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ABSTRACT. In this paper, we construct a Fukaya category of any infinite type
surface whose objects are gradient sectorial Lagrangians. This class of La-
grangian submanifolds is introduced by one of the authors in [20] which can
serve as an object of a Fukaya category of any Liouville manifold that admits
an exhausting proper Morse function, in particular on the Riemann surface of
infinite type. We describe a generating set of the Fukaya category in terms of
the end structure of the surface when the surface has countably many limit
points in its ideal boundary, the latter of which can be described in terms of
a subset of the Cantor set. We also show that our Fukaya category is not
quasi-equivalent to the limit of the Fukaya category of surfaces of finite type
appearing in the literature.
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1. INTRODUCTION

Let M be a symplectic surface, i.e., a surface equipped with an area form w. If
M is noncompact, M is always exact and becomes a Liouville manifold: If we let
w = da, we can find a vector field X satisfying

X]da =« or equivalently Lxa = a. (1.1)

If M is of finite type, its Fukaya category is well-understood by now. (See [15] for
example.) However, not much has been said about the Fukaya category of infinite
type surfaces, except that Auroux and Smith [4] take the definition of a Fukaya
category of infinite type surface to be a colimit of that of finite type surfaces utilizing
the operations of pair of pants decomposition and gluing constructions. Since then,
this definition has prevailed in the literature. (See [21] for example.)

Recently infinite type Riemann surfaces have attracted much interest of re-
searchers in relation to the study of big mapping class groups. Especially in the blog-
post [9], D. Calegari proposed the study of the mapping class group Map(R? \ C),
where C' denotes a Cantor set and posed the question of whether this group has
an infinite-dimensional space of quasimorphisms, as is the case with the mapping
class group of a surface of finite topological type. See [8], [7] for some relevant
developments related to the study of big mapping class groups.

In this paper, partially motivated by the study of big mapping class groups and
Calegari’s proposal of studying quasimorphisms on the infinite type surfaces, we
will provide a geometric construction of a Fukaya category of infinite type surface
by a direct construction without taking the colimit. We hope that this geometric
construction combined with the study of Lagrangian spectral invariants can be
utilized in some new dynamical approach to the Calegari’s question on the space
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of quasimorphisms on the big mapping class groups. In relation to this, we refer
readers to [5] for the mapping class group action on the Fukaya category of surfaces
(of finite type).

Another source of possible applications comes from the homological mirror sym-
metry. There is an interesting construction of modular forms via the study of
Fukaya category of the divisor complements and the mirror symmetry of elliptic
curves by Ueda and his collaborators. During their construction, study of the
Fukaya category of surfaces of infinite type naturally arise as some universal cov-
ering of punctured elliptic curves on which the mapping class group of the latter
surface acts. (See [18], [14] for example.)

1.1. Hyperbolic Riemann surface structure. One of difficulties in an attempt
to directly construct a Fukaya category of an infinite type surface lies in the question
on how one should handle the end structure of the surface. If a surface is of finite
type, it automatically has finitely many ends and all ends are eventually cylindrical,
i.e., each end is diffeomorphic to [0, 00) x @ for some compact manifold Q. However,
this is not necessarily the case when the surface is of infinite type. Unlike the case
of finite type for which we can easily prescribe the Liouville vector field X to be
cylindrical, i.e., to satisfy (1.1), there are several things to be made clear before
attempting to construct a Fukaya category on the infinite type surfaces (or more
generally infinite type non-compact symplectic manifolds). Here are three points
of immediate concern:

(1) Since construction of Fukaya category involves study of pseudo-holomorphic
curves, one needs to ensure the bulk admits reasonable geometric analysis of
pseudo-holomorphic curves. This means that one should ask some tameness
of relevant Riemannian metric.

(2) The above means that the resulting Fukaya category will depend not only
on the symplectic structure w but also on the quasi-conformal class, which
we denote by T, of the Kahler metric associated to g = w(-, J-).

(3) Tt is not obvious what kind of asymptotic condition on the background
symplectic manifold and the associated Lagrangian submanifolds to put
besides its tameness.

In particular, the point (3) makes identifying the relevant condition for a noncom-
pact Lagrangian brane as a legitimate object of the relevant Fukaya category a
nontrivial question.

To handle the points (1) and (2), we first mention that it is well-known to the
experts that every noncompact surface admits a tame hyperbolic structure, which
induces a Riemann surface structure (M, Jy) as well as the topology of the surface.
However, unlike the case of finite-type surfaces, such a tame hyperbolic structure
is not unique i.e., there are more than one complete tame hyperbolic metric in two
different quasi-isometric classes. Because of this the set of tame almost complex
structures may not be contractible in C'°°-topology. The associated tame metrics
may not be quasi-conformally equivalent. An implication of this non-uniquess is
the following disturbing fact for the surfaces of infinite-type (or more generally for
the symplectic manifolds of infinite-type).

Proposition 1.1 ([10]). Let (M,w) be a smooth noncompact surface equipped with
an area form of infinite area, and denote by J, the set of tame almost complex
structures equipped with strong C'*° topology. Then J,, is not path-connected.
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On the other hand, the following is also proved therein.

Proposition 1.2 ([10]). Consider a smooth manifold M and fiz a quasi-isometry
class T of M. Then the set Riems (M) of metrics g € ¥ is contractible with respect
to the C*° topology of End(T' M) induced from that of (M, ).

We refer readers to [10] for the proof of this claim and relevant discussion on
the choice of topology on J,,. This is the reason why the invariant arising from the
study of pseudo-holomorphic curves on an infinite type surface is an invariant of
(M,T,w) instead of (M,w).

Equipping a J-tame almost symplectic form of infinite volume, we obtain a
Kéhler structure (M,w, Jy). We will fix the reference hyperbolic structure on M in
the sense of [16], which will be used for the underlying topology and quasi-conformal
structure of the surface that will appear later in our discussion.

Definition 1.3 (Hyperbolic Riemann surface). A hyperbolic Riemann surface is a
triple (M, Jo, go) whose universal cover is isometric to the unit disk. We call it tame
if it has bounded curvature and its injectivity radius is positive.

(1) A hyperbolic structure, denoted by T = Ty, of a surface M is a choice of
(M, Jo, go) := (M, Jg, g7) that is tame.
(2) T also determines a symplectic form
wy = go(Jo, ")

which we call T-symplectic form.

Definition 1.4 (wy-tame almost complex structures). We call J an wy-tame almost
complex structure if the following holds:

(1) Tt is wy-tame.

(2) The metric g5 = wg (-, J-) is quasi-isometric to gy = w(-, J).
We denote by J(T) the set of wy-tame almost complex structures.

Now it is easy to check that J(7T) is contractible with respect to the C*° topology
of End(T'M) induced from that of (M, 7). (See [10].)
We then use the associated (almost) Kéhler metric

g7 = wy (-, J7)

for all the relevant geometric estimates appearing in the study of pseudo-holomorphic
curves needed in the Floer theory throughout the paper.

Definition 1.5. Two hyperbolic Riemann surfaces (M,T) and (M’,T’) are equiv-
alent, if there is a diffeomorphism ¢ : M — M’ such that the two hyperbolic
structures T and ¢*J’ on M are quasi-isometric. We denote by

QI(M,T)
the automorphism group of 7.

Thanks to the infinite volume hypothesis, a version of Greene and Shihohama’s
theorem [13] proves that the two symplectic forms wy and ¢*wg are also sym-
plectomorphic by a quasi-isometric symplectic isotopy. This will implicate that the
Fukaya category we construct in the present paper is an invariant of quasi-isometric
symplectic isotopy.
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Definition 1.6. Let wy be the T-symplectic form of a hyperbolic Riemann surface
(M, 7). The automorphism group of wy is the intersection

Symp(M,ws) N QI(M,T) =: Sympg; (M, wr).
This takes care of the points (1) and (2) above.

1.2. Tame Liouville manifolds and gradient-sectorial Lagrangian subman-
ifolds. To answer to the point (3) above, we recall that since any noncompact sur-
face is homotopy equivalent to one-dimensional CW-complex, the symplectic form
we is exact, i.e, it can be written as

wWg = dOé‘J'
for some one form «g which is uniquely defined up to the transformation
ag — a+dg

for some smooth function g : M — R. By a suitable such transformation, we can
make the one-from tame in that

IV*allco < C(k).

We denote by X, ., the Liouville vector field associated to a, i.e., the unique vector
field X determined by

XJdOé‘J’ = QJg. (1.2)
Furthermore any noncompact Riemann surface admits a plurisubhamonic exhaus-
tion function v which satisfies the inequality

—d(dpo J) >0

as a (1,1)-current, and its sub-level sets compact. Following the term of [20],
we call the pair (¢, J) a pseudoconvex pair. This enables us to take the class of
gradient sectorial Lagrangians with respect to a given pseudoconver pair (v, J) (at
infinity) as the objects of our Fukaya category. The notion of gradient sectorial
Lagrangians in general dimensions is introduced by the second-named author in
[20] whose definition we recall now.

Now we are ready to introduce the following notion of T-tame Liouville manifolds
for a given quasi-isometry class of metrics in general.

Definition 1.7 (T-tame Liouville manifolds). Let T be a given quasi-isometry class.
We call the triple (M, T, ag) a T-tame Liouville manifold if the following hold:

(1) There exists an ws-tame almost complex structure J such that admits a
compact subset K C M and a Morse function ¥ on M \ K such that (¢, J)
is a pseudoconvex pair on M \ K, i.e., —d(dy o J) = gda for some function
g: M\ K — R with g > 0.

(2) There exists a constant C' = C(k) depending on k such that

IV*9]lco < C(k)

for all £ > 1 where the norm is measured by a metric representing the class

7.
(3) On each cylindrical end, if any, the associated Liouville vector field X,
is gradient-like for the function %, i.e., fg‘;g% =: h > 0 for some smooth

positive function h > 0.
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If the triple (M, T, ag) admits a pair (¢, J) which satisfies the above conditions
globally on whole M, we call it a T-tame Weinstein manifold.

Now we recall the class of ¥-gradient-sectorial Lagrangian branes with respect
to the given pseudoconvex pair (1, J) from [20] and define the notion of ¢ -wrapped
Fukaya category whose objects are 1-gradient-sectorial Lagrangian submanifolds:
Consider the normalized gradient vector field of ¥ given by

grad ¢

Zy = 1.
YT Terad g (13)

with respect to the usual metric

do(v, Jw) + do(w, Jv)
5 .

The following definition is a special case of the definition of gradient-sectorial La-
grangian branes from [20] restricted to the Liouville manifolds (M, «).

gs(v,w) =

Definition 1.8 (Gradient-sectorial Lagrangian branes). Let (M, «) be a Liouville-
tame symplectic manifold equipped with a pseudoconvex pair (i, J). We say that
a proper exact Lagrangian submanifold L of (M, «) is ¥-gradient-sectorial if there
exists a sufficiently large 9 > 0 such that LNy =1 ([rg, 00)) is Zy-invariant, i.e., Zy,
is tangent to L N¢~1([rg, 00)).

When 1 is fixed, we will just call it gradient sectorial dropping . Also note
that once 1) is defined on M and n € Z~ is not a critical value of 1, 1 ~1([0, n]) is
a Liouville subdomain of M and denote it as M<". Then M=<! C M<2 C ... gives
us a compact exhaustion of M by Liouville subdomains.

1.3. Statements of main theorems. Once an orientable separable surface with-
out boundary M is given, we will construct a Liouville-tame symplectic surface
M’ with a pseudoconvex pair (1, J) according to its end structure and topological
structure of some compact subset. Such M’ is homeomorphic to M which provides
a normal form of the given hyperbolic structure T. We will call such surface as a
standard surface. (See Subsection 3.2 for the precise definition.)

Theorem 1.9. Let (M,T) be a noncompact hyperbolic Riemann surface without
boundary. Then there is a unique representative modulo quasi-isometry, which we
call a standard surface equipped with a pseudoconvex pair (J,¢), i.e., with a We-
instein structure.

Now we define a Fukaya category on such a tame Weinstein triple (M, J, ).

Theorem 1.10. Let M’ be a standard surface with a pseudoconvex pair (J, ).
Then we can define a Fukaya category Fuk(M') whose objects are gradient sectorial
Lagrangians.

Moreover, such a Fukaya category is well-defined up to quasi-equivalence as an
invariant of the quasi-isometry class of (M, ws). We call it a Fukaya category of M
associated to the hyperbolic structure T and denote by Fuk(M,T).

Theorem 1.11. Let (M,T) be a separable surface without boundary equipped with
hyperbolic structure T. If (M, T) ~ (M',T") in the sense of 1.5, then their Fukaya
categories Fuk(M,T), Fuk(M',T') are quasi-equivalent.
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FI1GURE 1. Cylinder with infinitely many genus on one end

We have made clear the condition for the bulk to be able to define Fukaya
category for which we need to equip the infinite-type surface with the structure
of hyperbolic Riemann surface, which we denote by T. Since this structure will
be fixed from now on, we drop it from the notations for the various geometric
structures associated to it.

1.4. Some computation of morphisms of Fuk(M,T). Let us consider the sim-
plest example of infinite type surface M: a surface M with a cylindrical end and
an end with infinitely many genus, i.e. a cylinder M with infinitely many genus on
one end. We can describe such a surface M as a branched covering m : M — C
over the cylinder C = R x S!. Put the cylindrical coordinate (s,t) on C. We ask
the fibration to satisfy the following on each non-cylindrical end:

(1) m: M — C is eventually 1-periodic on each end.

(2) The function

somr =R
restricts to a Morse function on [k, k+ 1] that carries a unique critical point

of index 1 with the value i, % respectively.

(3) On each cylinder [k, k + 1] for k € Z sufficiently large
st for s € [kk+3)U(k+3,k+1]
T l(s) =< Sty st for s=k+iors=k+32
Stu st for se (k+1,k+3)
(4) som defines a globally defined Morse function on M.
We call an open subset of M a cylindrical region with genus if it admits the afore-
mentioned branched covering structure over the cylinder
[k’l, ]{2], k< k’g, k;, € ZU {:l:OO}

In Section 3.2, we will define a triple

(w, /)

of an area form w, a complex structure J and 1 on any given noncompact surface
for which (J,v) is a pseudoconvex pair, i.e.,

—d(doJ) >0

as a (1,1)-current. (See [20].) Then the aforementioned Morse function ¢ above
will be plurisubharmonic function with respect to such a complex structure. In
particular (M,w) becomes a Weinstein manifold. (See [11] for the definition.)

