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ABSTRACT. One of the open problems in Gorenstein homologi-
cal algebra is: when is the class of Gorenstein injective modules
closed under arbitrary direct limits? It is known that if the class
of Gorenstein injective modules, GZ, is closed under direct limits,
then the ring is noetherian. The open problem is whether or not
the converse holds. We give equivalent characterizations of GZ be-
ing closed under direct limits. More precisely, we show that the
following statements are equivalent:

(1) The class of Gorenstein injective left R-modules is closed under
direct limits.

(2) The ring R is left noetherian and the character module of every
Gorenstein injective left R-module is Gorenstein flat.

(3) The class of Gorenstein injective modules is covering and it is
closed under pure quotients.

(4) GZ is closed under pure submodules.

1. INTRODUCTION

Gorenstein homological algebra is the most developed branch of rel-
ative homological algebra. It studies modules using resolutions, just
like classical homological algebra does, but it replaces the classical res-
olutions with the Gorenstein ones. There is a big difference though:
while the existence of the classical (injective, projective, flat) resolu-
tions over arbitrary rings is well known, there are still some open ques-
tions regarding the existence of the Gorenstein (injective, projective,
flat) resolutions. This is the reason why the existence of the Goren-
stein (injective, projective, flat) covers and envelopes has been studied
intensively in recent years (see for example [5], [6], [11], [12], and [14]).

One question that is still open is: “When (for what rings) is the class
of Gorenstein injective left R-modules, GZ, a covering class?”
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It is known that, if the class GZ is closed under direct limits, then it
is a covering class (this follows from [2, Proposition 3.15], and from |5,
Proposition 3]). For example, this is the case when R is an Iwanaga
Gorenstein ring (by [7, Lemma 11.1.2]).

So the next question to consider is: when is the class of Gorenstein
injective left R-modules closed under direct limits?

In [6] we considered this question over commutative noetherian rings,
and we gave a sufficient condition in order for GZ to be closed under
direct limits. We proved ([6, Theorem 1]) that, if the character mod-
ules of Gorenstein injective modules are Gorenstein flat, then the class
of Gorenstein injective modules is closed under direct limits. For ex-
ample, this is the case when R is a commutative noetherian ring with
a dualizing complex ([1, Proposition 5.1]). Consequently, we recover
[1, Theorem 6.9]: if R is a commutative ring with a dualizing com-
plex, then a direct limit of Gorenstein injective modules is Gorenstein
injective.

We consider here again the question of closure of the class of Gorenstein
injective modules under direct limits, but without assuming commu-
tativity of the ring. In this paper we give necessary and sufficient
conditions for the class GZ being closed under direct limits. Proposi-
tion 1 extends [6, Theorem 1] to the noncommutative case: we prove
that if R is a left noetherian ring such that the character modules of
Gorenstein injective left R-modules are Gorenstein flat, then the class
of Gorenstein injective left R-modules is closed under direct limits.

Then we prove (Proposition 2) that the converse also holds: if the
class of Gorenstein injective left R-modules is closed under direct lim-
its, then the ring R is left noetherian and the character module of any
left Gorenstein injective module is Gorenstein flat. Propositions 1 and
2 give the answer to the open question we consider: the class of Goren-
stein injective left R-modules is closed under direct limits if and only if
the ring R is left noetherian, and the character module of any Goren-
stein injective left R-module is Gorenstein flat. We also give examples
of such rings (in section 3).

Theorem 2 gives more equivalent characterizations of the condition
that GZ is closed under direct limits. More precisely, we prove that the
following statements are equivalent:

(1) The class of Gorenstein injective left R-modules, GZ, is closed under
direct limits.

(2) The ring R is left noetherian, and the character module of every
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Gorenstein injective left R-module is a Gorenstein flat right R-module.
(3) The class of Gorenstein injective left R-modules, GZ, is covering
and closed under pure quotients.

(4) The class of Gorenstein injective left R-modules, GZ, is closed under
pure submodules.

2. PRELIMINARIES

Throughout the paper R will denote an associative ring with identity.
Unless otherwise stated, by module we mean left R-module.

We will denote by Inj the class of all injective R-modules. We recall
that an R-module M is Gorenstein injective if there exists an exact
and Hom(Inj, —) exact complex of injective modules

I=...— 1 - 1y— 11— ... suchthat M = Ker(ly — I_1).

We will use the notation GZ for the class of Gorenstein injective mod-
ules.

We recall the definitions for Gorenstein injective precovers and covers.

