THE BOUNDARIES OF BOUNDED TYPE FIXED SIEGEL DISKS OF SOME
TRANSCENDENTAL MEROMORPHIC FUNCTIONS

HIROTO NABA

ABSTRACT. In this paper, we extend Zakeri’s result in [27] on boundaries of bounded type Siegel
disks of some entire functions to some transcendental meromorphic functions as follows: We con-
sider a one parameter family of some transcendental meromorphic functions with one pole, two
critical points, one finite asymptotic value zero, and bounded type fixed Siegel disks centered at
the origin. We show that if two critical values coincide, then the boundary of the Siegel disk is
a quasicircle containing exactly one critical point, and the set €y of all parameters for which two
critical values coincide is countably infinite. We also show that there exist uncountable sets Q5 and
Q3 such that the boundary of the Siegel disk is a quasicircle containing exactly one critical point
for any parameter in 25 and the boundary of the Siegel disk is a quasicircle containing exactly two
critical points for any parameter in {23. Furthermore, we can construct €25 so that for uncountably
many parameters in ()5, the critical values which are the images of the critical points outside the
boundaries of the Siegel disks are in the Siegel disks, on the boundaries of the Siegel disks, and
outside the closures of the Siegel disks.

1. INTRODUCTION

Let f: C — C be a transcendental meromorphic function. The nth iteration f"(z) is defined
for all points in C except for the countable set consisting of the preimages of oo by f, f2,---, f* L

A point zy € C is called an irrationally indifferent p-periodic point if there exists a minimum
integer p such that fP(z0) = zp and X := (f?)'(20) = > (§ € R\ Q). The ) is called the multiplier
of zp. In addition, the point zy is called a fixed point if p = 1. The point z; is called a Siegel point
if there exist a maximal fP-invariant domain D C C and an analytic homeomorphism ¢ : D — D
such that ¢(fP(¢~(2))) = Az and ¢(z) = 0. Otherwise, 2 is called a Cremer point. In the former
case, the domain D is simply connected and we call D the Siegel disk of period p centered at zy.
In addition, D is called fized if p = 1. If # satisfies the following condition:

Z 10g Gn+1 < 00,

~

where p,, /g, is the nth convergent of § obtained from the continued fraction expansion, then zj is
a Siegel point (see [8] and [22] or [21, p.132, Theorem 11.10]). An irrational number is called a
Brjuno number if it satisfies the condition above. The set B of all Brjuno numbers is uncountable
and dense in R. An irrational number is called of bounded type if {ax}7>, is bounded, where
lag; ai,az, ..., ag,...] is its continued fraction. An irrational number of bounded type is always a
Brjuno number. Hence if # is of bounded type, then z, is a Siegel point. In this case, we call z
(or the Siegel disk D centered at zy) bounded type.

Points ¢ € C and f(c) are called a critical point and a critical value respectively if f'(c) = 0.
A point a € C is called an asymptotic value if there exists a continuous curve v() (0 <t < 1)
with limy_,; v(¢) = oo and lim;_,; f((t)) = a. We call critical values, asymptotic values, and their
accumulation points singular values.

Let S be the set of all transcendental entire functions of the form

P(z) exp (Q(2)),
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where P and @) are polynomials. The set S is a proper subset of the Speiser class consisting of
all entire functions with finitely many singular values. Functions in S are also called structurally
finite in the sense of [25]. Zakeri studied boundaries of bounded type fixed Siegel disks centered
at the origin for functions in S. His result is as follows:

Theorem ([27]). Let f € S. If f has a bounded type fized Siegel disk centered at the origin, then
the boundary of the Siegel disk is a quasicircle containing at least one critical point.")

Let S be the set of all transcendental meromorphic functions of the form

R(z) exp (Q(2)),
where R(z) and ((z) are a rational map which has at least one pole and a polynomial respectively.
Functions in S and functions in S share many important properties. For example, they have
finitely many critical points, two asymptotic values 0 and oo, and finitely many zeros.?) Thus we
can expect the result for functions in S similar to that for functions in S. We ask the following
question:

Question 1. Let f € S. Suppose that f has a bounded type fized Siegel disk centered at the origin.
Is the fixed Siegel disk bounded by a quasicircle containing at least one critical point?

We consider the easiest case as follows: Henceforth fix any irrational number ¢ of bounded type.
Suppose that f € 5, the degrees of R and () are 1, and [ has a bounded type Siegel fixed point at
the origin with multiplier A = ™. The function f is conformally conjugate to

) <z az
gal2) 1= € e
for some a € C\ {0, -1} (see Proposition 3.1). The one parameter family {ga }acc\fo,—1} has the
following properties:

(1) go has two critical points 1 and

-1
Co 1= ,
a+1
two asymptotic values 0 and co, and one pole
o
to =
a+1

(see Proposition 3.1).

(2) gor # ga is conformally conjugate to g, if and only if o/ = 1/(a+ 1) — 1 (see Proposition
3.2).

Main Theorem. Let A, be the bounded type fixed Siegel disk of g, centered at the origin. Then:

(i) If two critical values go(1) and go(cq) coincide, then /\, is bounded by a quasicircle con-
taining exactly one critical point. Moreover, the set Q1 = {a | ga(1) = ga(ca)} is countably
nfinite.

DZakeri’s original statement includes Shishikura’s result which says that all bounded type fixed Siegel disks of
polynomials of arbitrary degree are bounded by quasicircles containing critical points. On the other hand, since
the space S is not invariant under affine conjugations moving the origin, Theorem does not say anything about
bounded type fixed Siegel disks centered at points other than the origin. Zakeri mentioned this technical problem
in his paper [27]. In [18], Kisaka and Naba construct some functions in S with bounded type fixed Siegel disks
centered at points other than the origin, whose boundaries are quasicircles containing critical points.

2)Meromorphic functions with finitely many critical points and asymptotic values share important dynamical
properties (see [4], [5], [6], [11], and [23]).



