a;c109 + CLQ(Cl)y) X+ (—agcf + asciey + (aQ)m) Xg) (0).



CURVATURE SURFACES 39

From these equations, we have

([0 = [¢°o) — (&) — [¢°]3)

~ —(8%/2) (((a1)yy — az(c1)y — arc169) X3, = ((a2)ae — a1(c2)s — azcr105) X3) (0).
Then, by Lemma 5.1, we have

(a1)yy — az(c1)y — arcica = ¢1 ((a2)y — ai1c2),  (A2)ew — a1(C2)y — a2c102 = Co ((a1)y — azcy) .

Hence, we obtain the first equation. The second equation is also obtained in the same way.
Next, we prove the third equation. We have

(X203 = [X210)/6 =~ [Y{ = (6/2)(a} + 0 + D) XC],
~ Y715 = (6/2)(af + b7 + ) (2)[Xa]5 — (0%/2)(ai + b + ), (0)X2(0)
~ [V — (0/2)(a] + b7 + c)(0)[X2]5 — (6°/2)(ai + b + ¢1),(0)X3(0)
~ 0 (10X + (€2)aX3) (0) + (6°/2) (((c2)x — (e1)y ) — (af + b} + 1), X7) (0)
+ (52/2) (_ (Cl<a% + b2 02) + 02(0‘1 + b2 + Cl)) + (a 1)yy§b(S - (bl>yy§5 - (Cl)yng) (0).
In the same way, we have
(X2 = [X2R)/6 = 8 (e10a X2+ (e2)X2) (0)
+(8%/2) (162! + (c2)a Y3 + (caler)y + 2e1(e2)a) Xo + (165 + (€2)00) X5) (0).
From these equations, we have
([xals — [X8lo) — ((Xali — [X2]3)
~ —(0°/2) (crca(ard® — 0i€%) + (e1)y(a2¢° — 02°) — (a1)yy° + (b1)€” + (€1)y X3) (0)
— (8°/2) ((2e2(ca)a + (0] + 07 + cf),) Xo + (ea(a +03) + ca(af + b)) + (c2)aa) X) (0)-
Then, by Lemma 5.1, we have
(01)yy — ba2(c1)y — bicica = c1 ((ba), — bica),
2c1(ca)s + 2 (ar(ar)y + b1(b1)y, + c1(c1)y) = 2¢1 ((€2) + (c1)y + a1a2 + b1by) = 0.
Hence, we obtain the third equation. The last equation is also obtained in the same way. [

Definition 5.11 (Choice of the constant K in (5.3)). (1) For the four equations of Lemma
5.10, we take norm of the coefficient vectors for 4. Then, let K; be the maximum of these four
norms on the domain FE.

(2) For the matrices ©; and 2 in (3.6), let

Ky = Max {[[Qi(@)ll; [(20)a(p)I/2, 1(Q2)y(P)]1/2}-
Then, we define K by K := Max{Kj, K} + 1. Here, we add 1 to Max{K}, Ky}, since (Fon —
F)(xiy1,Y;11) also includes the terms of degree 0% (i > 3), in (1).
By Lemma 5.10 and the definition of K, we have (5.3):

Theorem 5.12. For an integer n and (x,,y,) € E, we take a division of E,. With a sub-domain

A, suppose that an orthonormal frame For(x;,y;) is determined. Then, we have

[(Fo — Fo)(2i41,41)|| < KO3,

if n s sufficiently large.
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By Theorems 5.6, 5.8 and 5.12, the proof of Proposition 5.3 also has been completed.

For Step C: As in the proofs of Step A, we fix an integer n and study only the case of
E = [xg,x.] X [yo,Ye|, where . = 9 + a and y. = yo + a. Hence, we have s = t = n and
denote ¢ := 6, = a/n. Let F°(z,y) be the solution to (3.7) on D under a given initial condition
F%(z0,90). Let m be the path from Py to P,, such that m : Pyg — -+ — P,g — --+ —
Pon = (2e,ye), and F°(z,y) := F°(z,y) be the orthonormal frame field on m determined from
F(xg,10) = F°(z0,0) by Step A. Firstly, note that we have

[ rewe= [ =I5,

and

. (@i+1,90) JFo _— (@nsyj41) JF0
Pl = [ e, [P = [T gy
(

(zi,90) 2.30) dx (@n.y5) (®n,y5) dy

on each sub-interval of m.