Definition 1. A homomorphism ¢ : G — M is a Gorenstein injec-
tive precover of M if G is Gorenstein injective, and if for any Goren-
stein injective module G', and any ¢' € Hom(G', M) there exists u €
Hom(G', Q) such that ¢' = ¢u.

A Gorenstein injective precover ¢ is said to be a cover if any u €
Endgr(G) such that ¢u = ¢ is an automorphism of G.

We note that a Gorenstein injective precover (a Gorenstein injective
cover, respectively) does not have to be surjective.

The class of Gorenstein injective modules is said to be covering if every
R-module M has a Gorenstein injective cover.

It is known that, if the class GZ is closed under direct limits, then it
is a covering class (this follows from [2, Proposition 3.15], and from [5,
Proposition 3])

Given a class of R-modules F, we will denote as usual by +F the
class of all R-modules N such that Ezt'(N,F) = 0 for every F € F.
The right orthogonal class of F, F=*, is defined in a similar manner:
Ft={X,Eat'(F,X)=0,VF € F}.
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We recall that a pair (£,C) is a cotorsion pair if L+ =C and +C = L.
A cotorsion pair (£,C) is complete if for every rM there exists exact
sequences 0 > C - L —->M —-0and 0 > M — C" — L' — 0 with C,
C'"inCand L, L in L.

Definition 2. A cotorsion pair (L,C) is called hereditary if one of the
following equivalent statements hold:

(1) L is resolving, that is, L is closed under taking kernels of epi-
morphisms.

(2) C is coresolving, that is, C is closed under taking cokernels of
monomorphisms.

(3) Ext'(F,C) =0 for any F € F and C € C and i > 1.

It is known ([14, Theorem 4.6]) that (*GZ, GT) is a complete hereditary
cotorsion pair over any ring R.

Since we use Gorenstein flat modules as well, we recall their definition.

Definition 3. A right R-module G is Gorenstein flat if there is an
exact complex of flat right R-modules F = ... — Fy — Fy = F_1 — ...

such that F ® I is exact for every injective left R-module I, and such
that G = Ker(Fy — F_4).

We will use GF to denote the class of Gorenstein flat right R-modules.
We denote by Flat the class of flat right R-modules. We recall that
the modules in the right orthogonal class of Flat are called cotorsion
modules. We will use Cot to denote this class of modules.

We will also use duality pairs. They were introduced by Holm and
Jorgensen in [10]. We recall the definition.

Definition 4. ([10]) A duality pair over R is a pair (M,C), where M
is a class of R-modules and C is a class of right R-modules, satisfying
the following conditions:

(1) M € M if and only if M+ € C (where M* is the character
module of M, M* = Homgz(M,Q/7Z)).
(2) C is closed under direct summands and finite direct sums.

A duality pair (M,C) is called (co)product closed if the class M is
closed under (co)products in the category of all R-modules.
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Theorem 1. [10] Let (M,C) be a duality pair. Then the following
hold:

(1) M is closed under pure submodules, pure quotients, and pure

extensions.
(2) If (M,C) is coproduct-closed then M is covering.

3. RESULTS

Lemma 1. Let R be a left noetherian ring. Then K+ € GF* for any
Ke' g1

Proof. Let K €t GI. For any Gorenstein flat right R-module F, we
have that Ext'(F, K*) ~ Fxzt' (K, F*) = 0 (since, by [9, Theorem 3.6,
F* is a Gorenstein injective module). So K+ € GF~*. O

The following result is basically [12, Theorem 4]. It was stated there
over two sided noetherian rings. But the proof does not use R being a
right noetherian ring. For completness, we include the proof.

Lemma 2. ([12, Theorem 4]) Let R be a left noetherian ring such that
the character module of every Gorenstein injective left R-module is a
Gorenstein flat right R-module. Then (GZ,GF) is a duality pair.

Proof. We show first that K is Gorenstein injective if and only if K
is Gorenstein flat.

One implication is a hypothesis that we made on the ring.

For the other implication: assume that K+ is Gorenstein flat. Since
(+GZ,GT) is a complete cotorsion pair ([14, Theorem 4.6]), there is
an exact sequence 0 - K — G — L — 0 with G Gorenstein injec-
tive, and with L €+ GZ. This gives an exact sequence 0 — LT —
Gt — K* — 0 with K™ Gorenstein flat by hypothesis, and with
Lt € GF' (by Lemma 1). Thus Ext'(K*,L*) = 0. Therefore
Gt~ KT @ L*. Since Gt is Gorenstein flat, it follows that L™ € GF.
So LT € GFNGF* = Flat(\Cot ([8, Proposition 3.1]). Thus L* is a
flat right R-module. Since the ring R is left noetherian, it follows that
L is injective (by [7, Theorem 3.2.16]).