BOUNDARIES OF BOUNDED TYPE SIEGEL DISKS 3

(ii) There exists an uncountable set Qo such that if o € Qq, then A, is bounded by a quasicircle
containing exactly one critical point. Moreover, the quasicircle constant can be taken so
that it is independent of a € €y

(iii) There exists an uncountable set Q3 such that if a € Qg, then A\, is bounded by a quasicircle
containing exactly two critical points. Moreover, the quasicircle constant can be taken so
that it is independent of o € Q3.

(iv) We can construct 2y so that it is connected and it consists of three uncountable sets 21,
Qo9, and 2y 3 such that:

(a) If @ € Qo (j = 1,2,3), then v(a) € A, v(a) € 0A,, and v(a) & A, respectively,
where v(«) is the critical value of g for a € Qo which is the image of the critical point
outside the boundary 0A,,.

(b)
9272 - 89271 N 89273, Qg - 89273.

Remark 1.1. We give two constructions of €25 in Section 5 and Section 7. The second construction
of Qs will show the Main Theorem (iv) (see Section 7).

Keen and Zhang studied the one parameter family
{Ga(2) == (2 + @ZQ)GZ}aec\{o},

where 6 is of bounded type (see [17]). Like g, g, has two critical points, two asymptotic values
0 and oo, and a bounded type fixed Siegel disk A, centered at the origin. They showed that for
every a € C\ {0}, A, is bounded by a quasicircle containing critical points and that for « in some
uncountable set, the boundary A, contains exactly two critical points. However, they did not
provide the information on the position of the critical values of g, as in the Main Theorem (iv). It
is natural to expect that Keen and Zhang’s proof is applicable to our case and we obtain the result
on the Siegel disk A, of g, as in [17]. Unfortunately, since g, has one pole t,, we cannot use their
method as in [17] (and cannot use the method as in [27]). In particular, we have the difficulty of
making the number of critical points in the boundaries 0\, exactly one or two. Hence in order to
show the Main Theorem, we have to modify Keen and Zhang’s argument. We use the result of [9]
in order to prove the Main Theorem (i). The proofs of the Main Theorem (ii), (iii), and (iv) are
inspired by quasiconformal surgery methods of [9], [17], and [26]. We modify some meromorphic
functions fs (defined in Section 5) into g, with the bounded type fixed Siegel disks A, bounded
by quasicircles containing critical points. The advantage of our surgery technique is that we obtain
such g, for uncountably many parameters o and that we control the number of critical points in
the boundaries 0A, and the position of critical values as in the Main Theorem (iv). This is done
by choosing f3 carefully.

This paper is organized as follows: In Section 2, we introduce basic definitions and facts. We
characterize the family {ga }acc\ 0,1} in Section 3. In Section 4, Section 5 and Section 6, we prove
the Main Theorem (i), (ii), and (iii) respectively. In Section 7, we give another construction of Q2
and show the Main Theorem (iv). We devote Section 8 to some concluding remarks.

2. PRELIMINARIES

We introduce preliminary definitions and results.
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Definition 2.1 (Quasiregular mappings). Let U be an open subset of C. A continuous mapping
¢ : U — Cis a K-quasiregular mapping if ¢ is locally K-quasiconformal except at a discrete set
of points in U for some K > 1. The constant K is called a quasiregular constant.®)

Note that quasiconformal mappings or quasiregular mappings between Riemann surfaces are de-
fined by their local coordinates.

Definition 2.2 (Quasicircles). A Jordan curve vy C C is called a K-quasicircle if there exists a K-
quasiconformal mapping ¢ : C — C such that v = ¢(S'), where S* := {z | |2| = 1}. This K is
called a quasicircle constant of v. We call v a quasicircle if it is a K-quasicircle for some K > 1.

We can tell whether a Jordan curve is a quasicircle or not by the following lemma:

Lemma 2.3 ([1], [12, p.23, Theorem 2.2.5]). Let v C C be a Jordan curve and let Diam(X) be
the Fuclidean diameter of a set X C C. Then v is a K-quasicircle for some K > 1 if and only if
there exists a constant A > 1 such that for every pair of two distinct points z1, zo € 7 \ {00},

min Diam(v;) < Alz1 — 2,
J=1,
where 1 and 7y, are the components of v\ {z1, z2}. Moreover, K and A depend only on each other.

We prepare the following lemma:

Lemma 2.4 ([27, p.488, Lemma 2.2]). Let v C C be a K -quasicircle, let U be a component of

@\% and let g : D — U be a conformal mapping. Then g extends to a K%-quasiconformal mapping
of C.

3. CHARACTERIZATION OF THE FAMILY {gq}acc\{0,-1}

In this section, we characterize the one parameter family {ga}aec\{o,_l} defined in the introduc-
tion by the following propositions:

Proposition 3.1. Let f € S have the following properties:

(a) f can be written by

az+b o,
f(z)_cz—l—de ’

where ad — be, ¢, and t are non-zero;

(b) f has a bounded type Siegel fized point at the origin with multiplier \ = >,

Then f is conformally conjugate to

T Z az
gal2) = 0 T e
for some a € C\ {0,—1}. Moreover, g, has two critical points 1 and ¢, = —1/(a + 1), two

asymptotic values 0 and oo, and one pole t, = o/ (o + 1).