Definition 1.12 (Weinstein triple). Let M be a noncompact manifold. We call a
triple (w = da, J,¥) a Weinstein triple if (J 1) is a pseudoconvex pair and the
Liouville vector field X is v-gradientlike.
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FIGURE 2. Hamiltonian flow of a Lagrangian near joining parts

Recall that any Riemann surface can be regarded as a union of disjoint pairs
of pants, joining finite cylinders between them, and cylindrical ends. On each
cylindrical part, we put the area form of the form w = 7*(ds A dt) where (s,t) is
the relevant cylindrical coordinates.

We will then consider Hamiltonians H of the type H = k o ¢ for a one-variable
function function x : R — R. Since we set our Hamiltonian to be only determined
by v, the Hamiltonian flow of a point p on M should remain in the connected
component of level set ¢~ (3 (p)).

Consider M on the cylindrical region with genus, say, U C M with = : U — C.
Note that each connected component of level set )~ (x) of 1 in U is homotopic to

Sty st

ife=Fk+ i orx=k+ % and otherwise homotopic to S!.

We note that since each wedge sum point of ¢~1(x) for z = k + % orx=Fk+ %
is a critical point, and the Hamiltonian flow cannot pass through those points.
This implies that in each level set of critical values of ¢, Hamiltonian flow should
remain in each connected open arc which corresponds to a connected components
of St v S\ {wedge sum point} up to homotopy.

Now comes the description of Lagrangian branes in our framework. In addition
to compact Lagrangian branes, we consider -gradient sectorial Lagrangian L. We
require L on the cylindrical region with genus U to transversally intersect each
regular level set of v eventually on every cylindrical ends with genus. We say
such L is in general position, if it does not pass through critical points outside a
compact subset of M. We may and will assume that L is invariant eventually under
the gradient flow of 1.

This is illustrated in Figure 2. In each critical level set, the Hamiltonian tra-
jectory of a point cannot wrap around the wedge S' v S! and return to the initial
position. If we remove the critical value level sets from U, each connected compo-
nent is homotopic to a finite cylinder and the intersection

o (L)NL
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with the region always occurs in pair contained in the same cylinder except for the
one point in the critical level 1»~1(0) which is also the critical level of H. Therefore,
every Hamiltonian chord contained in the non-cylindrical end comes in pairs

(=%, )
each of which forms an acyclic subcomplez satisfying the relation
537;» =0, (5y§ = x; (1.4)

for the Floer differential 6. This example indicates to us the intuition that the
Fukaya algebra of L is quasi-isomorphic to the subalgebra generated by the chords
contained in the cylindrical end, which can be written as the following.

Proposition 1.13. Let L1, Ly be gradient sectorial Lagrangian submanifold of M.
Then there exists a Liouville subdomain M=" of M such that Mor(Ly, Ls) is quasi-
isomorphic to subcomplex generated by generators contained in M=" or isomorphic
)(pn(Ll),pn(Lg)) where py, is a Viterbo restriction functor from

Fuk(M) to Fuk(M=n).

to MorFuk(m

Since M =" gives us a compact exhaustion of M by Liouville subdomains and
the pair (Fuk(M");>1, (pi,j)1<i<;) is an inverse diagram where p; j : Fuk(M<7) —

Fuk(M<?%) is a Viterbo restriction functor, we may expect Fukaya category on M
to be (quasi-)equivalent to the inverse limit X of this diagram. However, that is the

case only when M is of finite type.

Theorem 1.14. The A -functor v : Fuk(M) — X is a quasi-equivalence if and
only if M is of finite type.

Organization of the paper is now in order. In Part 1, we summarize Richards’
classification result and explain the scheme of a construction of surfaces. We also
provide theoretical foundation to define our Fukaya category using the gradient
sectorial Lagrangian branes of [20]. In Part 2, we will give a construction of the
aforementioned Fukaya category. In Part 3, we will describe generators and alge-
braic structure of Fukaya category.

Part 1. Preliminaries

In this paper, we will provide a good representative in each symplectomorphism
class of the surface with which we can classify and deal with the infinite type ends
more easily. We first construct a family of such surfaces, which we call standard
surfaces, by inductively attaching a few building blocks to the previously given
compact surface on its boundary, and show that every noncompact surface can be
constructed up to homeomorphism in this way.

2. REVIEW OF HOMEOMORPHISM CLASSIFICATION OF NONCOMPACT SURFACES

In this section, we briefly recall the main ideas of Richards’ homeomorphism
classification of noncompact surfaces in [24] and explain how we can promote his
classification result one up to symplectomorphisms so that we can describe a gen-
erating set of Lagrangian branes of the Fukaya category we will construct. Leaving
the full proofs of these results to Richards’ paper [24], we will explain main ideas
of his proofs which will enter in our description of the generating set.
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2.1. Homeomorphism classification and the end structure of surfaces. We
start with recalling some definitions from [24].

We have the following standard definition of the ideal boundary from [24], in
which the definition is applied to a surface but can be equally applied to general
topological spaces.

Definition 2.1. Let M be a noncompact topological space. An end of M is an
equivalence class of nested sequences p = {P; D P, D ...} of connected unbounded
regions in M such that

(1) The boundary of P; in M is compact for every i.

(2) For any bounded subset A of M, P, N A = () for sufficiently large i
Twoends p={P; D P, D...} and ¢ ={Q1 D Q2 D ...} are equivalent if for any
n there is a corresponding integer N such that P, C @y holds and vice versa. We
say an equivalence class

[{Pl DY) D}]
an end of M.

Definition 2.2 (Ideal boundary). The ideal boundary B(M) of a surface M is a
topological space having ends as its elements and equipped with the topology given
as the following: for any subset U of M whose boundary is compact in M, we define
U* to be the set of all ends p ={P; D P> D ...} such that P,, C U for sufficiently
large n. All of such U* forms a basis of this topology.

Definition 2.3. Let p = {P; D P, D ...} be an end. We say p is planar and/or
orientable if P, are planar and/or orientable for all sufficiently large n.

Definition 2.4. Let p = {P; D P> D ...} be an end. We say p is cylindrical if P,
are cylindrical for all sufficiently large n, i.e., P, = Q, x [0,00) for some compact
manifold @,.

Remark 2.5. (1) These definitions do not depend on the representative of an
end.
(2) A cylindrical end is planar and forms an isolated point in the ideal bound-
ary. If M is a finite type surface, it has finitely many ends and every end
is cylindrical.

Definition 2.6 (Ideal boundary triple). Consider the nested triples consisting of 3
sets

B(M) > B'(M) > B"(M)
where B’(M) is the set of nonplanar ends, and B”(M) is the set of nonorientable
ends. We call the triple the ideal boundary triple of M.

These are closed subsets of B(M) by definition.
The following proposition is proved by Ahlfors and Sario in [2].

Proposition 2.7. The ideal boundary B(M) of a separable surface M is totally
disconnected, separable, and compact.

Richards improved Kerékjartd’s earlier results and proved the following in [24].

Theorem 2.8 (Theorem 1 of [24]). Let M and M’ be two separable surfaces of
the same genus and orientability class. Then M and M’ are homeomorphic to
each other if and only if their ideal boundaries considered as triples of spaces are
topologically equivalent.
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FIGURE 3. a surface with 4 cylindrical ends

Combining this with the following well-known result in general topology

Proposition 2.9. Any compact, separable, totally disconnected space X is home-
omorphic to a subset of the Cantor set.

Richards obtained the following complete classification result of noncompact
surfaces up to homeomorphism.

Theorem 2.10 (Theorem 2 of [24]). Let (X,Y,Z) be any triple of compact, sep-
arable, totally disconnected spaces with X DY D Z. Then there is a surface M
whose ideal boundary triple (B(M),B'(M), B”"(M)) is topologically equivalent to
the triple (X,Y, Z).

Theorem 2.11 (Theorem 3 of [24]). Every surface is homeomorphic to a sur-
face formed from a sphere S% by first removing a closed totally disconnected set X
from S2, then removing the interiors of a finite or infinite sequence D1, Ds, ... of
nonoverlapping closed disks in S?\ X, and finally suitably identifying the boundaries
of these discs in pairs. (It may be necessary to identify the boundary of one disk with
itself to produce an odd “cross-cap.”) The sequence Dy, Da, ... “approaches X7 in
the sense that, for any open set U in S? containing X, all but finitely number of
the D; are contained in U.

Next, leaving full proofs of these results to [24], we will explain ideas of Richards
proof which we will suitably adapt to describe a generating set of Lagrangian branes
for our Fukaya category.

2.2. Summary of Richards’ classification theorems. Although for our pur-
pose of studying symplectic (and so orientable) surface cross-cap is irrelevant, we
include them in our summary of Richards’ construction below for completeness’
sake and also to avoid too much deviation from the original proof of Richards’ [24].

2.2.1. Theorem 2.8. In the proof of Theorem 2.8, Richards decomposed M and
M’ into compact subsurfaces bordered by Jordan curves and used the fact that a
connected compact bordered surface is topologically determined by

e its orientability,
e its genus, and
e the number of its boundary curves.
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More specifically, Richards decomposed M and M’ into A; C Ay C ... and
A} C AL, C ... respectively such that A,, and A}, are compact subsets and contained
in the interior of A, 11 and Aj, | respectively. After that, he used the induction to
construct homeomorphism f,, of A, onto A/, by extending f,,_; from the boundary
of A,—_1 beginning with Ay = A} = 0.

2.2.2. Theorem 2.10. In the proof of Theorem 2.10, Richards regarded the given
triple (X,Y, Z) as a triple of subsets of the Cantor set using Proposition 2.9 and
constructed a separable surface whose ideal boundary is identified with the given
triple. The main method of his construction is to embed X into the 2-sphere 52
so that its image points have the form (z,0) € [0,1] x {0} C R? with = € [0,1] by
regarding S? as the one point compactification of R2. Under this construction, the
triadic expansion of the real number = does not involve digit 1.

Definition 2.12 (D’ and D). (1) Consider the collection D’ consisting of all closed
disks D in the zy plane whose diameters are given by the intervals contained
in the z axis

1 4
(nfg)/3m,(n+ g)/3m , for 0<n<3™ (2.1)

where n is an integer which admits a triadic expansion free from 1’s.
(2) Let D be the sub-collection defined by

D:={DeD | DnX #0}, (2.2)
i.e., those consisting of all disks in D’ containing at least one point of X.

Then D determines a basis of the topology of X. The lattice, under the inclusion,
of sets in the collection D has the following properties, which we shall use below:
(1) D is nested, i.e., any two disks in D are either disjoint or one contains the
other.
(2) The intersection of the disks in any infinite linear chain of discs in D consists
of exactly one point of X.
The latter holds because of the following reasons:

(a) Any infinite set of nested discs containing a point of X contains a strictly
monotone sequence D, under the inclusion order.

(b) The diameters of the intersections Dy N X are intervals of the form (2.1) for
each £. We also observe that the diameter of D, converges to 0 as ¢ — oo for
any infinite sequence Dy.

(¢) X is compact.

Combining the above, we derive that Dy, N X # @ and Dy, N X D Dy N X and

diam Dy — 0 as £ — oco. This implies that

o)
ﬂ D,NX
r=1
is a nonempty subset of X whose diameter is zero. This concludes Statement (2)
above.
Let H' and H~ be the half planes y > 0 and y < 0 respectively.

Definition 2.13 (D’ and D). For each disc D in D, we define D' and D" to be the
two disjoint largest discs in D’ properly contained in D. Note that at least one of
D’ or D" is in D.
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For every disc D in D, we choose two circles C*(D) and C~ (D), each contained
in the interior of D, such that:
o C*(D) C H* and C—(D) C H-.
e CT(D) and C~ (D) intersect neither D’ nor D".
e CT(D) and C~ (D) are symmetric with respect to the z axis.

Then no two distinct circles C*(D) intersect.

We now construct M as the “double” of a compact surface with boundary, which
is S2 with the points in X and the interiors of some of the circles C*(D) removed.
First we fill in the circles C*(D) for all D € D satisfying D N'Y = (), and remove
the interiors of C*(D) for all D € D for which DNY # (. If DNY # § but
DN Z = 0, then we identify the boundaries of C* (D) and C~ (D) by reflecting
C*(D) in the z axis(preserving orientation in M). If DN Z # (), then we fill in
C~(D) and glue boundary of C*(D) with itself and make a cross-cap.

We shall show that the ideal boundary of M is equivalent to the triple (X,Y, Z).
It follows from Properties (1) and (2) above that any point in X can be uniquely
represented as the intersection of the sets in a maximal ordered chain in the lattice
of sets in D. From the definition of an end, this gives us an end of M. This defines
a mapping from X into the ideal boundary B(M) (Definition 2.2).

Since X \'Y and X \ Z are open subsets of X, every point p in X \ Y is contained
in some disk D € D such that D NY = @, and similarly for every p € X \ Z.
Hence the subsets Y and Z of X correspond precisely to the maximal chains which
represent nonplanar and nonorientable boundary components of M.

After that, we check that this map is a surjective homeomorphism from X into
B(M) and this concludes Theorem 2.10.

2.2.3. Theorem 2.11. Now, given a surface M, we can construct a surface M’ whose
ideal boundary triple is (B(M), B'(M), B"(M)) by taking a “double” of a modified
sphere. According to Theorem 2.8, it is sufficient to consider possible variations
in the genus and orientability class of M and M’. If either of these surfaces has
infinite genus or infinite degree of nonorientability, then the ideal boundaries contain
nonplanar or nonorientable end and the assumption that these invariants be the
same is redundant. Since it is possible to vary the genus or degree of nonorientability
in the finite case by adding or subtracting a finite number of “handles” or “cross
caps”, we have Theorem 2.11. When adding such “handles” or “cross caps” to M’,
choose disjoint disks located out of the largest disk, say Dy, in D’ whose diameter
14

is [-3, 3] and identify them as needed. This gives rise to Theorem 2.11.

Definition 2.14. Let M’ be a surface constructed as above. M’ \ Int(Dg) in M’ is
compact which we call a compact part of M’.

Remark 2.15. Note that a cylindrical end corresponds to an isolated point in the
ideal boundary. Therefore if a Riemann surface has an ideal boundary which is a
perfect set, it cannot have any cylindrical end. Furthermore every surface can have
at most countably many cylindrical ends.