The short exact sequence 0 - K — G — L — 0 with G Goren-
stein injective and with L injective, gives that G.i.d. K < 1. By [1,
Lemma 2.18], there is a short exact sequence 0 - B — H — K — 0
with B Gorenstein injective, and with i.d. H = G.i.d. K < oo. This
gives a short exact sequence 0 — KT — HT — BT — 0 with both
K* and B Gorenstein flat. Thus H™ is also Gorenstein flat. Since H
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has finite injective dimension, we have that H' has finite flat dimen-
sion. But then H* is Gorenstein flat of finite flat dimension. By [7,
Corollary 10.3.4], H* is flat. Therefore H is injective (by [7, Theorem
3.2.16]).

The short exact sequence 0 - B — H — K — 0 with B Gorenstein
injective and with H injective gives that K is Gorenstein injective.

So K is Gorenstein injective if and only if Kt is Gorenstein flat.

We can prove now that (GZ,GF) is a duality pair:

By the above, K is Gorenstein injective if and only if K is Gorenstein
flat. Since GF is closed under direct summands ([9, Theorem 3.7]) and
direct sums, (GZ,GF) is a duality pair. O

Proposition 1. Let R be a left noetherian ring such that the character
module of every Gorenstein injective left R-module is a Gorenstein flat
right R-module. Then the class of Gorenstein injective left R-modules,
GZ, is closed under direct limits.

Proof. By Lemma 2, (GZ, GF) is a duality pair. By [10, Theorem 2.10],
GZ is closed under pure submodules and pure quotients.

Since GZ is closed under direct products, and since the direct sum of
modules is a pure submodule of the direct product of the modules, it
follows that G7 is closed under arbitrary direct sums.

Since GZ is closed under direct sums and under pure quotients, and
since a direct limits of modules is a pure quotient of the direct sum of
the modules, it follows that GZ is closed under direct limits. O

Proposition 2. If the class of Gorenstein injective left R-modules
1s closed under direct limits, then the ring R is left noetherian and
the character module of every Gorenstein injective left R-module is a
Gorenstein flat right R-module.

Proof. Since (+GZ,GT) is a complete hereditary cotorsion pair with GZ
closed under direct limits, it follows (by [15, Theorem 3.5]), that GZ is a
definable class. So, in particular, GZ is closed under pure submodules.
Since GZ is closed under direct products, and a direct sum is a pure
submodule of a direct product, GZ is also closed under direct sums. By
2, Proposition 3.15], the ring R is left noetherian.

Also, since GZ is a definable class, we have (by [8, Lemma 1.1]), that
a module M is Gorenstein injective if and only if the module M*+ is
Gorenstein injective.
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So consider a Gorenstein injective module M. By [8, Lemma 1.1],

the module M** = (M™*)* is Gorenstein injective. Since the ring
R is noetherian (therefore coherent), by [9, Theorem 3.6], M* is a
Gorenstein flat module. O

The following result is immediate from the fact that GZ is the right
half of a hereditary cotorsion pair, so it is closed under cokernels of
monomorphisms.

Lemma 3. If the class of Gorenstein injective modules, GZ is closed
under pure submodules then it is also closed under pure quotients.

Proof. Let 0 — M’ — M — M” — 0 be a pure exact sequence with M
a Gorenstein injective module. By hypothesis, M’ is Gorenstein injec-
tive. Since the class GZ is closed under cokernels of monomorphisms
([14]) it follows that M” is also Gorenstein injective. So GZ is also
closed under pure quotients in this case. O

Theorem 2. The following statements are equivalent:

(1) The class of Gorenstein injective left R-modules, GZ, is closed un-
der direct limits.

(2) The ring R is left noetherian, and the character module of every
Gorenstein injective left R-module is a Gorenstein flat right R-module.
(3) The class of Gorenstein injective left R-modules, GZ, is covering
and closed under pure quotients.

(4) The class of Gorenstein injective left R-modules, GZ, is closed un-
der pure submodules.

Proof. 1 = 2 is Proposition 2.

2 = 1 is Proposition 1.

1 = 4. By [15, Theorem 3.5], GZ being closed under direct limits im-
plies that GZ is a definable class, so it is closed under pure submodules
(by definition).

4 = 1. Since GZ is closed under pure submodules, it follows that GZ
is also closed under pure quotients (by Lemma 3). Since GZ is closed
under direct products, and since the direct sum of modules is a pure
submodule of the direct product of the modules, it follows that G is
closed under arbitrary direct sums.