Proof. Since f has a fixed point at the origin, we have b = 0, and hence ad # 0. In addition, it

follows from the assumption (b) that f/(0) = a/d = >, Set
s:=—c/d #0.
Then we can write v 2 L
f(z)=e Tt
3)This is one of the equivalent definitions of quasiregular mappings. See [7] for alternative definitions. For basic
properties of quasiconformal mappings, see also [2] or [20].
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An easy calculation shows that
omioriz —St2° Ttz +1

/ JR—
flz) =e (1 —s2)?
Hence f has two non-zero critical points u and v which are roots of —stz? +tz+ 1 = 0. Let
L(z) = uz.
It follows that L™ o f o L has two critical points 1 and v/u. Moreover, we obtain
~ Z ~
— L L 27r29 tz
fe) = Lo foL(s) = o2t

where § = su # 0 and f = tu # 0. Since f'(1) = 0, we have
—5t-12+t-1+1=0,
and hence § = (£ + 1)/t. It follows from this, 3 # 0, and £ # 0 that ¢t € C\ {0, —1}, and hence

f (2) = ga(2), where a = t. By the construction, g, has two critical points 1 and c,, and one pole
to. Since the map z — e®* has two asymptotic values 0 and oo, and

2mif < 2mio &
e —— = =" —— (2= 00
Jo has two asymptotic values 0 and oo. U

Proposition 3.2. Let a and o be two distinct points in C\ {0,—1}. Then g, and go are
conformally conjugate if and only if o/ =1/(a+ 1) — 1.

Proof. Suppose that o/ =1/(a+ 1) — 1 and
I(2) = —(a+ 1)z
An easy calculation shows that [7! o gy ol = Ya- .
Suppose that there exists a conformal map 1 : C — C such that 1o Jor 0l = gq. Since both gu/

and g, have an essential singularity at oo and only two asymptotic values 0 and oo, [ fixes 0 and
oo. It follows that [(z) = kz for some k # 0. Moreover, since [(1) = k is a critical point of g./, we

have k = 1 or k = —1/(a/ 4+ 1). Since go # ga, We have k # 1, and hence k = —1/(a’ + 1) and

o' # —2. Since g, has another critical point I[(—1/(a+ 1)) = 1/{(¢/ + 1)(a+ 1)} = 1, we obtain

o =1/(a+1)—1. O
4. PROOF OF THE MAIN THEOREM (1)

We use the following result of [9] to prove the Main Theorem (i):

Lemma é.l ([9, p.2140, Theorem 1.5.]). Let U C C be an open set and let a meromorphic function
f U — C have the following properties:

(a) The set of all singular values of f is contained in {a,b,c} for some a,b,c € @;

(b) a € U and a is a bounded type Siegel fixed point,

() ce C\U or f(c) =

Moreover, let v be an injective path which goes from a to b while avoiding {a,b, c} in between and
let y be the lift of v' by f which has an endpoint a. (Note that f(y) C~'.) Then one and only one
of the following three cases occurs:

(1) v ends on a non-critical point in U. In addition, U = C and f 1s a Mobius transformation.
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(2) v ends on a critical point. (We call the critical point the main critical point.) In addition,
the Siegel disk /\ centered at a is bounded by a quasicircle which contains the main critical
point and does not contain other critical points.

(3) v leaves every compact subset of U. In addition, /\ does not compactly contained in U.

Proof of the Main Theorem (i). By the assumption, g, has exactly one critical value g, (1) = ga(ca)
and two asymptotic value 0 and co. Hence we can apply Lemma 4.1 to g, by putting U = C,
f=6a,a=0,b=g,(1), and ¢ = co. Since g, is transcendental, either of the cases (2) and (3)
holds. Since b = g,(1) is not an asymptotic value, the case (3) does not occur. Therefore, the case
(2) occurs.

Next, we show the existence of 1. Put ¢,(1) = ga(ca). Then it follows that

1

)2 P —af(at+l) _ o 0.
() ot 1)26 e
F(«) has an essential singularity at & = —1 and does not have an asymptotic value 0 at o« = —1.
By Picard’s theorem and Iversen’s theorem, the set Q1 := {a | go(1) = ga(ca)} is countably infinite
(see [16] or [10, p.8, Theorem 1.6] for Iversen’s theorem). O

Remark 4.2. Two critical points 1 and ¢, = —1/(a+1) of g, coincides only when o = —2. By the
Main Theorem (i), A_5 is bounded by a quasicircle containing the critical point 1 of g_.

5. PROOF OF THE MAIN THEOREM (II)
For 5 € C\ {0}, we define
TR C\{0,-1})
_ ) 1-(F+D=/8¢ (B € ;
fﬂ(z) : { e % (ﬁ — _1)

Note that it 3 — —1, then fz — f_; locally uniformly. By the argument in Section 3, when
p e C\{0,—1}, fs has two critical points 1 and ¢g = —1/(8 + 1), two asymptotic values 0 and
00, and one pole t3 = /(8 + 1). We have cg,t53 — 0o as f — —1. For any r > 0, we define

Br = (_17 -1+ T]‘
Henceforth we restrict 3 to B, (or B, = B, U{—1}). We prove the Main Theorem (ii) by going
through the following three steps:

Step 1. By choosing a small enough r > 0 and using f3z, we construct an M-quasiregular mapping
Fs: C — C for every 8 € B, with the following properties:

(1) F5(0) =0, F3(D) = (D), and Fpls: is a critical circle map;
(2) Fj and
Ry(z) := e*™2
are quasiconformally conjugate on D;
(3) Fj depends continuously on 5 € B,;
(4) The constant M is independent of § € B,.

Step 2. We show that there exists an M;-quasiconformal mapping ¢z : C — C which fixes 0, 1,
and oo, and has the following properties:
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(1) For some a € C\ {0, —1},

— e 4 az
Gp(z) == pgoFgo 9051(2) = ¢? 9@6 = o

«

where g, is as in the introduction.

(2) go(= Gp) has the Siegel disk A, centered at the origin whose boundary 0A, is an M-
quasicircle containing exactly one critical point 1;

(3) The constant M; is independent of § € B,.

Step 3. From Step 2, we define the surgery map
S:B,—-C\{0,—-1}, B a,

where G3 = g,. We show that the surgery map S is continuous and S() — —1 as § — —1. Since
the set S(B,) is uncountable, and 0A,, is an M;-quasicircle containing exactly one critical point 1
for any o € S(B,), we obtain the Main Theorem (ii) by taking

QQ = S(Br)
We prepare the following lemmas for the steps above:

Lemma 5.1. Let 5 € B,, let
Dg:=A{z [ ]2 <[fs(DI},
and let Ug be the connected component of fﬂ_l(Dg) which contains the origin. (Note that f3(0) = 0.)