Now, we study the norm ||(F° — F°)(x,,y,)|]. For the second degree Taylor polynomials
of both frames F°(x,y) and F°(z,y) at each point (x;,yo) and (z,,y;), we have the following
lemma.

d(FO—F9)

dx (I7y0) al v = x;

Lemma 5.13. For x € [x;,x;11], the first degree Taylor polynomial of
s given by
d
%(FO - F(S)(:v,yo) ~ (x - xi)F&i,yo)(Ql)x(xia yo)
+ (F° = F*) a0y (i, 90) + (& — 2:)905 (25, %0)) -

Fory € [y;,y;+1], the first degree Taylor polynomial of %;F(S)(xn,y) at y = y; is given by

d
d—y(FO — F) o) = (Y = 5 F s 1) (Q2)y (€0, 95)

+ (F° = F*)ap ) (220, ) + (4 — )5 (@0, 95)) -
Proof. Since dF° = F°Q and 0?F°/9x? = F°[Q% + (1)), we have the polynomial at = z; of
d(F°(x,y))/dx:
A(F(@,90))/dw = FO (@i, o) (@) o) + (2 = 23) (93 + (), )

for © € [v5,7,41]. Next, with the function #(x,y0) on = € [z, 7:,1], we have t(z;,1y0) =
1 and (dt$/dx)(z;,y0) = 0. From these equations, we obtain the polynomial at x = w; of
d(F°(z, o))/ dx:

d(F‘S(x, yo))/dx ~ Fa(mia 3/0) ((Ql)(%‘,yo) + (.%‘ - xl)Q% (Izvyo))

for - € [x;, x;41]. In the same way, we obtain the polynomials at y = y; of d(F°(x,,y))/dy and
d(F°(zn,y))/dy for y € [y;,y;+1]. In consequence, we have verified the lemma. O

Now, we put 7°(z,y) := (F°—F°)(x,%). Under the condition T°(zq,yo) = (F°—F°)(x, yo) =
0, we integrate (d7° /dx)(z, o) from x; to z;,, in order of i = 0,1,...,n— 1. Then, by Lemma
5.13 and Max {[[Qi(p)[|, [(€1)=(P)[I/2, [[(Q2)y(P)]I/2 | p € E} + 1 < K, we have

IT° (21 yo)ll < K62, (1T (wirr. y0) — T (i yo) | < K 6% + [|T° (i, yo) || KO for i > 1,

if n is sufficiently large. Hence, we have

IT° (i1, 9o) || + 6 < (IT° (2, o)l + 6)(1 + K6)  for i > 1
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by [|T°(zis1,v0)|| < K62 + || T°(2i, y0)||(1 + K6). Therefore, we have
1T (20, o)l + 6 < (IT° (21, 90) | +6) (1 + K6)"™" < 5(1 + Ko)". (5.23)

Here, we have (14 K0)" < exp(Ka).
In the same way, by the integral of (d1°/dy)(z,,y) from y; to y;11, we have

1T (0, yj1) = T° (2, yp) | < KO8° + ([T (20, yy) | K6 for j = 0,
if n is sufficiently large. In consequence, we have
1T (s )| < (1T (s yo) | + 6) (1 + K6)" =6 < 6 (exp(2Ka) — 1) (5.24)

by (5.23). The inequality (5.24) implies that F°(x.,y.)(= F° (2, yn)) converges to FO(z.,y.)
as n tends to oo.

In the argument above, we can replace (x.,y.) with an arbitrary point (z,,y,) € E, by
Definition 5.2. Thus, Step C has been verified by the above argument and Proposition 5.3:

Theorem 5.14. Let F°(xg,y0) be an orthonormal frame at (xq,yo) given arbitrarily. Let
F°x,y) be the orthonormal frame field satisfying (3.7) under the initial condition F°(xzq, o).
For an integer n and (x,,y,) € E, we take a division of E,. Let m and m be the two paths
from (zo,90) to (zp,y,) given by (5.4)~(5.5). Let Fn(x,,y,) and F°"(z,,y,) be the orthonor-
mal frame determined from m and m by Step A. Then, Fon(z,,y,) and F°"(z,,1y,) converge to
FO(z,,y,) uniformly for all (z,,y,) € E, as n tends to oo.