Since GT is closed under direct sums and under pure quotients, and
since a direct limits of modules is a pure quotient of the direct sum of
modules, it follows that GZ is closed under direct limits.

1 = 3 By [5, Proposition 3], and [1, Proposition 3.15], if GZ is closed
under direct limits then GZ is a covering class.



8 ALINA TACOB

And by [15, Theorem 3.5], the class GZ is definable, therefore it is
closed under pure submodules. By Lemma 3, GZ is also closed under
pure quotients.

3 = 1. Since G7T is covering and closed under direct summands, it is
also closed under arbitrary direct sums. Since GZ is closed under pure
quotients and a direct limit of modules is a pure quotient of the direct
sum of the modules, it follows that GZ is closed under direct limits. [

3.1. Examples of noetherian rings such that the character mod-
ule of any Gorenstein injective left R-module is a Gorenstein
flat right R-module.

e Example 1. By [10, Lemma 2.5(b)], any commutative noe-
therian ring R with a dualizing complex has the desired prop-
erty: the character modules of Gorenstein injective modules are
Gorenstein flat.

e Example 2. Any Iwanaga-Gorenstein ring also has the desired
property: if R is an Iwanaga-Gorenstein ring, then G7 is closed
under direct limits ([7, Lemma 11.1.2]). Then the result follows
form [8, Lemma 1.1].

e Example 3. By [11, Theorem 3], if R is a two sided noether-
ian ring such that zR is a left n-perfect ring, and there exists
a dualizing module gVg for the pair (R, R), then the character
modules of Gorenstein injective left R-modules are Gorenstein
flat right R-modules.

e Example 4. By [13], if R is a left artinian ring such that the
injective envelope of every simple left R-module is finitely gen-
erated, then the character module of Gorenstein injective left
R-modules are Gorenstein flat.

e Example 5. The following result (Theorem 3 below) shows
that any left noetherian ring R having finite self injective di-
mension as a right R-module satisfies Theorem 2.

We recall that a module M is called strongly Gorenstein in-
jective if there is an exact and Hom(Inj,—) exact complex
... > F - F —- F — ... with F injective, and with M =
Ker(E — FE).
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Theorem 3. Let R be a left noetherian ring such that id. Rp <
n for some positive integer n. Then the character modules of
Gorenstein injective left R-modules are Gorenstein flat.

Proof. Let M be a strongly Gorenstein injective left R-module,
and let I be any injective left R-module. By [16, Proposition 1],
the flat dimension of [ is less than or equal to n. Then the
right R-module I has injective dimension < n. It follows
that Ext!(M*,17) = 0 for any ¢ > n + 1. So we have that
Ext!(I, M*") ~ Ext'(M*,I7) = 0 for all i > n+ 1, for any
injective pl. But M is strongly Gorenstein injective, so there
exists an exact sequence 0 - M — F — M — 0 with F in-
jective. This gives an exact sequence 0 — M*HT — Ett —
M+t — 0, with ET1 an injective left R-module. It follows that
Exth(— M*+) ~ Ext'(—, M*+) for any k > 1. By the above,
we have that Ext*(I, M*+) = 0 for any injective pl, for any
k > 1. Then the exact sequence ... — E*t — E+tT — M+ —
0 is also Hom(Inj,) exact. So M has an exact left injective
resolution. Since Ezt'(I, M) =0 for all i > 1, for any injec-
tive I, and M+ has an exact left injective resolution it follows
that M+ is Gorenstein injective ([7, Proposition 10.1.3]).

Let G be a Gorenstein injective left R module. By [3], there ex-
ists a strongly Gorenstein injective left R-module M such that
M ~ G @ H. It follows that G** is isomorphic to a direct sum-
mand of the Gorenstein injective module M ™", and therefore it
is Gorenstein injective. Since the ring R is right coherent and
Gt = (G")™T is Gorenstein , it follows that G is Gorenstein
flat, for any Gorenstein injective gG. U

Some open questions:

1. Does every (left) noetherian ring satisfy the condition that character
modules of Gorenstein injectives are Gorenstein flat? Or is this class
of rings strictly contained in the class of noetherian rings?

2. Does the assumption that GZ is covering imply that GZ is closed
under pure quotients? In other words, is it true that the class of Goren-
stein injective modules is closed under direct limits if and only if it is a
covering class? This would be consistent with the Enochs’ conjecture:
“Every covering class is closed under direct limits”.
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