2.3. Equivalence classes of end structures and its building blocks. In the
last subsection, we introduced an ideal boundary of a separable surface. By Theo-
rem 2.8, two separable surfaces of the same genus and orientability class are home-
omorphic to each other if and only if their ideal boundaries considered as triples of
spaces are topologically equivalent. Therefore, understanding topological structure
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of the ideal boundary will help us to deal with the end structures and the home-
omorphism classes of separable surfaces. In this subsection, we will provide the
description of a basis of the topology of the ideal boundary whose description is
now in order.

Let € be the Cantor set equipped with a subspace topology of R. Recall that
the Cantor set is a compact totally disconnected Hausdorff space. Its topology can
be described by the following basis.

Definition 2.16 (The standard basis of the Cantor set). We equip € with a basis of
a topology given by the set of intervals

7= {[0,1],[0,1/3], 2/3,1],....}.

The J corresponds to D’ in the last subsection such that a disk D whose diameter
is [(n— §)/3™,(n + 3)/3™] corresponds to [n/3™, (n+1)/3™].
The following is easy to verify whose proof is omitted.

Lemma 2.17. Then J has the following properties:

(1) A pair of elements of J is either disjoint or nested.

(2) For every point p € C, there exists a decreasing sequence I, I, ... of
elements of J containing p such that I; D Ity for all i and{p} = ;= L.

(8) Jis a POSET under the inclusion relation by setting I < I' to be I C I'.

(4) For each m =0, 1, ..., the sub-collection 3™ C I defined by

{{37;’ (ni;;l)} ‘0 <n<3m [?%J %1 mod3V0 <k <m} (2.3)

is also an open cover of C whose elements are disjoint from one another.
This sub-collection will be used to construct a rooted binary graph in Section
3, for which the index m + 1 will be the distance from the root.

Given a pair of intervals [a, b], [c,d] € I, their relationship is one of the following;:

e They are disjoint.
e They are the same.
e One is a proper subset of the other.

Moreover, in the last case, we have additional information.
Definition 2.18. Let i : {([a,b],[c,d]) € T x I|[a,b] C [¢,d]} — {0,2} be defined as

0 ifcga,bgc%—%

2.4
2 ife+ 29 <ab<d 24)

i@([avb]a [Ca d]) = {

Remark 2.19. ie([a, b], [c, d]) is related to ternary representation. Pick p € €. Then
we have a maximal chain {I;}icz., C Jsuch that [0,1] =Io 2 Iy 2 Ir---, I; €
IO Vi and N2, 1i = {p}. Then ternary representation of p is 0.k1ks .. .(3) Where
ie(li, Ii—1) = ki

Let M be a separable surface and let (B(M), B'(M), B”(M)) be its ideal bound-
ary triple as defined in Definition 2.6.

Definition 2.20 (Basis 8 of topology of B(M)). We consider the following sub-
collection of J

8:={I€J|INB(M)+#0}. (2.5)
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Then the collection of open subsets of B(M), still denoted by 8,
S={INB(M)|IeS8} (2.6)
forms a basis of the subspace topology of B(M) C [0,1].
We now provide an explicit construction of the surface M with given triple

B(M),B'(M), B"(M)) by utilizing the proof of Theorem 2.10:

(

(a) We pick Dy in D during the proof of Theorem 2.11.

(b) If Do N B'(M) = (), we fill in the circles C*(Dy).

(c) EDNY # 0 but DN Z = (), we identify the boundaries of C* (D) and C~(D)
by reflecting C*(D) in the  axis(preserving orientation in M). This results in
a genus contained in the complement of Int(Dy) U Int(D{) in Dy.

(d) If DNZ # (), we fill in C~ (D) and glue the boundary of C* (D) with itself and
make a cross-cap.

Moreover, D{, and D are disjoint disks contained in Dy and at least one of those
two is contained in D. (See Definition 2.13.) Therefore, we have derived that

Do\ (Int(D}) U Tnt(Dy))
is homeomorphic to one of the following domains:
Definition 2.21 (Building blocks). Considers the following domains of
(1) a pair of pants,
DyNB' (M) =40, Dj,DjeD,
(2) a pair of pants with a cross cap,
DonB"(M)#0, D, DleD,
(3) a pair of pants with a genus,
DonB"(M)=0, DynB'(M)#0, Dy DjeD,
(4) a cylinder,
DyNB'(M)=0, D& Dor, Dy ¢ D,
(5) a cylinder with a cross cap,
DonNB"(M)#0, D, ¢&D,or Dj &D.
(6) a cylinder with a genus,
DonB"(M)=10, DynB'(M)#0, D,¢&D,or,Dj¢&D.

We can construct our intermediate compact surface with boundary by taking
the union of the given base compact domain and a collection of the above building
blocks attached thereto.

Definition 2.22 (Building block By). Let I € 8 be given.

(1) We denote the above constructed building block by B; and say that a
building block is attached to I.
(2) For given J C I, we write

Note that I.* = I N B(M).
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In other words, we construct the desired surface by repeatedly attaching building
blocks to a compact domain along boundary at each step of the construction.

To deal with nonplanar or nonorientable ends, we need additional data on 8,
which will be encoded by the following map xs : § — {0, 1,2} which encodes some
structure of the ideal boundary of M.

Definition 2.23 (Counting genus and cross-cap). Let xs : 8 — {0, 1,2} be defined

as
1 ifINB"(M)#0

xs(I)=<2 ifINB"(M)=0and INB'(M)#0 (2.7)
0 otherwise

xs counts the contribution of genus and cross-cap contained in the building block
attached to I to the Euler characteristic of whole surface M. Note that if there is
at least one interval I € 8 such that ys(I) = 1, then M is nonorientable. We call
the pair (8, xs) the blueprint pair of the surface M.

So far we have constructed a blueprint pair (8, xs) from the ideal boundary triple

(B(M),B'(M),B"(M)). Conversely, suppose we are given a blueprint pair (8, xs).
For any maximal chain {/;};cz., C J in 8, we have a point p € C with

m I; = {p}.
i=0

Let B(M) be the set of such points.

o If a maximal chain {I;};ez., C J, which corresponds to a point p € B(M),
contains infinitely many intervals I; such that xs(I;) # 0, we say p €
B'(M).

o If a maximal chain {I;};cz., C J, which corresponds to a point p € B(M),
contains infinitely many I; such that xs(I;) = 1, we say p € B"(M).

Therefore there is a correspondence between the pair (8, xs) and the ideal boundary
triple. This completes the description of M as the surface obtained by an iterative
gluing of building blocks.

Notation 2.24 (Mg). For given 8, we denote by Mg the above constructed surface.
We remark that the topology of the surface Mg depends only on 8. For the

simplicity of notation, we also write
B(8) := B(Mg).
2.4. Pair-of-pants decomposition of surface. Additionally, we use the follow-

ing pair-of-pants decomposition of M which we encode by the following convenient
function &s : 8§ — {0, 1}.
Definition 2.25 (Counting pairs of pants). Define a function s : 8§ — {0,1} by
1 ifie(I1,I) =0 and ie(I2, 1) = 2 f I, I, €8
£5(1) = if ie( 1. ) and ie (I, 1) or some I, I (2.8)
0 otherwise

This counts the number of pairs of pants attached to I. If a cylinder, a cylinder
with a cross cap, or a cylinder with a genus is attached to I, then £s(I) = 0.

Using the value of xs(I) and &s(I), we can encode the 6 building blocks attached
to I in terms thereof as follows:
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(1) a pair of pants (s(I) =1, xs(I) = 0)
(2) a pair of pants with a cross cap ({s(I) =1, xs(I) = 1)
(3) a pair of pants with a genus ({s(I) =1, xs(I) =2)
(4) a cylinder (£s(I) =0, xs(I) =0)
(5) a cylinder with a cross cap (€s(I) =0, xs(I) =1)
(6) a cylinder with a genus (§s(I) =0, xs(I) = 2)
Using the homeomorphism classes of building blocks, we can now define a home-
omorphism between two blueprint pairs.

Definition 2.26. Let (8, xs) and (8', xs/) be blueprint pairs. We say two blueprint
pairs are homeomorphic to each other if there are chains of subsets 81 C 83 C - -
of §, and 8} C 84 C --- of & respectively such that the following hold:

e [0,1] € 84, [0,1] € 8.

e Each 8;[resp.8] corresponds to a connected subgraph of the binary graph
which corresponds to (8, xs)[resp.(8', xs)]-

e UTS8i=8,U;"8,=¢8".

o Let Mg, be a surface obtained from attaching By for I € §; to the compact
part of Ms. Then Ms, is connected and compact. Define Msg; in the same
way. Then Mg, is homeomorphic to Mg, for all 4, which is equivalent to:

— Orientability of Mg, and Mg, are same for all 1.
— There are k, k' € Z>¢ such that for all ¢,

E+Y xs() =K+ xs(0) (2.9)

1€8; Ies]

where [resp.k’] is the Euler characteristic contribution of genus and
cross-caps contained in the compact part of Mg[resp.Mg].
— For all 7,

D &)= &) (2.10)

I€S; IGS;

This definition follows directly by computing and comparing the numbers of
boundary components, Euler characteristics, and orientability in the proof of The-
orem 2.8.

Remark 2.27. Some homeomorphism on a surface may move its ideal boundary but
it cannot change the homeomorphism class of its ideal boundary. Some examples
of such a homeomorphism are swapping of two boundary components of a pair of
pants, shifting genus, and others we refer readers to [3] for more on the structure
of the mapping class group of infinite type surfaces.

3. SYMPLECTOMORPHISM CLASSIFICATION AND STANDARD SURFACES

In this section, we promote Richards’ homeomorphism classification result to
that of symplectomorphisms and introduce the class of standard surfaces each of
which provide a good geometric model for the Floer theory. This model should be
the replacement of the requirement of cylindrical ends for the Liouville manifolds

of finite type.
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3.1. Diffeomorphism classification. From now on, our surfaces of interest will
be a noncompact symplectic surface without boundary. Therefore, it is orientable
and does not contain any cross-cap.

Lemma 3.1. Let M be a noncompact symplectic surface without boundary. Then
we can construct another surface M' diffeomorphic to M by repeatedly attaching
one of the following types of surfaces to a disk:

(1) a pair of pants

(2) a cylinder with a genus

(3) a semi-infinite cylinder

Proof. In Section 2.1, we constructed a surface by taking a “double” of a modified
sphere and adding finitely many handles or cross-caps. Therefore, up to homeomor-
phism, we assume M is such a surface. Since our surface is orientable, B” (M) = ()
and we do not need to consider cross caps. By definition, the compact part of M
is constructed by identifying disks contained in the complement of Dy € D in the
sphere in pair and making genus. There are finitely many genus in the compact
part which is homeomorphic to a surface (with boundary) constructed by attaching
cylinders with genus along the boundary of a disk. Denote this surface by Mj. We
now have a homeomorphism from M| onto the compact part of M and need to
extend it into the interior of elements of D.

In the proof of Theorem 2.10, if Dy N B'(M) = (), we fill in the circles C*(Dy).
Otherwise, we remove the interiors of C¥(Dy) and identify the boundaries of
CT(Dyp) and C~(Dy) by reflecting C* (D) in the z axis (preserving the orientation
in M). This results in a genus contained in the complement of Int(D{)UInt(Dy) in
Dy. Also, D} and Dy are disjoint disks contained in Dy and at least one of those
two is contained in D. Therefore, the complement

Do\ (Int(D}) U Tnt (D))
is homeomorphic to one of the following building blocks:
(1) a pair of pants (Do N B'(M) =0, D}, D € D)
(2) a pair of pants with a genus (Do N B'(M) # 0, D{, D € D)
(3) a cylinder (DyNB' (M) =0, Dy ¢ D or Dj ¢ D)
(4) a cylinder with a genus (Do N B’ (M) # 0, Dy € D or D & D)

For the cases of (1), (3) and (4), we attach a pair of pants, a cylinder and a
cylinder with a genus respectively to a boundary of M| and denote the resulting
surface by Mj.

For the case of (2), we attach a cylinder with a genus to a boundary of M} and
attach a pair of pants to the resulting surface and call the resulting surface Mj.
After that, extend the homeomorphism between M| and the compact part of M to
the homeomorphism between M/ and the complement of Int(D{) UInt(D{). As we
did in the proof of Theorem 2.8, we do the same for other disks in D and can get
a homeomorphism between M and U2, M;.

For the case of (3), if we attach finitely many cylinders consequently, it does
not affect the homeomorphism-type and we can skip it. Otherwise, the attaching
operation is the same as attaching a semi-infinite cylinder. Therefore, we can
construct a surface which is homeomorphic to M by repeatedly attaching one of
the following types of surfaces to a disk:

(1) a pair of pants



FUKAYA CATEGORY OF INFINITE-TYPE SURFACES 19

(2) a cylinder with a genus
(3) a semi-infinite cylinder
By the construction of each homeomorphism, the attaching boundary of every
step is contained in the interior of the resulting compact bordered surface. So we
may assume the attaching boundary is smooth and so take a collar neighborhood
of each boundary component in every attaching step. Furthermore, we can replace
the operation of attaching boundaries by that of gluing along collar neighborhoods.
Therefore, we have improved the homeomorphism classification by a diffeomorphism
classification.
In the Section 3.2 for the symplectomorphism classification, we will equip each
building block with an area form (equivalently a symplectic form).

Definition 3.2 (Pointed surface). Let pg be a given point of M. We call such a pair
(M, {po}) a pointed surface and py the base point.

If M is a surface that is constructed by an iterative attaching of building blocks
to a disk, we take the center of the disk as the base point of the surface M. We
use this base point to define a plurisubharmonic function in Section 3.2. The point
will be used as the “starting point” of our homeomorphism.

Now we can associate a rooted binary graph to each homeomorphism type of M
once we pick a base point and get a basis 8 of the topology of M. (See Definition
2.20 for the definition of 8.) We start from the root vertex which correspond to the
disk containing the base point. Whenever we glue a building block By for I € §,
we add a vertex correspond to I and an edge between two vertices.