If r > 0 is small enough, then fs|y, : Us — Dg is univalent and Ug is simply connected. Moreover,
Us has the following properties:

(1) 0Ug is a piecewise smooth Jordan curve containing exactly one critical point 1:
(2) Uﬁ c D.
Proof. Suppose that 5 € B,. fs has two critical values fz(1) and fs(cg). We have

fa(1) = —Be’,  fs(cs) = —ﬁe—ﬁ/(hﬁ).

Since f5(1) — e ! and fz(cg) — oo as B — —1, we have fz(cg) ¢ Dg for r > 0 small enough.
By [9, p.2155, Lemma 5.3], fs|y, : Us — Dg is univalent and Uy is simply connected. Obviously,
0Dg does not contain the asymptotic values 0 and oo of fz. It follows from this that dUs is a
Jordan curve (see [9, p.2155, Lemma 5.4]). Since 0Up is a preimage of 0Dg by fz, OUs is piecewise
smooth. By the construction, we have f3([0,1)) € R, f3(2) # 0 for any z € [0,1), fz(1) > 0, and
f5(0) = 0. It follows that f(2) > 0 for any 2z € [0,1), and hence [0,1) C Up. This implies that 0Up
contains the critical point 1. An easy calculation shows that |f5(z)| > f5(1) for any z € St \ {1},
and hence Uz C D. By the construction, another critical point cg is not in 9Us for 7 > 0 small
enough.

Similarly, we can show the case f = —1. We omit the details. O

Lemma 5.2. If r > 0 is small enough, then there exists a constant K > 1 such that OUs is a
K -quasicircle for all 5 € B,.

Proof. The proof is similar to that of [17, p.142, Lemma 2.4]. We have to pay attention to the
existence of the pole t3 of f3 for 8 € B, and modify the argument.

Suppose that » > 0 is small enough so that the statement of Lemma 5.1 holds. We take two
distinct points = and y in Uz so that they divide OUp into two Jordan arcs I and I’. (We mean
that TUI' = 0Uz and I NI' = {z,y}.) For any piecewise smooth arc segment J, let |J| be
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the Euclidean length of J. We can assume that |fz()] < |fs(I")| without loss of generality. Let
Diam(X) be as in Lemma 2.3. By Lemma 2.3, we have only to show that there exists a constant
A > 0 independent of $ € B,., x, and y such that

(5.1) QB.2,y) = i%m(y? <A
Since fg(I) C 0Dg and 0Dg = {z | |2| = fs(1)} is a circle, we have
(5.2) [fa(D)] < (7/2)[fs(x) = fa(y)l-

Henceforth let L be the closed straight line segment joining = and y. It follows from (5.2) and
|fa(x) — fs(y)| < |fs(L)| that

(5.3) [fs(D)] < (7/2)[fs(L)].
By Lemma 5.1, we have L C D. In addition, recall that f5 has the pole t5 with t3 — co as 3 — —1.

Thus if 7 > 0 is small enough, then ¢z ¢ D, and hence tg ¢ L. Therefore, there exists a ¢ € L such
that |f5(q)| = max.cp [f5(2)| > 0. It follows that

(5.4) [fa(L)] < [f5(@)IIL]-

By the definition of a diameter, there exist points b;,by € I such that |b; — bo| = Diam([/).
Moreover, there also exists a j = 1 or 2 such that:

1¢{z||z—0bj| <Diam(l)/5}.
Let I be the connected component of

{z ||z —bj] <Diam(/)/10} NI
which contains b;. By definition, it follows that:

(5.5) 1| > Diam(1)/10;
(5.6) |z — 1| > Diam(I)/10 for any z € I.

Since I does not contain critical points 1 and ¢z of f3, there exists a p € I such that |f5(p)| =
min, .7 |f5(2)| > 0. Tt follows that

(5.7) [fs(D] = |f5()II].
From (5.4), (5.5), (5.7), the definition of Q(3,z,y), and I C I, we see that

fa@l £ ]
f5p)] = 1Ll | fs(])]

_ @] 1] Diam(I)
|fs(1)] Diam(l) — |L]
G
(5.8) 2 7 0] Q(B,z,y).
It follows from (5.3) that
[fs(D] _
5.9 T
> (D) =2
The inequalities (5.8) and (5.9) yield
(5.10) Q(B,z,y) < 57T|f[/3(q)|
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An easy calculation shows that

- _p G DET B
f5(2) 8 B+1)(z—p/(B+1)2

Thus we have

(5.11)

5@l p=B/(B+1P la—1] lg+1/(B+1) P
1f5@)l la=B/B+DP p=1] [p+1/(B+1)] '

Since L c D and I € I ¢ D, we have |p| <1 and |g| < 1. Thus we obtain for every 3 € B,,

(5.12) |ePlaP)| < 2047),

Moreover, when r > 0 is small enough, it follows that for every g € B,,
p—B/(B+ 1)

5.13 < 2;

19 (= 8/(+ )P

g+ 1/(6+1)]
p+1/(6+1)]
(This is because the left-hand sides of (5.13) and (5.14) converge to 1 as f§ — —1.) From the
triangle inequality, ¢ € L, and the definition of a diameter, we see that
lg =1 <lg—pl+Ip—1]
<lg—z[+]z—pl+Ip—1
<o —y[+ ]z —p[+]p—1]
(5.15) < 2Diam(I) + [p — 1.
The inequalities (5.6) and (5.15) show that
lg — 1 < 2Diam(7) + |p — 1
p=1] = p—1]
_ 2Diam([)
=1
2Diam([)
= Diam(7)/10
(5.16) = 21.

It follows from (5.10)—(5.16) that if » > 0 is small enough, then for any § € B, and any pair of z
and y in Up,

(5.14) <2.

+1

+1

Q(B,x,y) < 420me* =: A,

as required. O

Henceforth we suppose that r > 0 is small enough so that the statements of Lemma 5.1 and Lemma
5.2 hold.