By the argument above, all Steps A, B and C have been verified: for an integer n and
(z,y) € E, we have obtained two approximations Fo(z,y) and F°(x,y) of F°(z,y). In
Theorem 5.14, note that any frame F°"(z,,y,) determined by a path from (xg,yo) to (,,y,)
is also an approximation of F°(z,,y,) if n is sufficiently large, by Proposition 5.3.

Next, we construct an approximation of several coordinate curves in the curvature surface
f%x,y) on D. Before the construction, we state a remark. For an z-curve f°(z,yo) with fixed
Yo > 0 on an interval I = [z, x| := [yo — a,yo + a], where a > 0 and yo — a > 0, we fix a
division of I with equal length 6, = a/n and make the frame field F°(z, 1) on I under the
condition % (xg, 1) = Id, by Theorem 5.14. Then, for a vector

(o) = L+ u0) " (X7 =201+ )& + yo™) (x,10)

on each sub-interval [z;, z;41], one might guess from Theorem 3.5 if the curve

1 . Z .
f‘s"(x,yo) — ﬁ ([fén}gxi/?jz) 4 Z [fén] Eﬂ:igf,)yo)> for v; <z < w44, (525>
k=1

is an approximation of the z-curve (where we adopt the non-unit vector fon (x,70) in Theorem
3.5). However, it is not an approximation of the z-curve. In fact, for (5.25) we have £ (z, yo) —
Fom (4o, y0) = 0 for yo = x, < & < Zpyq, since (yo,yo) is in the singularity D NSy of the metric
go on D (or by (5.11)=(5.14)). In consequence, it is necessary for the interval [yo, z.| that we
make the frame F° (z,1) and the vector £ (x, o) in the direction that z decreases, because
F°"(yo,yo) is determined as the limit of f°(p) for p € D\ S;. The approximation F°(x, 1) on
[2_1, 7] is also defined from F(z;,y0) by (5.11)~(5.14) as (x — x;) < 0, and then £ (z, o)
on [x;_1, ;] is determined by the frame F°~(z, 1) in the inverse direction.

5.1. Approximation of z-curve f°(x,4,). Let f°(z,y0) be an z-curve with 3, > 0 on
[0 — a,yo + a]. We divide the interval [yo — a,yo + a] as above. On the interval [yo — a, yo),
we make F{"(z,y0) == F° (x,y0) from F{"(yo — a,y0) = Id by (5.11)(5.14) and determine
Fim (2, m0) == fo(x,y0) by (5.25), which satisfies f"(yo — a, o) = 0: we denote by (F{", for)
the pair (F (yo, vo), f2" (o, y0)) obtained in this way. Next, on the interval [y, 1o +a], we make
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F(x,y0) == For(x,y0) from EF3"(yo + a,yo) = Id by (5.11)~(5.14) and determine f3" (x, o) :=
For(x, ) and f2m(x, yo) := fo(x,yo) in the inverse direction, which satisfies fo" (yo+a,yo) = O:
we denote by (F2", fo) the pair (F3" (3o, %0), f3" (40, %)) obtained in this way. Hence, the curve
£ (2, y0) — for satisfies 3" (yo, o) — fo» = 0. For the matrix C' such that CFy" = F", we
define a curve k% (z,y0) for © € [yo, yo + a] by k% (z,y0) := C(f" (x,y0) — fir) + £

Now, two curves fi"(x,yo) on [yo — a, o] and k% (x,yo) on [y, yo + a] connect continuously
and have the same frame F'" at x = 1. The connected curve at f" is an approximation
of the x-curve. Then, since a vector (ng" — ¢°)(z,10) does not depend on z and (ng” —
¢, £V (x, ) = 0 holds, the curve is contained in a hyperplane ]RSO(B 0) perpendicular to the
vector (ng" — ¢ (2,90) by for(yo — a,y0) = 0, and in particular the curve lies on a 2-sphere

of radius (2v/5)7'/(5 + 433)/(1 + 1) in RS .

0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15

} LN\ -0.02 / ‘\ N \ -0.02
‘ “ ‘ j-o 04 | “ ‘ j-o.o4
1 | I |
a ‘ -0.06 “ \‘ h-o.oe
A - -9 —
(A) x-curves when n =5 (B) z-curves when n = 20

FIGURE 8. These show the differences between two z-curves for(z,1) and for(x,1)
on [2,3] under the conditions fo(2,1) = f%2(2,1) and F°(2,1) = F%(2,1): the -
curve fo(x,1) of black (resp. fo (z,1) of gray) is constructed in the direction that
increases (resp. decreases). Here Fo(z,1) (resp. F%(x, 1)) is the frame field determin-

ing fo (x,1) (resp. for(x,1)).