Note that every edge, except for the edge between the root vertex and the vertex
correspond to [0,1], is between two vertices which correspond to I, J € 8§ and
I €3+ and J € 30 for some m € Z>o. To show that this graph is a binary
tree, we recall several properties of the basis S:

Property 3.3. (1) [0,1] € 8 for every 8 and I C [0,1] for all I € 8.
(2) HI1cJ,Je 3m) and I € 3 +F) for some k € Zwo, there exists a unique
maximal chain Ip =1 C I} € --- C I, = J so that I; € 3m+F=9 for all 4.
(3) For every J € 8, there are at most two Iy, I € 8 such that I;, I are
maximal proper subsets of J. Moreover, {ie(I1,J), ic(I2,J)} = {0, 2}.

By Property (1), every graph has a vertex which corresponds to [0, 1] and it is
the only child of the root vertex of the graph. By Property (2), if a vertex in the
graph is given, there is a unique path from the given vertex to the root and this
graph is a rooted tree. By Property (3), the root vertex has valence 1 and every
other vertex has valence either 2 or 3, so this graph is a rooted binary tree. Also, we
may use an half edge to represent a semi-infinite cylinder instead of infinitely many
vertices with valence 2 and the resulting graph is still a rooted binary tree. See
Figure 4. Root vertex is marked with asterisk and other vertices which correspond
to elements in § are marked with dots.

Moreover, we may label children of each vertex as follows. If a vertex corre-
sponding to I is a child of a vertex corresponding to J and iec(,J) = 0, we call it
a left child of J. Otherwise, we call it a right child. Figures in this paper will be
drawn according to this naming of children.

This binary graph corresponding to & visualizes the topological structure of
B(M), but it lacks the data of B’(M) since it does not distinguish a cylinder
with a genus from a cylinder without a genus. To encode the data thereof for every
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F1GURE 4. A surface, corresponding rooted binary tree and a pair
of pants decomposition graph

e Y e N > T < |
\¥/\¥/
~ >

Fi1cURE 5. Building blocks

I € 8 with £s(I) = 0 and xs(I) = 2, we replace a vertex corresponding to I to a
cycle with length two. (See Figure 4.) By Lemma 3.1, we may assume that there is
no I € 8 with {s(I) =1 and xs(I) = 2 up to diffeomorphism. The resulting graph
may not be cycle-free, but it encodes the datum of a pair of pants decomposition
of M and so the homeomorphism type of M as follows: A vertex with valence 1
corresponds to a disk, A vertex with valence 2 corresponds to a cylinder and a
vertex with valence 3 corresponds to a pair of pants. We marked every point which
corresponds to a pair of pants with a triangle in Figure 4. Since a cylinder with a
genus is generated by attaching two pairs of pants along boundaries of leg openings,
we may also name each cylinder around a genus as the left or the right.

3.2. Standard surface and its building blocks. By the classification results
from the previous section, especially for the orientable surfaces, there is one-to-one
correspondence between the topological types of orientable surfaces and the set of
trivalent planar graphs: Each orientable surface is obtained by replacing each edge
of the graph by a cylinder C and replacing a neighborhood of each vertex by a
pants constructed as above.

In this subsection, we represent the graph constructed above in the first construc-
tion as the Reeb graph of a proper Morse function. We first recall the definition of
Reeb graph [23].

Definition 3.4 (Reeb graph). Given a topological space X and a continuous function
f: X — R, consider the equivalence relation on X where p ~ ¢ if p and g belong
to the same connected component of a single level set f~1(c) for some real number
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c. The Reeb graph of (X, f) is the quotient space X/ ~ endowed with the quotient
topology. We denote by G x ) the Reeb graph associated to (X, f).

We now consider a proper Morse function f =1 : M — R with ¢ > 0 satisfying
$7H0) = {pue}-
We have a natural fibration
() - M = Gay)

whose preimages are either a union of finite number of circles which corresponds to
a regular value of f or a figure 8 which corresponds to a critical level other than the
1 = 0 which corresponds to the base point. We can adjust the given good Morse
function so that its critical levels lie at some integer 2k > 0.

We then parameterize each connected component of =1 ([2k—1/2,2k+1/2]) by a
finite number of unit cylinders [0, 1] x S! equipped with the cylindrical coordinates
(s,t) with 0 < s <1, 0 <t < 1( mod 1). We parameterize the semi-infinite
cylinder by (s,t) with s > 0 and t € S*.

Equip these cylinders with the standard flat metric g = ds® + dt? and with the
standard (almost) complex structure J satisfying

0 0 0 0
J(a) &J(azf) = o

Then the standard symplectic form ds A dt is J-compatible.

On the other hand, the preimage 1 ~!([2k — 1/2,2k + 1/2]) is a union of a finite
number of pants each of which contains a unique critical point at the level 2k.
We conformally identify each such component with the standard pair of pants
consisting of the union of three cylinders C; of height 1 constructed in the following
way: we glue three cylinders C7,Cs, C3 with the aforementioned flat metric by
parameterizing each 9C; as {(0,t)|0 < t < 1}. We glue {(0,%) | 0 < ¢t < 3} of C;
o {(0,t) | 3 <t <1} of Cipq, and {(0,t) | 3 <t <1} to {(0,1) |0 <t < 3} of
C;_1, where index is written in mod 3. Then the conformal structure is realized
by the glued flat metric. The metric is singular only at two points p, p € ¥ which
lie on the boundary circles of 3;. Therefore the conformal structure induced from
the metric naturally extends over the two points p,p by unique continuation. One
important property of this singular metric is the flatness everywhere except at the
two points p, p where the metric is singular but Lipschitz.

We recall from Lemma 3.1 that each separable orientable surface M can be also
obtained by iteratively gluing the following building blocks:

(1) a pair of pants,
(2) a cylinder with a genus,
(3) a semi-infinite cylinder.
We take an area form on each building block C; so that near each boundary
component it has the form

w=7m"(ds A dt)
which can be smoothly glued to one another except at the two singular points p, p:

we arbitrarily smoothen the form near the singularities.
For a cylinder with a genus, we glue two of pairs of pants.



22 JAEYOUNG CHOI AND YONG-GEUN OH

For a semi-infinite cylinder in (s,t) € R>o x S*, we take the form w = ds A dt.
We glue these building blocks and define a global area form which we denote by

w

regarded as a symplectic form. We provide the following formal definition.

Definition 3.5 (Standard surface). A standard surface is a noncompact Riemann
surface (M, T) equipped with a pair-of-pants decomposition whose Reeb graph as
a planar graph is induced by the level sets of a plurisubharmonic function ¢ where
each pair-of-pants is an elementary cobordism equipped with the symplectic form
described as above.

By definition, a standard surface is a (tame) Weinstein surface whose Weinstein
structure (M, wy, 1) depends only on T up to Weinstein homotopy in the sense of
[11].

We then take an w-compatible almost complex structure J € J(7) and regard
the triple (M, ws, J) as an almost Kéhler manifold.

3.3. Symplectomorphism classification. In this subsection, we will show that
our standard surface M’ which is constructed by attaching building blocks and has
the same ideal boundary as M is symplectomorphic to M if every end of M is of
infinite volume.

Lemma 3.6. Let (M,w) be a noncompact symplectic surface every end of which
is of infinite volume. For every compact subset C whose boundary components
are diffeomorphic to S, given an arbitrary real number v > 0 and a boundary
component 0C1q, there is a cylinder D attached to C along 0Cy with volume v.
On the other hand, given an arbitrary real number 0 < m < (Volume of C) and a
boundary component OC7, there is a cylinder in C one of whose boundary is 0C
with volume m.

Proof.Since every end of M is of infinite volume, each connected component of
M\ C attached to C along 9C] is of infinite volume. Since this component is of
infinite volume, we can find a cylinder attached to C' with arbitrary volume by
extending it until its volume reach v. For the second part, extend from 9C; to the
inside of C' until its volume reaches m.

To conclude this chapter, we will use the following lemma of Greene-Shiohama
[13].

Lemma 3.7. Suppose M is a noncompact orientable manifold of dimension n and
{K;li =1,2,...} is a sequence of n-dimensional compact connected submanifolds-
with-boundary such that U?i1 K; =M and K;NK; for alli, j,i # j, is either empty
or is an (n — 1)-dimensional submanifold of M which is contained in the boundary
of K; and also in the boundary of K;. Suppose also that w and T are volume forms
on M such that ij w = fK; T for eachi=1,2,.... Then there is a diffeomorphism
@ : M — M such that p*w =T.

Theorem 3.8. A noncompact symplectic surface every end of which has infinite
volume is symplectomorphic to a standard surface.

Proof. By Lemma 3.1, there is a standard surface (M’,w’) such that given manifold
is diffeomorphic to (M,w). Let 7 be a volume form on M’ given from pulling back
w along the diffeomorphism. In the proof of Lemma 3.1, each closure of M;_ , — M;,
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consists of finitely many building blocks. We can order them and denote as {K;|i =
1,2,...}. Then their union becomes M, M}, ... and [J;o, K; = M’ holds. Note
that each boundary component of K; is diffeomorphic to S'. Intersection of K;
and K for i # j is an empty set or a disjoint union of their boundary components.
Compare the volume of Ky w.r.t. 7 and w. If they are equal, move to Ky, K3, .. ..
Else, find a cylinder attached to K or inside of Ky with the volume equal to the
difference using Lemma 3.6. By varying the diffeomorphism, shrink or expand near
the boundary of K; and get a new volume form, say 7;. Then 71 and w’ give us
the same volume on K7. Repeating this, we may assume that volume on K; with
respect to 7 and w’ is equal for all i > 1. Therefore, our {K; | i = 1,2, ...} satisfies
the condition of Lemma 3.7 and we can get a symplectomorphism between two
surfaces.

Therefore, each symplectomorphism class of noncompact Riemann surface with
infinite volume ends contains a standard surface. From now on, we will regard
standard surface as a representative of such a symplectomorphism class.

Part 2. Definition of Fukaya category of infinite type surfaces

Now we specialize to the case of a noncompact exact symplectic manifold (M, w)
with w = da. We start with introducing a general definition of tame symplectic
manifolds for which the standard analytic package of pseudo-holomorphic curves
can be applied.

4. LIOUVILLE TAME MANIFOLDS AND GRADIENT-SECTORIAL LAGRANGIANS

We first recall the notion of tame symplectic manifolds: A symplectic manifold
(M,w) is called tame if it admits an almost complex structure J such that the
bilinear form w(:,J-) =: g; defines a Riemannian metric such that its injectivity
radius is bounded from below and its curvature is uniformly bounded. As usual,
we denote by

e

the set of almost complex structures tame to w.

4.1. Plurisubharmonic functions and C’-estimates in general. To study C°
control of the solutions of perturbed Cauchy-Riemann equations, we will use a class
of barrier functions whose (classical) Laplacian is pinched from below.

The following definition is motivated by that of [20].

Definition 4.1. Let J be any tame almost complex structure of (M,w). We call a
smooth function ¢ : M — R that is tame and J-plurisubharmonic or a J-convex if
it satisfies the following:

(1) There exists a constant C' > 0 such that
[¢llc= < C.
(2) There exists a compact subset K C M such that
—d(dp o J) = gw
for some nonnegative function g. on M \ K.

When the above holds, we call the pair (¢, J) a pseudoconvez pair.
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Note that if K = M, it is nothing but the definition of plurisubharmonic function
for the complex structure J. By Condition (1), ¢ appearing in Statement (2)
satisfies ||g||co < C” for some constant C".

Definition 4.2 (Tame Liouville manifolds). We call a tame exact symplectic manifold
(M, da), not necessarily of finite type, a Liouville-tame symplectic manifold if the
following hold:

(1) Tt admits a pseudoconvex pair (1, J).
(2) The associated Liouville vector field is gradient-like for the function .

We define the ideal boundary of each cylindrical end e of M to be the set of
equivalence classes of Liouville rays of the end e and denote by Oeco M.

Now we recall the class of gradient-sectorial Lagrangian branes with respect to
the given pseudoconvex pair (¢, J) from [20] and define the notion of -wrapped
Fukaya category. We consider its normalized gradient vector field

7, = &Y (4.1)

| grad ¢[?

with respect to the usual metric

da(v, Jw) + da(w, Jv
gs(v,w) = ( >2 ( )

Definition 4.3 (Gradient-sectorial Lagrangian branes). Let (M, a) be a Liouville-
tame symplectic manifold equipped with a pseudoconvex pair (1, J). We say that
an exact Lagrangian submanifold L of (M, ) is gradient-sectorial if

(1) L C Int M \ OM and dist(L,9M) > 0.
(2) There exists a sufficiently large ro > 0 such that L Ny~ ([ro,00)) is Zy-
invariant, i.e., Zy is tangent to L N ~1([rg, 00)).

We now specialize to the case of 2 dimensional surfaces.

4.2. Construction of tame J-plurisubharmonic functions. We now explain
the procedure of construction of plurisubharmonic exhaustion functions on a non-
compact orientable surface equipped with a hyperbolic structure, utilizing the de-
tails of Weinstein’s contact surgery [26].

Proposition 4.4. Let (M,w) be a standard surface constructed in Lemma 3.1.
There is a plurisubharmonic function ¢ : M — R defined on M such that each
building block is a connected component of 1~ ([k, k + 1]) for some integer k > 1.

Proof.

First, embed the disk D into R?, with the height function ¢ : D? — [0, 1] where
»~1(0) = {0} and ¢~1(1) = 9D and ¢ is convex. Then it is a plurisubharmonic
function on D. Recall that in Lemma 3.1, we attached building blocks to D along
dD. If a semi-infinite cylinder is attached, the resulting surface is an infinite disk
and it has no boundary. Extend this height function v to the whole surface and we
are done.

If we attach a pair of pants, we do the contact surgery as in [26]. We define a
standard handle which we would use for the surgery. In the standard symplectic
space R? with canonical symplectic form w = dx A dy and Liouville vector field
&= —2568% +ya%, it is the negative gradient with respect to the standard metric of
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the Morse function f = 2% — 2y?+2. Then the unstable manifold is E_ = {z = 0}
and descending sphere is S_ = E_ N f~1(1) = {(0,£v2)}.

A standard handle is a region in R? bounded by a neighborhood of S_ in f~*(1)
together with a connecting manifold o diffeomorphic to S® x D'. We may choose
this handle so that it is transverse to the Liouville vector field £ and so that its
intersection with f=1(1) is contained in an arbitrarily small neighborhood of the
descending sphere. Note that f is plurisubharmonic in this handle.