Lemma 5.3. Let {3, }nen C B, be a sequence with B, — Boo € B, asn — oo. Then OUs, — 0Us,,
as n — oo with respect to the Hausdorff metric.

Proof. Suppose that there exists a subsequence {f! }nen C {Bn}nen and a § > 0 such that the
Hausdorff metric between OUg, and 9Up_ is greater than d for any n > 1. By the Riemann mapping
theorem and Carathéodory’s theorem, we can take a homeomorphism @g, : D — Upg, which is
conformal in D, and fixes 0 and 1. By Lemma 2.4, we can extend @g, into a K?-quasiconformal
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mapping wg, of C fixing 0 and 1, where K is as in Lemma 5.2. From the construction, every limit
function of {Wgn]@\ {0,1}}n€N cannot be the constant 0 or 1. Therefore, there exists a subsequence
{B}nen C {8} }nen such that wg, — w locally uniformly on C, where w is a K?-quasiconformal
mapping of C fixing 0 and 1. Let

v :=w(S") c C.

By the construction, vy is a K?-quasicircle with 0Ugy — ~ (as n — oo) with respect to the Hausdorff
metric. By Lemma 5.1, we have Ugr C D for any n > 1, and hence v C D. In addition, from the
fact that fgr — fs. uniformly on D and the definition of Dy, it follows that

f5:(OUgr) = fa..(v), ODgy — 0Dg_

with respect to the Hausdorff metric. Since 0Dgy = fz:(0Ugr), we obtain fg_(v) = 0Dg,. By
Hurwitz’s theorem, fz_ is univalent on the bounded component of C\ 7, and hence v = 90U, .
It follows that OUgr — OUg,, with respect to the Hausdorff metric. This contradicts the fact that

{Bntnen C {5 nen. O

z

Next, we introduce the following version of the Herman-Swiatek theorem:

Lemma 5.4 (]9, p.2147, Theorem 3.8|, [14], [15], and [24]). Let F be a family of holomorphic
maps defined in a neighborhood of St with the following properties:

(a) There exists an open annulus A containing S* such that every f € F is defined in A;
(b) f(S') =S! and f|s1 is a critical circle map;

(¢) There exists an R > 0 such that for every f € F, the rotation number of flsi has all its
entries of the continued fraction less than or equal to R;

(d) F is precompact on A for the Euclidean metric.

Then there exists a k > 1 such that for every f € F, flst is k-quasisymmetrically conjugate to
rotation.”)

Proof of the Main Theorem (ii). Our proof is divided into the three steps which we mentioned at
the beginning of this section. Recall that we restricted 8 to B, (or B,) and r > 0 is small enough
for the statements of Lemma 5.1 and Lemma 5.2 to hold.

Step 1: By the Riemann mapping theorem and Carathéodory’s theorem, for 5 € B,, we can take
a homeomorphism pg : C \D— C \ U which is conformal in C \ D, and satisfies ps(00) = oo and
pp(1) = 1. By Lemma 2.4, we can extend pg into a K?-quasiconformal mapping pg of C fixing 1
and oo, where K is as in Lemma 5.2.

For any sequence {3, }nen C B, with 5, = f« € B, as n — oo, it follows from the construction
that every limit function of {pg, [\ () o) tnen cannot be the constant 1 or co. Thus there exists
a subsequence {f, }nen C {Bn}nen such that pg — o locally uniformly on C, where o is a K*-
quasiconformal mapping of C fixing 1 and oo. It follows from Lemma 5.3 that U|@\D = pg.., and
hence pg; |@\D = pp. — pg.. locally uniformly on C\DD. This implies that the set of all limit functions
of {ps, tnen contains only pg__, and hence pg, — pg. locally uniformly on C\ . Therefore, pg
depends continuously on 8 € B,. The map fs o pgls: : S* — 9Dj is a homeomorphism, where Dg
is as in Lemma 5.1. From the standard theory about the rotation number, there exists a unique

YFor the definition of quasisymmetric mappings from S! to itself, see [13] or [9, p.2144, Definition 3.2]. The

rotation is the map z + €2™ 2, where @ is the rotation number of f|s:.
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65 € [0,1) such that for
627ri9[32

Late) =1

the rotation number of Lg o f5 0 pgls: : St — S' is the 6 which was fixed at the beginning (see [7,

p.103, Theorem 3.20]). By the construction, Lg depends continuously on 5 € B,. For 5 € B,, we
define

Fg(2) == Lgo fgops(z) (2 €C\D).
The Schwarz reflection principle shows that if » > 0 is small enough, then there exists an [ > 1
such that for any 3, Fj is extended to a holomorphic map Fj in {z | |z| > 1/1}. Henceforward, we
fix a small enough r > 0 so that such extension goes well and the statements of Lemma 5.1 and
Lemma 5.2 hold. Set

A= 1{z | 1)1 < |2] < 1.

By the construction, F5| 4, depends continuously on 8 € B,, and hence the family {F5| A, }peB,
satisfies the assumption of Lemma 5.4. By Lemma 5.4, there exists a k-quasisymmetric mapping
sg: St — St for B € B, such that

S8 0 Fﬁ‘gl o Sgl = Rg, Sg(l) = 1,

where k& > 1 is independent of 3 and Ry(z) = e*z. By the theory of Ahlfors-Beurling, we can
extend sg as a homeomorphism 54 : D — D which is an M-quasiconformal mapping in D with
s3(0) = 0, where M depends only on k, and hence M is independent of 5 (see [9, p.2148, Lemma
3.10]). Since F slst = F 6|Sl depends continuously on 3, one can show that sz depends continuously
on 3 € B,. Then it follows from the way of its extension that 55 also depends continuously on f.
For B € B,, we define Fj as follows:

N (eC\D)
Fol2) := { §5' 0 Rgodp(2) (z € D).