5.2. Approximation of y-curve f%(zy,y) with fixed zo(> 0). Let f°(xg,y) be a y-curve
for y € I = [—a, a], where a > 0. We take a division of I with equal length §,, :== a/n. On the
interval [—a, 0], we make F(zo,y) from Fo (zy, —a) = Id and determine a vector for(zo,y)
on each [y;,y;4+1] by

For (w0, y) i= (Bo + CoX3") (2o, y).
(o

Then, the approximation f°(xq,y) of f%(x¢,y) (—a <y < 0) is given by

1 z0,y) i (z0,yk)
f‘sn(:co,y)::(B%w%)(xo)([f‘s}( +Z[f5] )) for y; <y <y,

x()?yj Iank 1

where y;41 < y, = 0. On the interval [0, a], we make F°"(zq,y) from F°"(z9,a) = Id and
determine fo(xo,y) and f%(zo,y) in the inverse direction. Then, we obtain the approxima-
tion of the y-curve by the connection of these two curves, in the same way as in the case
of z-curves. Then, since (—ByX’ + Co&%)(x0,y) does not depend on y and (—By X" +
Co€0n | fon)(20,7) = 0 holds, the connected curve f°(xq,y) is contained a hyperplane R?  per-
pendicular to the vector (—BoX?» + Cy6%)(x0,%), and in particular it lies on a 2-sphere of
radius 1/4/B3 + C3(zo) in R3 . Furthermore, we have lim,_, f* (2o, y) = limy_o0 %" (z0, —y)

as mentioned in Corollary 4.10. We transform the curve fo(xzq,y) to fo(x0,y) isometrically
by f5(20,) = F* (0,0)" (£ (0,9) — % (30,0)). Then, f*(z, 0)(= f* (z0,9,)) = 0 and
% (20,0) = Id hold, and hence we have (B o fo)(x,—y) = fo(x,y) with respect to the
reflection B defined in Corollary 3.10.
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5.3. Approximation of the curve f°(y,y) for b > y > a(> 0). Let F°(z,y) be a solution
to (3.7) with F°(a,a) = Id. Let us take a division a = 3y < 1 < y2 < -+ < y, = b of equal
length 0, = (b — a)/n and a path m,, : (a,a) = (yo,y0) — (Yo,11) = (W1,v1) = (Y1,%2) —
o = Ynety Yno1) = Une1,Yn) = Wn,yn) = (b,0). Let F°(x,5) be an orthonormal frame
on m, determined by F(a,a) = Id and the path m,. For F° (z,y), the vectors fo(y;,y) in
§5.2 and £ (z,y,1) in §5.1 are determined on each edge {y:} X [yi, yir1] and [ys, yis1] X {yis1},
respectively. Then, since each lattice point (y;,y;) for y-curve (y;,y) is not singular for the
metric gy on D, the curve fo(z,y) determined from these vectors is an approximation of the
curve fO(z,y) on m,. In consequence, we obtain a sequence fo(y;,y;) (i = 0,1,...,n) of
points, which approximates to the curve f°(y,y) as n — co.

Next, we shall attach the z-curve fo(z,v;) and y-curve f°(y;,y) to each points fo (y;, vi).
Then, in order that the frames F°(z,y;) on a-line and F°(y;,y) on y-line satisfy (5.3), these
frames must be taken in the direction that x and y increase. We can make the frames F°~(x, y;)
and Fo(y;,y) such that F°»(y;, ;) is consistent with one obtained above, in similar way to §5.1.
Thus, the z-curve for(z,y;) (z < ;) and the y-curve f°(y;,y) are determined as in §5.1 and
§5.2.

However, only for the z-curve on [y;, yir1] X {yi}, we have for(z,v;) = fo(y;, ;) for x €
(i, yit1], if we make for(z,y;) in the direction that z increases. Therefore, for the z-curve on
[ys, yir1] x {y;} we substitute k% (z,y;) made by the method described in §5.1, which approx-
imates fO(z,y;) on [y, yir1] X {y;} in the inverse direction of z. For x > y;11 we make the
z-curve fo(z,v;) from the point k% (y;,1,v;) and the frame F°(y;,1,v;) determined above.
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