By Theorem 5.1 of [26], we may attach this handle to our disk D and ¢ will be
extended to the resulting surface using f. We reparametrize the domain or rescale
the value if needed and assume that @) = 2 on the boundary. If we want to attach a
cylinder with a genus, then we attach the handle twice and get the desired result.
Plurisubharmonicity is a local property and so v is plurisubharmonic on the whole
surface.

By our construction, ¢»~1([0, 1]) is a disk and connected components of ¢»~1([1,2]),
¥71([2,3]), ... are building blocks listed above and we are done. (In this case, we
regard attaching a semi-infinite cylinder as attaching a finite cylinder repeatedly.)

The Morse function 1 in the proposition above provides us with a compact
exhaustion sequence

$7H([0,1]) c v 7H([0,2]) C -
of M. By the construction of v, for any k € Zwq, ¥~ 1([0,k]) is the result of

attaching building blocks k — 1 times to a disk. Also, each boundary component of
¥~1([0,k]) is a simple closed curve and ¥~1([0, k]) is a Liouville subdomain of M.

Definition 4.5. Let M be a standard surface with 1 defined above. We denote by
MEn = 1[0, n)]) (4.2)
M=" =4~ ([n, 00)) (4.3)
for n € Z~y.

Combined with the classification of surfaces, what we have done so far in this
section can be written as the following theorem.

Theorem 4.6. Let M be an orientable separable surface without boundary. Then
there is a standard surface (M’,w) homeomorphic to M which is a Liouville-tame
symplectic surface equipped with a pseudoconvex pair (J,1)).

5. MAXIMUM PRINCIPLE, CO-ESTIMATES AND ENERGY ESTIMATES

5.1. Hamiltonian-perturbed Cauchy-Riemann equation. In this subsection
only, we consider the general Hamiltonian-perturbed Cauchy-Riemann equation
which is given as follows:

w:Y — M

u(d%) C L

limg 4o u(ef(s, ")) = 2% € X
(du— X @ a)® =0

(5.1)

where X = Xy for a domain-dependent function H = H(z,z) : ¥ x M — R and
« is a one-form on X that satisfies the conditions imposed in [1] which we do not
elaborate leaving the details thereto.
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The geometric and topological energies of a solution of above equation are defined
by

E9¢°™ (u) = / }|du —X®a?= / uw'w—u'dH AN« (5.2)
5 2 b
EP(y) = / ww—du'H-«a)=E9"(u) — / u'H - da (5.3)
When H > 0 and « is suzb—closed , we get ;
0 < B9 (u) < E™P(u) (5.4)

The first equality holds if and only if du = X ® a and the second holds iff dav =0
[1].

Since we assume the Lagrangian is exact, i.e., t;a = dh, then we define action
of v € X by

1
Aly) = /0 =770+ H(z(t))dt + h(v(1)) — h(7(0)) (5:5)

Then for any solution of (5.1), the following holds.

d
E'P(u) = A(°) = Y AR (5.6)
k=1

Following as in [19, 20], we now explain how the pseudoconvex pair (¢, J) are paired
with gradient-sectorial Lagrangian branes so that they become amenable to the
strong maximum principle and hence give rise to fundamental confinement results
for the J-holomorphic curve equation and other relevant Floer-type equations such
as the perturbed J-holomorphic curves associated to the wrapping Hamiltonians of
the type H = p(¢) for a function p with p’ > 0.

After this general set of Hamiltonian-perturbed Cauchy-Riemann equation is
mentioned, we will restrict ourselves to the case H = 0 for our purpose of construc-
tion of a Fukaya category on M.

5.2. Pseudoconvex pair, gradient sectorial Lagrangians and strong max-
imum principle. Let J be a tame almost complex structure of M. Consider a
(k+1)-tuple (Lo, ..., Ly) of gradient-sectorial Lagrangian submanifolds. We denote

Y =D\ {z0,..., 2}

and equip ¥ with strip-like coordinates (7,t) with &7 € [0,00) and ¢ € [0,1] near
each z;.

Remark 5.1. Here and hereafter the suffix i is regarded as modulo k + 1.

Then for a given collection of intersection points p; € L; N L;4q for i =0,... k,
we wish to study maps u : ¥ — M satisfying the Cauchy-Riemann equation
gju =0
’U,(Zizi+1) Cc L; i=0,...,k (57)
(o004, t) = pi, 1=0,...,k.

The following theorem is proved in [19, Theorem 8.7] for the particular case ¢ = s
of the end-profile function but the same proof applies to general pseudoconvex pair.
For readers’ convenience, we duplicate the proof here in the current context.
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Theorem 5.2. Let (1, J) be a pseudoconvex pair.
Let u be a solution to (5.7). Then there exists a sufficiently large r > 0 such that

Imageu C (¢) "' ((—o0,7]) (5.8)
Proof. Since a neighborhood of 05, M is exhausted by the family of compact subsets
(=00, 7))

for r > 0, it is enough to prove (5.8) for some r > 0. We first recall that du is

J-holomorphic and satisfies —d(dy o J) > 0 from the definition of pseudoconvex

pair (¢, J). Since w is J-holomorphic, we obtain
d(pou)oj=dipoJodu=u"(dpolJ)

By taking the differential of the equation, we derive
—d(d(You)oj)=—u'(d(dyoJ)) =0.

In particular, the function ¥ o u is a subharmonic function and cannot carry an
interior maximum on R x [0,1] by the maximum principle.

Next we will show by the strong maximum principle that « cannot have a bound-
ary maximum in a neighborhood of 0., M UOM either. This will then enable us to
obtain a C° confinement result

Imageu C {¢ < 1o}

for any finite energy solution u with fixed asymptotics given in (5.7) provided r¢ is
sufficiently large.

Now suppose to the contrary that ¢ o u has a boundary local maximum point
2’ € 0D*\ {20,...,2,}. By the strong maximum principle, we must have

0< grtwtul)) = do (5 (5.9

for the outward unit normal %p of 0%, unless ¥ o u is a constant function in
which case there is nothing to prove. Let (r,6) be an isothermal coordinate of a
neighborhood of 2/ € 9¥ in (¥, j) adapted to 9%, i.e., such that % is tangent to
9% and |dz|? = (dr)? + (df)? for the complex coordinate z = r + i) and

g 0

o or
along the boundary of ¥. Since u is J-holomorphic, we also have

ou Ju

E—FJ%—O.

a (o) = v (~r55)).

By the v-gradient sectoriality of L and the boundary condition w(9X) C L, both
Zy(u(z")) and 2% (2’) are contained in T),(,/)L, which is a da-Lagrangian subspace.
Therefore we have

0 = da (Zuu(). S0 ) = da (Zutu). S5 )

= 0 (2.5 = e (50)

(5.10)

Therefore we derive
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where the last equality follows from the definition of normalized gradient vector
field Zy,. This is a contradiction to (5.9) (unless 9 o u is constant) and hence the
function ¥ o u cannot have a boundary maximum either. This then implies

maxou < max{y(p;) |i=0,...,k}

By setting
ro =max{¢(p;) |1 =0,...,k} +1,

we have finished the proof. We remark that the constant max{¢(p;) | i =0,...,k}
(and so 1) depends only on the intersection set

k
ULinLin
=0

and not on the maps w itself satisfying (5.7).

6. DEFINITION OF FUKAYA CATEGORY OF (M, w)

We choose a countable collection of properly embedded gradient-sectorial exact
Lagrangian branes £ = {L;}.

In the study of (unwrapped) Fukaya category, we consider a disc D? with a finite
number of boundary marked points z; € dD? equipped with strip-like coordinates
(7,t) (or on the sphere S?) with a finite number of marked points. We denote by
Z;Zit1 the arc-segment between z; and z;41, and 7 = oo, the infinity in the strip-like
coordinates at z;.

Let Lo,...,Lg be a (k + 1)-tuple of gradient-sectorial Lagrangian branes. We
denote

¥ =D\ {z,..., 2}

and equip Y. with strip-like coordinates (7,t) with &7 € [0,00) and ¢ € [0,1] near
each z;.

Then for a given collection of intersection points p; € L; N L; 41 for i =0,...,k,
we wish to study maps u : ¥ — M satisfying the Cauchy-Riemann equation

a]u =0
U(Zi2i+1) Cc L; i1=0,..., k (61)
(o004, t) = pi, 1=0,...,k.

6.1. Floer cochain complex. In this subsection, we will describe construction of
the boundary map. Let (L;,7;) i = 0,1 be a pair of exact sectorial Lagrangians.
Let p,gqe LoN L;.

Definition 6.1. CF(Lg, L1) is a free R module over the basis p where p € Ly N Ly
is an intersection point.

We next take a grading to L;. It induces a grading of p, which gives the graded
structure on CF(Lg, Ly)

CF(Lo, L) = @ CF*(Lo, L1)
k

where C’F’“(Lo7 Ly) = spang{p | u(p) = k}.
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Orientations of the Floer moduli space M(p,q) obtain a system of integers
n(p,q) = #(M(p,q)) whenever the dimension of M(p, q) is zero. Finally we de-
fine the Floer ‘boundary’ map 0 : CF(Lg, L1) — CF(Lg, L) by the sum

op)= Y npa)lg). (6.2)

qeLoNLy

Definition 6.2. We define the energy filtration F*CF (Lo, L1) of the Floer chain
complex CF(Lg,L1) (here A € R) such that p is in F*CF(Lg, L;) if and only if
Alp) = A

It is easy to see the following from the definition of 0 above:

Lemma 6.3.
9 (F*CF(Lo,L1) C F*CF(Lo, Ly)).

6.2. Grading and orientations. Let a standard surface (M,w) be given. For
the Zs-grading, start with assigning orientation on each Lagrangians. On each
transversal intersection x of two Lagrangians Ly and L;, we pick a trivialization
near x such that
T.Lo =R, T,L;=iR.
We compare the orientation of this trivialization with that of M: We set deg(z) =0
if they agree and deg(z) = 1 otherwise. For the Z-grading, we will use Seidel’s
absolute grading from [25] a brief explanation of how it goes is now in order.
In our two dimensional case, we use the following facts:
e Lagrangian Grassmannian A(TM) of (M,w) admits a fiberwise universal
covering A(TM) if and only if 2¢1(M,w) goes to zero in H2(M;Z). (See
[25, Lemma 2.2].)
e Any open 2-dimensional surface is homotopy equivalent to 1-dimensional
CW complex and so ¢;(TM) = 0 in H?>(M;Z) by dimensional reason.

For each given Lagrangian submanifold . C M, we have a natural section
sp: L — ATM)|; sp(z):=TL, € AT M,w,).

We have a lift L : L — A(TM) of s and the pair (L,i) is called a graded
Lagrangian submanifold.

Let a pair of graded Lagrangians (Lo, Lo) and (L, L1) which intersect transver-
sally be given. Pick any point 2 € Lo N Ly and choose two paths Ag, A; : [0,1] —
LGr(T, M) with Xg(0) = A1(0), Ao(1) = Lo and A;(1) = Ly. Let Ag,A; be the
projections of these paths to A(T,, M) and p(Ao, A1) be the Maslov index for paths.
We assign to x an absolute index

= = 1
I(Lo, Ly;2) := 3~ (Ao, A1) (6.3)
following [25].

6.3. Products. Let £ = (Lo, L1, -+, Lx) be a chain of compact Lagrangian sub-
manifolds in (M, w) that intersect pairwise transversely without triple intersections.

Let 7 = (20,21, - ,21) be a set of distinct points on 9D? = {z € C | |z| = 1}.
We assume that they respect the counter-clockwise cyclic order of 9D?. The group
PSL(2;R) = Aut(D?) acts on the set in an obvious way. We denote by M3571" be
the set of PSL(2;R)-orbits of (D2, 7).
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In this subsection, we consider only the case k > 2 since the case k = 1 is
already discussed in the last subsection. In this case there is no automorphism on
the domain (D2, 7), i.e., PSL(2;R) acts freely on the set of such (D?, 2)’s.

Let pj € LyNLj_1 (j=0,---,k), be a set of intersection points.

We consider the pair (w;Z) where w : D* — M is a pseudo-holomorphic map
that satisfies the boundary condition

w(zi2i+1) C L;, (64&)

We denote by M°(£,5) the set of such (D2, 2),w).

We identify two elements ((D?, 2),w), ((D?, #'),w’) if there exists v» € PSL(2;R)
such that wot = w’ and 9 (2}) = z;. Let M°(£, p) be the set of equivalence classes.
We compactify it by including the configurations with disc or sphere bubbles at-
tached, and denote it by M(£,p). Its element is denoted by ((¥,Z), w) where X
is a genus zero bordered Riemann surface with one boundary components, Z" are
boundary marked points, and w : (3,9%) — (M, L) is a bordered stable map.

We can decompose M(£,p) according to the homotopy class B € m(£,p) of
continuous maps satisfying (6.4a), (6.4b) into the union

MeEn = |J ME5B).
Bem(L;p)
In the case we fix an anchor +; to each of L; and put € = ((Lo,v0)," -, (Lk,7&)),
we consider only admissible classes B and put

ME = |J WMEBB).

Bemgd(E;p)

Theorem 6.4. Let £ = (Lo, -+, Li) be a chain of Lagrangian submanifolds and
B € m3(£;D). Then M(L,9; B) is a smooth manifold (with boundary and corners)
of (virtual) dimension given by

dimM(L,p, B) = u(L£,pB) +n+k — 2, (6.5)
where (L, Py B) is the polygonal Maslov index of B.

6.4. A-structure. Under the same assumption as the above subsection, now
consider solution u of (5.1). We may assume that each 2% lies in M<!. Suppose u
intersects M <!. Then we can apply Theorem 5.2 to the part of u that gets mapped
to M\ M=! and conclude that u does not meet the interior of M\ M=!. To remove
transversality condition, we can to the same on little bit bigger component, say
M<=e. H is still linear on that boundary, although we may need some rescaling.
Therefore, every solution is contained in  some compact Liouville subdomain of M
and we can regard them as solutions in M=!. We can explicitly describe solutions
out of M=! and compactness and transversality of moduli space can be derived as
we did on Liouville domain.
Using this, we can also show A,-associativity.