Since Fjlsi = Fjlst = 551 o Ry o sz, Fj is continuous. In addition, Fz : C — C is locally M-
quasiconformal except the two preimages of the two critical points of fz by pg. Thus Fj is an
M-quasiregular mapping. By the construction, Fj satisfies the following properties:

(1) F3(0) =0, F3(D) = (D), and Fpls: is a critical circle map;
2) Fz and Ry are quasiconformally conjugate on D
)
)

(
(3) Fj depends continuously on f € B,;
(4) The constant M is independent of § € B,.

Thus, we achieve the goal of Step 1.

Step 2: We construct an Fja-invariant almost complex structure on C with Beltrami coefficient
ps satisfying [|psl|ee < k' for some &' < 1 independent of 3 as follows: Let ps, be the Beltrami
coefficient of 55 in D. If z € Fy "(D) for some integer n > 0, then we define pg(2) as the pullback
of pug,(Fg(2)) by Fj. Otherwise, set pg(z) := 0. Since the almost complex structure on I with

Beltrami coefficient p;, is Fp-invariant, the almost complex structure on C with coefficient JIERE
well-defined and Fp-invariant. We have ||us||o < k' for some k' < 1, since Fjp is holomorphic on
C\ D and F3(D) = (D). Moreover, we can take k' < 1 independent of 3, since the quasiregular
constant M of Fj is independent of 5. By the integrability theorem (see [7, p.40, Theorem 1.28]),
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there exists a quasiconformal mapping gz : C — C which solves the Beltrami equation with
coefficient pz and fixes 0, 1, and oco. Therefore,

Gﬁ::gpgoFﬁo¢gl:C—>@

is meromorphic. By the construction, Gg has the only one zero 0 and the only one pole. Thus
there exist an entire function h(z) and non-zero constants b and p such that

Gp(z) = b=t

z—p
We can show that h(z) is a polynomial of degree 1 as follows: When |z| is large enough, we have
(%) ¢10Gp(z) = fg o da(z),

where
o1 = Lgl oy, $a = pg o 5.

Obviously, ¢; and ¢, are quasiconformal mappings. Since ¢; and ¢, ' are Hélder continuous at oo,
there exist positive constants K’ > 1, (', and C5 such that

|01 (2)] > C1|z|YE |¢a(2)| < Calz|K" for |z| large enough.

From this and |f3(2)| < e/ (2] = o0), there exist positive constants A and N such that

max e for R > 0 large enough.

lz|=R
Thus h(z) is a polynomial. In addition, the relation () implies that both of fz and G have only
one positive (or negative) sector in a punctured neighborhood of oo in the sense of [27, p.495].
Therefore, we deduce that h(z) is a polynomial of degree 1.
By the construction, we have G4(0) = ¢>™ and G4(1) = 0. Hence as in the proof of Proposition
3.1, we obtain for some o € C\ {0, —1},
Gp(2) = gu(2) = e2mif__°__ goz,

1 — afl,
(03

It follows from the construction that g,(= Gpz) has the Siegel disk A, = ¢3(D) centered at the
origin. Since ||ugl||oo < &’ for &’ < 1 independent of 3, there exists a constant M; > 1 independent
of 8 such that ¢ is Mj-quasiconformal. Thus the boundary 0A, = ¢3(S') is an M;-quasicircle
containing exactly one critical point 1 of g,. Therefore, the argument above completes Step 2.

Step 3: From Step 2, we can define the surgery map
S:B,—-C\{0,—-1}, B+ a,
where Gg = g,. In order to show that S is continuous, we claim the following assertion, whose

proof is similar to the argument in [17, p.157, Section 5] or [26, p.218, Section 11]:

Assertion. Let {f,}nen C B, be any sequence with 5, — fs € B, as n — 0o. Then there ezists
a subsequence {B), }nen C {Bntnen such that S(Bl,) — S(Bx) as n — oco.

Proof of the assertion. By Step 2, there exists a subsequence {f} }nen C {Bn}nen and an M-

quasiconformal mapping ¢ : C — C such that ¢z — ¢ locally uniformly on C (as n — 00). We
define

ci=poFs 007!, G =g 0 Fg 0ph, G = 9p, 0 Fa, 005,
If ¢ = ¢s, then S(B!) — S(B). The proof is completed in the case. Henceforth we suppose that

S # Soo-
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We can show that if ¢ # ¢, then pug — pg., with respect to the spherical measure as follows:

For a measurable set £ C @, let Area(E) be the Lebesgue area of E in the spherical metric. In
addition, we define

Q=12 € Clug,(2) = po ()] > €},

for e > 0 and n > 1. It suffices to show that for any ¢ > 0 and any C' > 0, if n is large enough,
then Area((Q);,) < C. By the definitions of ug and ps_, we obtain

(5.17) Q;, c | JFFmyul Flm).
k>0 k>0
Obviously, ¢ and ¢, are quasiconformally conjugate. It follows from ¢ # ¢, ¢, — ¢ locally
uniformly, and the argument similar to that in [26, p.201] or [17, p.157, p.158] that for n large
enough, there exist quasiconformal mappings &, : C — C such that:
(i) &, fixes 0, 1, and oc;
(ii) &, satisfies
§n 06 = 6, 0 &p;
(iii) The complex dilatations x,, of &, are uniformly bounded, and

IXnlloo =0 (n = 00).

Hence we have
Tn © I = Fgy 0 Ty

where 7, := cpg,l o0&, o p. It follows from the construction that for every n > 1,

(D) =D, 7,(C\D)=C\D, 7,(0)=0, 7a(c0)= 00,

and the complex dilatations of quasiconformal mappings 7,, are uniformly bounded. Thus from
this, the fact that the area of the Riemann sphere is finite, and the area distortion theorem (see
[3, p.37, Theorem 1.1]), we deduce that for any 6 > 0, there exists an integer N > 1 such that:

(5.18) Area (U Ao\ Fﬁof(ﬂ))> <6,

k>0 0<k<N

and for n large enough,

(5.19) Area (U o)\ FJ(D)) < 4.

k>0 0<k<N

Note that every connected component of F*(D) is the image of some connected component of

Fy *(D) by 7,. It follows from the properties (i) and (iii) of &, that &, — Idz locally uniformly,
and hence 7,, — Idz locally uniformly. We have for n large enough,

(5.20) Area( U o)\ U F‘o’j(D)) < 4.