Lemma 6.5. The maps p', u2, ... satisfy the following A -associativity equations.
Z (_1)@(w1)+v--+dieg(xi),ud+ (xd, s 7xi+d7+17
dy+d_=d+1 (6.6)

pd= (=T 2t et =0
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Proof.Fix inputs ', ..., 2% and gradient sectorial Lagrangians Lo, ..., Ly and con-
sider coefficient of a chord z° in the LHS of (6.6). Then there exists k such that
every x' is contained in M<F and every L; are invariant under the gradient flow of
v on M\ M<F. However, it cannot guarantee equations since we do not know about
output of pd (xitd-_ ... x**1) say 2/, and directly apply the result of this subsec-
tion. However, recall that each contribution to A..-associativity equation comes
from a polygon with one nonconvex corner. In that polygon, =’ should be located
between two chords z7,2%! in a boundary Lagrangian of the polygon. The only
possible case where 2’ is out of M=F is the Lagrangian between z7 and 271! goes
out M<F and meet saddle point and come back. However, such Lagrangian cannot
be a boundary of polygon and that is not the case. Therefore, ' is contained in
M=* and we may regard it as A..-associativity on M<F, so the coefficient for z°
would be 0. We can do this for any output chords and we are done.

By Lemma 6.5, our p* on wrapped Fukaya category of infinite type surface
satisfies A,.-equation. And we regard it as an A,-category. Therefore, what we
have done so far in this section can be written as the following theorem.

Theorem 6.6. Let M’ be a standard surface with a pseudoconvex pair (J,). Then
we can define a Fukaya category Fuk(M') whose objects are gradient sectorial La-
grangians.

Now we have defined a Fukaya category on a standard surface. By the one-
to-one correspondence between the hyperbolic Riemann surface structure and the
standard surface representation of the surface, we derive that our definition of
Fukaya category, denoted by Fuk(M,T), of infinite type surface for given hyperbolic
structure T is well-defined.

Theorem 6.7. Let (My,w1), (Ms,ws) be orientable separable surfaces without
boundary equipped with hyperbolic structure and associated symplectic forms respec-
tiwvely. If (M1,T1), (Ma, Ta) are quasi-isometric, then Fukaya categories Fuk(My,T1),
Fuk(Ms,T3) are quasi-equivalent.

Proof. We equip tame almost complex structures J; and J;-plurisubharmonic func-
tion v; to define Fuk(M;,T;) respectively for i = 1, 2. Let ¢ : M7 — My be an
quasi-isometric symplectormorphism such that ¢*ws = w1 =: w. We now reduced
the equivalence problem to the problem of two choice of two tame almost complex
structures J; and Jy on a symplectic manifold (M7,w;) such that the associated
Kéhler metric g; and go are quasi-isometric. Since the set J(T) of T-tame almost
complex structures tame to w is contractible, this finishes the proof as usual.

Part 3. Calculations

In this part, we give some concrete description of our Fukaya category Fuk(M, T)
using the standard surface representation of the surface (M, 7).

7. GENERATION OF THE FUKAYA CATEGORY

In this section, we provide a description of generating set of Fuk(M,T).
We first recall the following standard definition of Liouville isomorphisms in
general.
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Definition 7.1. A Liouville isomorphism between Liouville domains (M, 61), (Ma, 02)
is a diffeomorphism ¢ : My — M, between their completion (Ml,él) and (]\ng, ég)
satisfying d)*ég =0, + df for some compactly supported f. Such map is symplectic
and compatible with the Liouville flow at infinity.

Two Lagrangians Ly, Ly are Liouville isotopic if there is a smooth family of
Liouville isomorphism {¢;};e[o,1] such that ¢g = idy; and ¢ (L) = Lo.

The following is the well-known standard fact.

Lemma 7.2. If L1 and Ly are Liouville isotopic, then L1, Lo are quasi-isomorphic
as an element of Fuk(M).

Proof. By definition, we have an isotopy ¢! of Liouville isomorphism with Ly =
' (L) and ¢° = id. For any test Lagrangian (Ko, - , K;), the isotopy induces an
A, homotopy

ﬂ{¢t} : OF(Ll,Kl, cee ,Kg) — C’F(Lg, Ko).
By considering the time-reversal isotopy, we derive that the pushforward ¢, :
Fuk(M) — Fuk(M) is a quasi-isomorphism and so L; and Ls are quasi-isomorphic.

For our current purpose, we need to introduce the notion of a Liouville isomor-
phism between standard Weinstein surfaces.

Definition 7.3. A Liouville isomorphism between standard Weinstein surfaces (M, 11),
(Ma, 1)) is a Liouville diffeomorphism ¢ : M; — M that satisfies the following;:

(1) There exists £y € N such that ¢(M;=F) ¢ Ms* for all k € Z.
(2) There is some ng € Zs¢ such that ¢ intertwines gradient trajectories of ¢
and 19 on My \Mlgn.

Note that a Liouville isomorphism between finite type standard surfaces My, My
restricts to a Liouville isomorphism between Liouville subdomains thereof by defi-
nition.

7.1. The ideal boundary of gradient sectorial Lagrangian brane. In this
subsection, we study and classify the behaviour of gradient-sectorial Lagrangians
near end. Let a gradient-sectoral Lagrangian submanifold L of a surface M be
given. If L is closed (i.e., compact without boundary), there exists a n € Z~q such
that L € M<" since M<! € M<2? C ... being a compact exhaustion of M.

For open Lagrangian submanifolds, the following holds. First of all we recall
that the elements of our generating set do not pass through the saddle critical set

of 1.

Proposition 7.4. Let L be a connected gradient-sectorial Lagrangian submanifold
of M such that LN M=% N Crit+ = 0 for all sufficiently large k. If L is open, then
there is n € Z~q such that L N M=" only has two connected components and they
are Y-gradient trajectories of a point in L N OMS",

Proof. By the definition of gradient-sectorial Lagrangian and our assumption on L,
there is ko € Z such that grad ¢ is tangent to LNM =0 and LNM Z*oNCrit 1) = (.
Since M=! C M<=2 C ... is a compact exhaustion of M, L intersects M=F for all
sufficiently large k, say k > ko.

Since L is connected and L intersects M =¥, every connected component of L N
M=% contains a point in OM=F. Since L is properly embedded and M= is
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FIGURE 6. Pairs of pants contained in C

compact, L N OMSF consists of finitely many points. Therefore, there are finitely
many connected components of L N M=,

There are two possibilities for each connected component of L N M=%, If the
component is noncompact, it must be a complete gradient trajectory issued at the
given intersection point in L N OM=F. If the component is compact, since L does
not cross critical point of ¢ in MZF, the component must be homeomophic to a
closed interval with its two boundary points lying on the set {¢) = k} and hence
must be a constant trajectory which means the point must be a critical point of v,
a contradiction to the hypothesis that L N M=* N Crity = () for all k > ko. This
finishes the proof. Recall that any connected Lagrangian brane is equipped with
orientation and is homeomorphic to R as an oriented manifold.

The above proposition enables us to define the following.

Definition 7.5 (Ideal boundary of open gradient-sectorial Lagrangians). Let L be a
gradient-sectorial Lagrangian brane.

(1) We call each connected component of a 1-gradient trajectory of L N M="
an end of L in (M, 7).

(2) We call the unique ideal boundary point p = {P1 D P, D ...} € B(M)
associated to the i-gradient trajectory appearing in Proposition 7.4 an ideal
boundary point. We denote by d., L the set of ideal boundary points

where p, q are the ideal boundary points at +oo of L = R respectively.
(3) We define the asymptotic evaluation maps

evl : {£oo} = B(M) (7.1)
by evl (00) := p, evL (—o0) := ¢ given above respectively.
If p = q, we call the point p the double ideal boundary point of L.

7.2. Generation and classification of objects of Fuk(M,T). In this subsec-
tion, we want to make a classification of the objects of Fukaya category Fuk(M,T),
especially those of open Lagrangian branes, which respects the behaviour of the
ends of open Lagrangian submanifolds.

Now by applying a Liouville isomorphisms of standard surfaces given in Defini-
tion 7.3, the following we immediately derive the following two lemmata.



34 JAEYOUNG CHOI AND YONG-GEUN OH

Lemma 7.6. Let M be a standard surface with a blueprint pair (8,xs) given in
Definition 2.23. We can partition 8§ into the subsets consisting of mazimal chains
I1 DI D... of 8§ so that the following hold:

(1) For any mazimal chain with minimal element
I DIQD"'DIZ'O

we have
55(‘[1'0) =1, gS(Iz) =0 Vi#io.
(2) For any mazimal chain without minimal element

LDLLD...,

we have
&s(1;) = 0Vi.

Lemma 7.7. Let (8,xs) be the blueprint pair of M and consider the partition
obtained in Lemma 7.6. Let D be the base disk of M. We can partition M \ D
into the union of building blocks so that the union is partitioned into sub-unions of
those corresponding to each mazimal chain. We can enumerate the subset of saddle
critical points of v appearing in the sub-union associated to each mazximal chain
mto
{Q1,Q27"' 7qi,"'}
and modify the given plurisubharmonic function v so that the following hold:

(1) Foralli=1,--- k-,

¥(ai) < ¥(qit1)- (7.2)

In particular, we have v=1(c;) = {q:} for ¢; = ¥(q;) for all i > 1.
(2) All saddle connections connect ¢; and g;+1 for all i > 1.

We call the sub-union associated to each mazimal chain a cell of partition.

We can also classify the proper ¢ gradient trajectories, up to Liouville isomor-
phism, with the same ideal boundary.

Lemma 7.8. For any end p € B(M), consider v-gradient trajectories ending at p.
Then there are at most two equivalence classes of such -gradient trajectories up
to Liouville isotopy. More specifically, the following hold:

(1) If p ¢ B'(M) and p is an isolated end, any two connected components of L
with the same end p is Liouville isotopic.

(2) If p € B'(M) is an isolated end, there are exactly two such equivalence
classes.

(3) If p is a limit point in B(M) with respect to the subset topology of R, there
are at most two such equivalence classes.

Proof. Let ¢;, ¢ be the ¢ gradient trajectories corresponding to the ends of a
sectorial Lagrangian, and let ¢* be a Liouville isotopy such that ¢° = idy; and
#'(¢1) = f. Then since the isotopy induces the identity map on the ideal boundary
B(M), there exist n € Zsq such that ¢, {5 should intersect the same boundary
component of M=F for all k > n. Pick k and a boundary component, say Sy, of
M=F that intersect ¢; and fs. Let 1, x2 be the intersection points ¢, NSy, 2 NSy
respectively. Then the intersection point between ¢'(¢;) and Sy gives us a path
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from x1 to x4 in Si. Note that this path cannot intersect a descending manifold of
a saddle point of .

Conversely, if we can find a path in Sg not intersecting any descending manifold of
a critical point of 1, the path induces a corresponding Liouville isotopy. Therefore,
we have a one-to-one correspondence between the set of connected components of

Sk \ {descending manifold of saddle points of ¢}

and the set of equivalence classes of gradient trajectories intersecting Sk.
From now on, we will count such connected components in each cases.

Case 1: p is an isolated point of B(M) and p ¢ B'(M).

By the standing hypothesis, for a sufficiently large n € Z~, there is a connected
component C of M \ M =" such that C* contains p with respect to the topology of
B(M) defined in Definition 2.2 and C* contains only p. We also recall therefrom
that C* is the set of all ends

C*={{PLDP,D>...} =pe B(M)| P, CC for all sufficiently large n}.

Since p ¢ B'(M) and C* contains only one end, C must be of finite type and contain
finitely many genus from the compact part and has one cylindrical end. By taking
larger n if needed, we may assume every such genus is contained in M<". Therefore,
C does not contain a critical point and any two gradient trajectories starting from
a point in S,, are Liouville isotopic by an isotopy extending the rotation near S,, as
before. This shows that there is the only equivalence class in this case.

Case 2: p is an isolated point of B(M) and p € B'(M).

By assumption, there is a sufficiently large n € Z~ such that M \ M<" carries
a connected component, say C, the associated C* of which contains p with respect
to the topology of B(M). By the isolatedness assumption, C* again contains only
p. Since p € B'(M), C* contains a nonplanar end and C contains infinitely many
genus. By our construction of 1 as we referred in the Lemma 7.7, C is contained
in a cell of partition and the descending manifold of the saddle critical point of
with minimum value in C intersects 0C' at two distinct points and the descending
manifolds of other critical points of ¥ in C' do not intersect JC. Therefore, the
set of points in JC not contained in the descending manifold of the minimum
saddle critical point of C consists of two connected open arcs. Since the gradient
trajectories issued from two points in the same open arc are Liouville isotopic as
before, we have derived that there are two Liouville isotopy classes in this case.

Case 3: p is a limit point of B(M).

Since p is a limit point of B(M), any open neighbourhood of p in B(M) should
contain other point in B(M ). Therefore, for any n € Z~¢, the connected component
C of M\ M=" such that C* contains p contains infinitely many pair of pants. By
taking a sufficiently large n, we may assume C' does not contain a genus from the
compact part. Also, by our construction of ¢ as we referred in the Lemma 7.7, it
suffices to assume that C' does not contain a genus. This is because p is a limit
point in B(M) and attaching a cylinder with a genus cannot be repeated infinitely
many times. Removing such finitely many cylinders with genus does not change
the equivalence classes of gradient trajectories. See Figure 6. Descending manifold
of a critical point contained in M<"*!\ M<=" intersects S, at two points and
divide S,, into two connected arcs. Gradient trajectory cannot intersect descending
manifold of critical point and gradient trajectories starting from points in one of
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FIGURE 8. Lj1 12 on nonplanar end 1

arcs cannot intersect S, 11 Also, descending manifold of a critical point contained
in Msnt2 \ M="+1 intersects S,, at two points and divide S,, into two connected
arcs. Again, gradient trajectory cannot intersect descending manifold of critical
point and gradient trajectories starting from points in one of arcs cannot intersect
Sn42. We need to take intersection of two open arcs to find gradient trajectories
which intersects all of S,,, Sp+1, Snt2. We need to do this for all n+3, n+4, ---.
Since descending manifolds cannot intersect each other except for the base point,
intersection of such connected arcs on .S, has at most two connected components.

Corollary 7.9. For any p € B(M), there are at most two equivalence classes up
to a Liouville isotopy for the ends of an open gradient-sectorial Lagrangian whose
ideal boundary is p € B(M). We denote them by pr 4+ and pr,— depending on their
orientations.

Now we list two collections of Lagrangians on M which together we anticipate will
generate our Fukaya category. The first class consists of ascending and descending
manifolds of saddle critical points and the other consists of open Lagrangians which
is a gluing of two gradient trajectories issued from the base point. Both classes are
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determined by end structure and we will show that they split-generate the Fukaya
category of M that we introduce in the present paper.

Definition 7.10 (Saddle connection Lagrangians). Let M be a standard surface. For
each I € S, we consider a collection of Lagrangians labelled as follows:

(1) {Ls}: If &(I) = 1, Ly represents a Lagrangian which is the ascending
manifold of the saddle point of the pair of pants attached on I.

(2) {Xr, Y1} If xs(I) = 2, X represents the ascending manifold of one of
two critical points of the genus with bigger ¢ value and Y} represents the
descending manifold.

(3) {Z;}: If By contains a critical value whose descending manifold contains
the base point, Z; represents that descending manifold.

It is already known that if M is of finite type, Lagrangians labelled in Definition
7.10 split-generate Fuk(M).

Notation 7.11 ((S)). Given a subset S of an objects of a category, we denote (S)
as the smallest subcategory split-generated by S.

For the split-generation of Fukaya category of infinite type surfaces, we define
open Lagrangians with desired end behaviours. By our construction of v, if a point
in M is not contained in a descending or an ascending manifold of a saddle critical
point, it should be contained in an ascending manifold of the base point. This leads
us to the following definition.

Definition 7.12 (Open Lagrangian generators). For every pair p, ¢ € B(M), let L, ,
be a proper open (oriented) Lagrangian such that ev} (+00) = g and ev} (—o0) = p
and it does not pass any saddle critical points. We may assume that it passes
through the base point p,;. We assign the orientation and other brane data which
make it an open gradient-sectorial Lagrangian brane. L, , constructed in this way
is unique up to a Liouville isotopy.

7.3. The case of ideal boundaries with countably many limit points. In
this subsection, we consider Riemann surface (M, T) whose ideal boundary B(M)
has countably many limit points {p;}icz.,. We note that [0,1] \ {p;}icz., has at
most countably many connected components.

Definition 7.13. Let M be a standard surface and suppose B(M) has at most
countably many limit points {p;}icz.,. We list the following open Lagrangians
denoted by as follows:

(1) L,,: For p € B(M) if there are two equivalence classes of the end whose
ideal boundary is p.

(2) Take an intersection of connected components of [0, 1]\{p; }icz., with B(M)
and label the nonempty sets as C;, j € Z~¢. Pick ¢; € C; for every j. After
that,

® Ly 4 forallj>1
o Ly p, foralli

For three distinct elements p, ¢, 7 € B(M), Ly, € (Lp g, Lqq:Lqr). Also, if
ideal boundary of Ly is {p,q} for I € 8, we have the unique maximal chain I =
I C I, C--- C I, so that

prq c <L[1, X[l, Y]l, XIQ, Y[2, RN X[n, Y]n, Z]n>, (73)
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Lll € <LZD747 Xha th XIz? Y127 RN XIT,,v Ylna an>' (74)

We may regard it as a quiver, where vertices are elements of B(M) and map
from p to q is Ly 4. Note that for any pair with p # ¢ € C; of Definition 7.13,
we can find a finite sequence Iy, ..., I, of elements of § so that ideal boundary
points of Ly, are py, pi+1 and p = p1, ¢ = ppy1. Therefore, with reverse orientation
and split-generation, we can get any map between two vertices in this quiver from
Lagrangians in Definition 7.10 and 7.13.

We are ready to state our theorem on split generation.

Theorem 7.14. Let M be a standard surface. If its end structure has at most
countably many limit points, Fuk(M) is split-generated by the set of Lagrangians
described in Definition 7.10 and 7.13.

Proof. We call the set of generators in Definition 7.10 and 7.13 as G and want to
show that Fuk(M,T) = (G). For this purpose, it is enough to show that any object
of Fuk(M,T) is generated by those in G. We denote Fuk(M,T) = Fuk(M) below
for the simplicity of notation since we do not change 7T here.

First, recall that every noncompact element L € Ob(Fuk(M)) is invariant under
the gradient flow of ¢ near infinity of M, i.e., on OM=" for every sufficiently large
n € Zsg. Recalling that any n € Zsq, M=" is a Liouville subdomain of M, we
have a Viterbo restriction functor

P Fuk(M) — Fuk(]@)

where — Fuk:(]\ﬁl) is the Liouville completion of M<" obtained by attaching

a cylindrical end to each boundary component thereof. We alert readers that we

do not have a left inverse of this functor unlike the case of finite type Liouville

manifolds, because py,, forgets information of Lagrangian submanifold on M\ M=".
Our proof will be done in the following steps:

(1) Construct a functor . which satisfies ¢ o p, (L) = L for some objects
L € Fuk(M).

(2) Split-generate L € Fuk(M) which satisfies (7 o p, (L) = L using generators
and images of (7.

(3) Split-generate images of .7 using Lagrangians in (1) and generators.

(4) Split-generate any object of Fuk(M).

Step (1): We construct a functor 7 by manually designating behaviour of La-
grangians in each connected component of M \ M<". Since OM=" has finitely
many connected components, we name them as oy, ..., 0,,. For every 1 <1i < m,
pick a point x; € o; which is not contained in a descending manifold of a criti-
cal point of . Then gradient flow starting from z; is in some equivalence class
r; € B(M) and we write 7 := {r1,...,r,m}. If L is closed, L C int(M=") and we
send L into M under the in/cl\usion map. If L is open, compare connected com-
ponents of M \ M=" and M<n\ M=". If a connected component of M \ M=<"
attached to o; E& semi-infinite cylinder, it is symplectomorphic to corresponding
component of M<m\ M=" and we set «" as an inclusion map on that component.
Otherwise, we may find a representative of L in the Liouville isomorphism class
whose intersection with o; is x; for all ¢ and invariant under the gradient flow of v
near o;. This can be done by twisting L near each o;. After that, we send this into
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M under the inclusion map and extend from z; along the gradient flow of . This
is an Aso-functor from Fuk(M=") to Fuk(M).

Step (2): Pick L € Ob(Fuk(M)). We may assume L is connected. We may also
regard X;,Y;, Z; for I € UZ;; I*) as objects of Fuk(M<=n) and we still denote
their images o7 (X7), o7 (Y7), 7 (Z;) by X1,Y;, Z; and vice versa.

If L is closed, there exists n € Z~q so that L C M=" and L = (" o p,(L) and
pn(L) € Ob(Fuk(M=")) and p,(L) € (X1, Y1, Z1, L1 N M§n>I€UZZf gy There-
fore, -

L =50 pu(L) € (ir(X0), (Y1), 6 Z0), (L 0 M=) .
IeUpZ{ 1
Since Xy, Y7, Z; for I € |J;_, J* are also closed Lagrangians contained in M=",
we indeed have
Le<X7Y,Z,FLFJ\7Sn> .
1, Y1, Zr, i (L1 ) reUp=t 9
Now suppose L is open. Since L is connected, L has two ends, say p, q. If p, ¢ are

isolated points in B(M) and cylindrical, we can find a sufficiently large n € Zsg
such that ¢7 is an inclusion map on those cylindrical ends and ¢7 o p,(L) = L

holds. Again by construction, we have p,(L) € Ob(Fuk(]\?S\")) and p,(L) €
<)([7 Y, Z1, Ly mMSn>I€UZ;11 I(k) - Then

L=1 opa(L) € <X1, Y7, Zr, - (Lr 0 MSn)>I€UW_1 .
k=1

Step (3): For I € Uz;ll gk Li(L[mS”) = 1" o p,(Lr). Also, by (7.4), Ly
is split-generated by a Lagrangian in Definition 7.12 and closed Lagrangians in
Definition 7.10.

For Ly, 4, there exists s,¢ € {1,...,m} determined by p, g such that (7 op,, (L, ) =
Ly, r,. Therefore, i o p, (L) can be split-generated by Lagrangians in G.

Step (4): Suppose L € Ob(Fuk(M)) is open with L = {p, ¢}, where exactly
one of the elements, say ¢, is cylindrical. If p is an isolated point in B(M) and
p € B'(M), there are two equivalence classes of ends whose ideal boundary is p.
For sufficiently large n, exactly one of those equivalence classes is in 7. If an end of
Lisin 7, i} o p,(L) = L holds. Otherwise, we have a Lagrangian L’ € (L, L, ) so
that L € (L', L, ,) and an end of L' is in 7. Therefore, ¢ o p,(L') = L' holds and
Le(L, Lyy)

If p is a limit point in B(M), we have L’ € (L, L,, ,,) so that ends of L' are
isolated.

Repeat this process to cover the case when both ends are not cylindrical. There-
fore, L € (G) for any L € Ob(Fuk(M)) and Fuk(M,T) = (G) holds.

8. MORPHISMS OF FUKAYA CATEGORY OF A SURFACE

8.1. Morphisms in noncylindrical ends. As we mentioned in the introduction,
consider Hamiltonians H of the type H = ko4 for a one-variable function x : R —
R.
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Recall the pair-of-pants decomposition of M induced by ¥. From now on, we
rescale 1 so that critical values are positive integers and boundaries of finite cylin-
ders are level set of positive integer value of 1. (We still use the notation M<", to
denote the same Liouville subdomain as before.)

We can set joining parts to be disjoint and their complement consists of mutually
disjoint smaller cylinders. On these smaller cylinders, 1 is set to be a height
function, which is a linear function with respect to s and the flow of ¥ has the form

Sh((s1) = (5,0 + 2D
holds. On the other hand, the Hamiltonian trajectory of a point cannot pass a
critical point of 1. Let Lq, Lo be any two gradient trajectories which pass a finite
cylinder not contained in an ascending manifold or the descending manifold of the
adjacent joining part. Each gradient trajectories would have the constant ¢ value
on the complement of gluing part, say ¢; and ¢, respectively. Then we can set x so
that ¢1,(L1), Lo transversally intersect at two points in that cylinder:

(1) In the complement of the joining parts, ¢ is linear with respect to s and

%—lf = 0. We also set k(z) = kxz+c for some k, ¢ € Rs¢. In this case, %

is constant. If Ly # Lo, set k = 1/% and otherwise set k = 1/%’ + ¢ for
sufficiently small to make Hamiltonian flow ¢},(L1) pass Lg once.

(2) We use representative of Ly which is sufficiently close to critical point of
in each critical values of 1) and may assume that Hamiltonian flow ¢}, (L1)
in the boundary of finite cylinder, which is a level set of ¥ of a critical
value, does not pass Lo.

(3) By our settings above, ¢}, (L) and Ly has an intersection point in each
collar neighbourhood of boundary of finite cylinder contained in joining
parts.

This leads to the following proposition, since each building block except for a
semi-infinite cylinder contains a joining part and transversal intersection between
¢}, (L) and Ly in a semi-infinite cylinder is trivial.

Proposition 8.1. We can find a k : R — R so that a Hamiltonian H = Kk o 9
satisfies the following: Let Ly, Ly be gradient trajectories in Bj which does mot
intersect an ascending or descending manifold of critical point of 1 in By. Then
% (L1) and Lo has a transversal intersection point in By for any t > 1.

This is also useful when we deal with higher products, since image of p* is
determined by holomorphic disk which is a solution of a Cauchy Riemann boundary

equation. Recall that p,, : Fuk(M) — Fuk(M<=") is the Viterbo restriction functor.

Lemma 8.2. Let Lo, ..., Ly be gradient sectorial Lagrangians. Then there exists
n € Zo so that if x; € ¢y (Li—1) N @' (L;) is contained in MS™ for all1 <i <k
for some m > n with p*(z1,...,x;) € MSm+!
k k
o (3317 s 733/6) = MFuk(]\/I/Sm\‘H) (pm+1(x1)v s 7Pm+1($k)) :

Proof. By Proposition 7.4, we may take sufficiently large n and assume that L; \
MZ=" consists of two gradient trajectories which does not intersect any ascending
or descending manifold of a critical point in M \ M<" for every i. Here, we want to
find a holomorphic disk whose boundaries are Lo, % (Ly), ..., % (Li) and corners
are 1, ...,z and a point p*(zy,...,zx) in LoNgk (Ly). We denote p*(z1,. .., zx)
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FIGURE 9. Hamiltonian flow of a gradient trajectory near joining
parts

as xg. Suppose o is not contained in M <™. Then x is contained in a connected
component C of M \ M=™. Since Lg, ¢% (L) are connected and intersect C, they
should intersect AC. Then there is I € I+ go that By is attached to dC.
Hamiltonian flow of a point in each building block B; cannot escape By and Ly
also should intersect By. Therefore, by Proposition 8.1, Ly, qS’fLI(Lk) should have
an intersection point in By. Since u should be holomorphic on every interior point
and 1 value of Ly and qb’f{l(Lk) are monotone increasing on M \ M =™ the first
intersection point in Bj should be zy and u should be contained in the interior of
M="*! by maximal principle. Therefore, any holomorphic disk is contained in the
interior of M<™%! and we can get the same result under the Viterbo restriction
functor ppy41-

By this Lemma, we can regard the algebraic structure of Fukaya category of
infinite type surface is locally equivalent to that of its Liouville subdomain.

Now we find a subcomplex of Floer cochain complex between two objects which is
generated by intersections in some compact set and quasi-isomorphic to the original
complex.

Proposition 8.3. Let Ly, Lo be gradient sectorial Lagrangians. Then there exists
n € Z~q such that

(1) Mor(Ly, L) = Mory,  ar= (pn(L1); pu(L2)), or

(2) Mor(Ly, L) is quasi-isomorphic to the subcomplex generated by intersec-
tions in M<".

Proof. Let gradient sectorial Lagrangians Ly, Lo of M be given.
Suppose Lj, Ly are open and there exist at least one p € B(M) such that p is
an ideal boundary of both L; and Ly and one of the following hold:
(1) pis a limit point in B(M).
(2) pis an isolated point in B(M) and p € B'(M), gradient trajectories corre-
sponding to L; and Ly are in the same Liouville isomorphism class.
(3) p is an isolated point in B(M) and p € B'(M), gradient trajectories corre-
sponding to L1 and Ly are not in the same Liouville isomorphism class.
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FIGURE 10. Near limit point of B(M)

Nh@l)

FIGURE 11. Near nonplanar isolated point of B(M)

Generators of Floer cochain complex between two gradient trajectories would
be the following. For case (1), see Figure 10. In each finite cylinder, intersection
points in ¢};(L1) N Ly comes in pair so that we may label them as z;,y;, i € Zxo.
Then we can check that 6x; = 0 and dy; = z; + z;41 for all ¢, and

(i)iezao/(Ti + Tig1)iczy = (T1,T1 + T2, .. ., Th1 + Th)

holds for any k. We can find a n so that M=" contains x1,yi,...,Yk_1,Tk for
some k and intersection points contained in MS" gives the same cohomology as
intersection points in whole surface.