From the construction, 35 o Fj — 8, o Fj' locally uniformly on (Jo,<y Fgof(D) as n — 00.
In addition, when z € Jycpen Fﬁ_of(]D)) and n is large enough, the complex dilatation of §g o FJ
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at z and that of 53, o F} at z are ug (2) and pg, () respectively. It follows from this and the
construction that for n large enough,

(5.21) Area (Q;m U ng(@)) <4
0<k<N
From (5.17)-(5.21), we obtain
Area(Q;) < 40.

Since ¢ > 0 is arbitrary, we can take 46 = C. This implies that pg — ps. with respect to the
spherical measure.

From the argument above and [19, p.29, Theorem 4.6], we have ¢z — @z locally uniformly.
It follows that ¢ = ¢,. On the other hand, we assumed that ¢ # ¢,. This is a contradiction,
and hence we obtain ¢ = ¢, and S(f,) — S(Bx) as n — o0o. This completes the proof of the
assertion. [

The assertion implies that if 5, — B € B,, then the set {S(8,)}nen is bounded and has
only one accumulation point S(f). It follows that S(5,) — S(fx) as n — oo, and hence S is
continuous. L

Finally, we show that S(5) — —1 as § — —1. Recall that ¢z : C — C is an M;-quasiconformal
mapping fixing 0, 1, and oo, where M; is independent of 3, and ps can be extended to a K>

quasiconformal mapping of C fixing 1 and oo, where K is as in Lemma 5.2. Thus

{1hs := g o ps'tses,

is uniformly Holder continuous at oo in the sense of [20, p.70] (see [20, p.70, Theorem 4.3]). In
addition, since gs(g) has a critical point csgy = —1/(S(8) + 1) = ¢3(—=1/(8 + 1)), it follows from
—1/(B+1) = oo as f — —1 that

71 () -

- 0 = - o0

SB+1 P\B+1
as  — —1. This shows that S(8) — —1 as § — —1, and hence S(B,) is uncountable. Moreover,
by the construction, A, is an M;-quasicircle containing exactly one critical point 1 when o € S(B,.)
(see Step 2). Thus we can take

Qg = S(BT)

Therefore, we have the desired result of the Main Theorem (ii). O
Remark 5.5. From this construction of {25 and Proposition 3.2, there exists an uncountable set Q,

such that if & € Qy, then 9, is a quasicircle _containing exactly one critical point ¢,. Moreover,
it follows from the construction that g,(c,) ¢ A, for a € Q.

6. PROOF OF THE MAIN THEOREM (I1I)

In this section, we show the Main Theorem (iii) by the quasiconformal surgery in Section 5. Let
fs be as in Section 5. For 0 < r < 7, we restrict 8 to the set

Coi={z=—1+e?|0c[x—rmU(x7+7r]}
Lemma 6.1. Let § € C,, let
Dg = {z ]|z < |fs(DI},
and let Uy be the connected component of f5'(Dg) which contains the origin. (Note that f3(0) = 0.)

If r > 0 is small enough, then fs|y, : Us — Dg is univalent and Ug is simply connected. Moreover,
Us has the following properties:
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(1) OUg is a piecewise smooth Jordan curve containing exactly two critical points 1 and cg =

i(m—0) .
€ )

(2) There exists a large enough R > 1 independent of B such that
Us C E,
where E = {z | |2| < R} \ {z | |» — t5] < 1/R}.

Proof. We show that dUps contains 1 and cg as follows: An easy calculation shows that for 0 <
r <1,

22%(1 — cos 0)
(x — (1 —cos#))? + sin? 0

|f,8(l’)|2 _ ‘fg(ﬂiei(ﬂ_e))’Q _ e—2x+2xcos€ —. M(:E)

In addition, we have
42(1 —cos0)*(1 —x)(x® + (2cos 0 — 1)z +2) 5 100 coso
e :
((z — (1 — cosf))? + sin® )2
Therefore, we have M'(x) > 0 for any 0 < x < 1. Thus Uz contains
{z]0<z<1}U{ze™ 9|0 <z <1},

M'(z) =

and hence OUp contains 1 and cg. From the argument in the proof of Lemma 5.1, it follows that
flus : Us — Dpg is univalent and 0Up is a piecewise smooth Jordan curve. This shows (1).

Since
/s z -3

e~ (T=(B+1:/8) B+l
and 0Dg = {z | |z| = |fs(1)|} is bounded away from 0 and oo, which are asymptotic values of
2+ P% there exists some compact set £’ such that Uy C E’ for any 3 € C,. Moreover, since the
pole t3 — 2 and fz — f_5 uniformly in a neighborhood of t_5 = 2 with respect to the spherical
metric as 3 — —1 + €™ = —2, we can choose a large enough R > 0 such that the property (2)
holds if » > 0 is small enough. ([l

(z = o)

Lemma 6.2. If r > 0 is small enough, then there exists a constant K > 1 independent of 8 such
that OUg is a K-quasicircle for any B € C,.