For Case (2), see L1 and L} in Figure 11. It is same as Case (1).

For Case (3), see L1 and Lo in Figure 11. In each finite cylinder where L; and
Ly both intersect, intersection points in ¢}, (L1) N Ly comes in pair so that we may
label them as z;,y;, ¢ € Z~g. Then we can check that dx; = 0 and dy; = x; for
all 4. Then boundary is same as cycle and these x; and y; do not contribute to
cohomology. Therefore, we can find a n so that M =" contains 1,91, .., Yk—1, Tk
for some k and intersection points contained in M<" gives the same cohomology
as intersection points in whole surface.

Suppose none of the above holds. This is the case when at least one of Ly or Lo
is closed or L; and Lo are open and do not have the same ideal boundary point.
Then every intersection point in ¢},(L1) N Ly is contained in some compact set or
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Fuk(M)

Puk(M<) Fuk(M=5)

Pij
FIGURE 12. Restriction functor diagram

they meet at cylindrical ideal boundary points. In both cases, we have

Mor(Ly,Ls) = MorFuk(m)(pn(Ll),pn(Lg)).

8.2. Restriction functor diagram and inverse limit. Let M be a standard
surface. Throughout this section, we may assume that every gradient sectorial
Lagrangian submanifold L € Ob(Fuk(M)) is invariant under the gradient flow of
) near AM =" for every n € Z~o. Then we can define Viterbo restriction functor
pn + Fuk(M) — Fuk(M<=") for every n. For 0 < i < j, M<' is a Liouville
subdomain of M=/ and we can also define the Viterbo restriction functor p; ; :
Fuk(M<7) — Fuk(M=*). Then the following hold:

(1) pi,; is an identity for any 4 > 1.

(2) pijopjr=pix forany i <j <k

(3) pijopj=p;foranyi<j.

By items (1) and (2), the pair (Fuk(]\//ﬁ)izl, (pi,j)1<i<j) is an inverse diagram

and has the inverse limit X with projections f, : X — Fuk(M™). By item (3), we
have an As-functor v : Fuk(M) — X and the diagram in Figure 12 intertwines.

Theorem 8.4. The A-functor v : Fuk(M) — X is a quasi-equivalence if and
only if M is of finite type.

Proof. If M is of finite type, there exist some n € Z~q so that p, : M — M=" is a
quasi-equivalence and we have a finite inverse diagram

(Fuk(l\/iihgigm (Pi,j)léiijén) :

Inverse limit of this diagram is Fuk(M<") and we are done.

For the infinite type case, we will find an object X of X so that there is no
element L of Fuk(M) with v(L) = X. Suppose M is of infinite type. Then M
has at least one noncylindrical end p and we can pick any ¢ € B(M) so that there
is an open gradient-sectorial Lagrangian L,,. By Proposition 7.4, there exists
n € Zso such that connected components of L, , \ M <7 are gradient trajectories
of ¢ which does not intersect any ascending or descending manifold of a critical
point in M \ M=". We have a unique maximal chain I; D I, D ... so that
I € 1™ and N2, I; = {p}. Each By, has the boundary component where B,
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is attached to. Also, to define Viterbo restriction functor, we assumed that every
boundary component of By, should have a neighbourhood where every gradient
sectorial Lagrangian submanifold is invariant under the gradient flow of 1. We can
find a simple closed curve S; contained in By, which satisfies the following:

(1) S; is a connected component of regular level set of 1.

(2) S; is homeomorphic to the boundary component of B;, where it is attached
to.

(3) S; is disjoint from the neighbourhood of boundary components of By, where
every gradient sectorial Lagrangian submanifold is invariant under the gra-
dient flow of 1.

L, , should intersect every By, and L, , N By, is a gradient trajectory which is
disjoint from any critical point in By, so L should intersect S; by item (2). Also,
by item (1), S; transversally intersect L, ,. Let L; be an open Lagrangian which
is obtained by applying Dehn twist about S; to L, 4. For i > 1, let L; be an open
Lagrangian which is obtained by applying Dehn twist about S; to L;_;. Then each
L; is a gradient-sectorial open Lagrangian and by item (3) we can apply pn+; on
each L; and get

Prtisn+i(Pntj(Lj)) = pnti(Li) (8.1)
for all ¢ < j. Therefore, there exists X € X so that f,,1;(X) = pnyi(L;) for all i.
Suppose there exists an object L in Fuk(M) so that v(L) = X. Then

Prnti(L) = frti o V(L) = fryi(X) = pryi(Li) (8:2)
for all . Note that L is a gradient-sectorial Lagrangian and there exists m € Z~q so
that L is invariant under the gradient flow of ) on M \ M =™. However, p, (L) =
pn+i(L;i) for all ¢ and item (1) above implies L is not invariant under the gradient
flow of ¥ on a neighbourhood of each S;. S; is contained in Bj, and disjoint
from M<"*i=1_ Therefore, for sufficiently large i, S; is contained in M \ M<™
and it contradicts to gradient-sectoriality of L. This argument holds for any finite
connected sum of objects of Fuk(M) since a finite connected sum of objects of
Fuk(M) also should be invariant under the gradient flow of ¢ out of some compact
set and we can always find S; disjoint from the given compact set.

This finishes the proof.
Roughly speaking, Fuk(M,T) is an A-category whose objects consist of the
elements which become stabilized in sufficiently large Liouville subdomain.

9. FUTURE DIRECTIONS

In this section, we describe some natural questions arising from our construction.

The first obvious problem is to understand the action of big mapping class group
on our Fukaya category Fuk(M,T) and to find a new construction of quasimor-
phisms on Sympg;(M,ws) as mentioned in the introduction of the present paper.
By construction, it is clear that Fuk(M,T) depends on the structure of ideal bound-
ary pair (B(M), B'(M)). In particular, it will be another interesting problem to
describe the quotients category

Fuk(M,T)/Fuk (M, T)
in terms of a combinatorial category of the ideal boundary pair (B(M), B'(M)) such

as the cluster category illustrated by the case of plumbings of cotangent bundles
[6]. This is a subject of future study.
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Although we only cover the Fukaya category of Riemann surface without bound-
ary, classification of Riemann surface has been extended to the case with boundary
by Prishlyak and Mischenko in [22]. Using this, we believe that our construction
can be generalized to the case of Liouville sectors as Ganatra, Pardon and Shende
did in [12]. We also refer readers to [4] for some description of Fukaya category of
infinite type surface in terms of the filtration of finite-type submanifolds thereof.

Another interesting direction of research would be to relate our construction to
surfaces of infinite type that naturally arise in the mirror symmetry of elliptic curves
and the modular forms via the study of Fukaya category of the divisor complements.
(See [18], [14] for example.)

Obviously we would like to extend our study to higher dimensions. In higher
dimensions, there is no classification results like the case of surfaces, but we can
construct a Fukaya category for any Weinstein manifolds of infinite type in the
same way as in the surface case adopting the collection of sectorial Lagrangians as
its objects. One might try to exploit the higher dimensional version of pair of pants
decomposition by G. Mikhalkin in [17] in the description of morphism spaces of the
Fukaya category.

REFERENCES

[1] M. Abouzaid and P. Seidel. An open string analogue of Viterbo functoriality. Geom. Topol.,
14(2):627-718, 2010.
[2] L. V. Ahlfors and L. Sario. Riemannsurfaces. Princeton university press, 1960.
[3] J. Aramayona and N. G. Vlamis. Big mapping class groups: an overview. In the Tradition of
Thurston, pages 459-496, 2020.
[4] D. Auroux and I. Smith. Fukaya categories of surfaces, spherical objects and mapping class
groups. In Forum of Mathematics, Sigma, volume 9. Cambridge University Press, 2021.
[5] H. Azam and C. Blanchet. Topological Fukaya categories of surfaces. J. Pure Appl. Algebra,
226(6), 2022. Paper No. 106941, 30 pp.
[6] H. Bae, W. Jeong, and J. Kim. Cluster categories from Fukaya categories. prepring 2022,
arXiv:2209.09442.
[7] J. Bavard. Gromov-hyperbolicity of the ray graph and quasimorphisms on a big mapping
class group. preprint, arXiv:1802.02715 (2018).
[8] J. Bavard. Hyperbolicité du graphe des rayons et quasi-morphisms sur un gros groupe mod-
ulaire. Geom. Topol., 20(1):491-535.
[9] D. Calagari. Big mapping class groups and dynamics. Blog-post available at
https://lamington.wordpress.com/2009/06 /22 /big-mapping-class-groups-and-dynamics/.
[10] J. Choi and Y.-G. Oh. Gromov’s lemma, pseudoholomorphic curves and large-scale symplectic
topology. preprint, 2023.
[11] K. Cieliebak and Y. Eliashberg. From Stein to Weinstein and Back, volume 59 of Colloquium
Publications. American Mathematical Society, 2012.
[12] S. Ganatra, J. Pardon, and V. Shende. Covariantly functorial wrapped Floer theory on Li-
ouville sectors. Publ. Math. Inst. Hautes Etudes Sci., 131:73-200., 2020.
[13] R. E. Greene and K. Shiohama. Diffeomorphisms and volume-preserving embeddings of non-
compact manifolds. Trans. Amer. Math. Soc., 255:403—414, 1979.
[14] K. Hashimoto and K. Ueda. The ring of modular forms for the even unimodular lattice of
signature (2,10). Proceedings of the American Mathematical Society, 150(2):547-558.
[15] H. Lee. Homological mirror symmetry for open riemann surfaces from pair-of-pants decom-
positions. preprint, arXiv:1608.04473, 2016.
[16] L. Liu and A. Papadopoulos. Some metrics on Teichmiiller spaces of surfaces of infinite type.
Trans. Amer. Math. Soc., 363(8):4109-4134.
[17] G. Mikhalkin. Decomposition into pairs-of-pants for complex algebraic hypersurfaces. Topol-
ogy, 43(5):1035-1065, 2004.
[18] A. Nagano and K. Ueda. The ring of modular forms for the even unimodular lattice of
signature (2,18). Hiroshima Mathematical Journal, 52(1):43-51.



46

JAEYOUNG CHOI AND YONG-GEUN OH

[19] Y.-G. Oh. Geometry of Liouville sectors and the maximum principle. preprint,

arXiv:2111.06112, 2021.

[20] Y.-G. Oh. Presymplectic geometry and Liouville sectors with corners and their intrinsic char-

acterization. arXiv:2110.11726, 2021.

[21] J. Pascaleff and N. Sibilla. Fukaya categories of higher-genus surfaces and pants decomposi-

tions. preprint, arXiv:2103.03366.

[22] A. O. Prishlyak and K. I. Mischenko. Classification of noncompact surfaces with boundary.

Methods Funct. Anal. Topology, 13(1):62-66, 2007.

[23] G. Reeb. Sur les points singuliers d’une forme de complétement inégrable ou d’une fonction

numérique. C. R. Acar. Sci. Paris, 222:847-849, 1946.

[24] I. Richards. On the classification of noncompact Riemann surfaces. Trans. Amer. Math. Soc.,

106:259-269, 1963.

[25] P. Seidel. Graded Lagrangian submanifolds. Bull. Soc. Math. France, 128:103-149, 2000.
[26] A. Weinstein. Contact surgery and symplectic handlebodies. Hokkaido Math. J., 20(2):241—

251, 1991.

POSTECH, 77 CHEONGAM-RO, NAM-GU, POHANG-SI, GYEONGSANGBUK-DO, KOREA 37673 &

CENTER FOR GEOMETRY AND PHYSICS INSTITUTE, FOR Basic SCIENCE (POSTECH Campus) 79,
JIGOK-RO 127BEON-GIL, NAM-GU, POHANG-SI, GYEONGSANGBUK-DO, KOREA 37673

Email address: jaeyoungkun@postech.ac.kr

CENTER FOR GEOMETRY AND PHYSICS INSTITUTE, FOR BasiCc SCIENCE (POSTECH Cam-

pUS) 79, JIGOK-RO 127BEON-GIL, NAM-GU, POHANG-SI, GYEONGSANGBUK-DO, KOREA 37673, &
POSTECH, 77 CHEONGAM-RO, NAM-GU, POHANG-SI, GYEONGSANGBUK-DO, KOREA 37673

Email address: yongohl@postech.ac.kr



	1. Introduction
	1.1. Hyperbolic Riemann surface structure
	1.2. Tame Liouville manifolds and gradient-sectorial Lagrangian submanifolds
	1.3. Statements of main theorems
	1.4. Some computation of morphisms of Fuk(M,T)

	Part 1. Preliminaries
	2. Review of homeomorphism classification of noncompact surfaces
	2.1. Homeomorphism classification and the end structure of surfaces
	2.2. Summary of Richards' classification theorems
	2.3. Equivalence classes of end structures and its building blocks
	2.4. Pair-of-pants decomposition of surface

	3. Symplectomorphism classification and standard surfaces
	3.1. Diffeomorphism classification
	3.2. Standard surface and its building blocks
	3.3. Symplectomorphism classification


	Part 2. Definition of Fukaya category of infinite type surfaces
	4. Liouville tame manifolds and gradient-sectorial Lagrangians
	4.1. Plurisubharmonic functions and C0-estimates in general
	4.2. Construction of tame J-plurisubharmonic functions

	5. Maximum principle, C0-estimates and energy estimates
	5.1. Hamiltonian-perturbed Cauchy-Riemann equation
	5.2. Pseudoconvex pair, gradient sectorial Lagrangians and strong maximum principle

	6. Definition of Fukaya category of (M,)
	6.1. Floer cochain complex
	6.2. Grading and orientations
	6.3. Products
	6.4. A-structure


	Part 3. Calculations
	7. Generation of the Fukaya category
	7.1. The ideal boundary of gradient sectorial Lagrangian brane
	7.2. Generation and classification of objects of Fuk(M,T)
	7.3. The case of ideal boundaries with countably many limit points

	8. Morphisms of Fukaya category of a surface
	8.1. Morphisms in noncylindrical ends
	8.2. Restriction functor diagram and inverse limit

	9. Future directions
	References