Proof. The proof is similar to that of Lemma 5.2. However, we have to modify the treatment of
the pole t5 and pay attention to the two critical points 1 and cg in OUs. Suppose that r > 0 is
small enough so that the statement of Lemma 6.1 holds. We need to show that there exists a
constant A > 0 independent of 5 € C, and two distinct points = and y in 0Up such that

__ Diam(J)

where I and I’ are two Jordan arcs with OUg = I U I', I NI' = {z,y}, and |fs(L)| < |fs(L')],
and L is the closed straight line segment joining x and y. Let d be the distance from ¢z to the
straight line segment L. Suppose that d < 1/(2R). Then the property (2) in Lemma 6.1 assures
that |L| > 1/R. Since Diam(/) < 2R, we have

Diam(/) 2R

Henceforth, we consider the case d > 1/(2R). There exist two points b; and by in I such that
|by — by| = Diam([7). In addition, there exists a connected component I of

{z | 3Diam(/)/10 < |z — by| < 2Diam(I)/5} N[

< A,

= 2R?.
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with |I] > Diam(1)/10. If
{Lies} N {= | |2 = b;| < Dian(1)/5} # 0
for j = 1,2, then we define I := I. Otherwise, there exists a j = 1 or 2 such that:
{L,eg} Nn{z ||z — bj| < Diam(I)/5} = 0.
In this case, let I be the connected component of
{z ||z —b;] <Diam(/)/10} NI

which contains b;. By definition, we have

(6.3) 1| > Diam([I)/10;

(6.4) |z — cg| > Diam(1)/10, |z — 1| > Diam(I)/10 for any z € I.

As in the proof of Lemma 5.2, we can show that there exist points ¢ € L and p € I such that
|/5(q)]

(6.5) QB x,y) <bm .
| f5(p)]

From the argument similar to the proof of Lemma 5.2, the property (2) in Lemma 6.1, (6.3), (6.4),
and the assumption d > 1/(2R), there exists a constant A’ > 0 independent of 3, x, and y such
that

|/5(0)]

6.6 < A

(00 7]

From (6.2), (6.5), and (6.6), we can take A := max{5mA’, 2R*}. O

Remark 6.3. In Lemma 6.2, we suppose that r > 0 is small enough. However, by using the
compactness of C, U {—2} and modifying the proofs in Lemma 6.1 and Lemma 6.2, one can
remove the assumption. Let

C={z=-1+¢"[0€(0,m)U(m2m)},

and let Dg and Ug be as in Lemma 6.1 for 8 € C. Tt follows from the proof of Lemma 6.1 that

|5(1)| = |fs(cs)| and OUs contains exactly two critical points of fz for any 8 € C. However,
since fz is not defined for =0 = —1+ e*™, and |f5(1)| = |fs(cs)| — 0 and the pole t5 — 0 as
B — 0, we do not know whether there exists a constant K > 1 independent of 3 such that 0Uj is

a K-quasicircle for any 5 € C or not.

Proof of the Main Theorem (iii). From Lemma 6.1 and Lemma 6.2, we can apply the quasiconfor-
mal surgery technique in Section 5 to fg for 8 € C,. Hence there exists a continuous mapping

S:C —C\{0,-1}

such that 0Agsg) is a quasicircle containing exactly two critical points. Note that the construction
assures that we can choose the quasicircle constant of dAg(g) independent of 8 € C,. Moreover,

there exist quasiconformal mappings ¢3 for 8 € C, of C fixing 1 and oo such that:

(1) {¥s}pec, is uniformly Holder continuous at 1 in the sense of [20, p.70];
(2) gs(p) has two critical points 1 and

-1 -1
o= 551~ (571)
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Since —1/(B+ 1) — 1 as § — —2, we have
—1
Csp) = S(B) +1 =1 (8- -2),
and hence
SB) -2 (8- -2)
Thus S(C,) is uncountable. We can take

Qs :=8(C,). O

7. PROOF OF THE MAIN THEOREM (1V)

In this section, we give another construction of 2y and prove the Main Theorem (iv). We
extend the surgery map S : C,, — C\ {0, —1} in the proof of the Main Theorem (iii) into the map
S:Q, — C\ {0, -1}, where @, D C, is defined as follows: For any 0 < r < 7, let

I = {2 = k(r) +iy | —U(r) <y < 1)}

where k(r) and I(r) are the real part and the imaginary part of —1+¢*™") € C, respectively, and
let @, be the bounded closed domain whose boundary is

{—2}UC,UI,.
Note that k(r) = —2 and I(r) — 0 as r — 0. Let Dg and Up be as in Lemma 6.1 for § € Q,. As
in the proofs of Lemma 5.1, Lemma 6.1, and Lemma 6.2, we can easily show the following lemma:
Lemma 7.1. Let R

B, = (=2, k(r)].

If r > 0 is small enough and B € B,, then |f3(1)] > |fs(cs)| and falus : Ug — Dg is univalent
and OUg is a piecewise smooth Jordan curve which contains exactly one critical point 1 of fa.
Moreover, there exists a constant K > 1 independent of § such that OUs is a K-quasicircle for

any B € B,.
Henceforth let @, be the interior of Q,.

Lemma 7.2. If r > 0 is small enough and 8 € Q,, then fslus : Us = Dg is univalent and 0Upg is
a piecewise smooth Jordan curve which contains exactly one critical point 1 of fz. Moreover, there

exists a constant K > 1 independent of B such that OUg is a K-quasicircle for any B € Q,.
Proof. First of all, we show that dUs contains the critical point 1 of fz as follows: Let

M (z) = |fa(@)]*,

where f = 2+ X +iY € Q, for 0 < X < k(r)+2<2and —I(r) <Y < I(r),and 0 < z < 1. An
easy calculation shows that

where
_20(2 - X)((2 - X)?+ V(1 — z)e 2O

L) = S rx s a-Xnr+ve oo
Plx)=((1-XP?+Y)2? - (Y?*+(X - 1)(X =3)z+2—- X +Y?/(2-X).
Obviously, we obtain L(z) > 0. Since 0 < X < 2, we have
P =X+Y?/(2—X)>0.

It follows from this that if 7 > 0 is small enough, then P(x) > 0 for 0 < x < 1. This implies that
Us contains (0, 1), and hence 0Up contains the critical point 1 of fz.
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Next, we show that fs : Ug — Dg is univalent and c3 ¢ 0Ujp as follows: Let f = —2+X+iY € Q.
for 0 < X <k(r)+2<2and —I(r) <Y <I(r). Note that

[fs(1)/B] = 1e"|, | fs(ca)/Bl =™V /(B +1)%.

Let
1
H(X.Y) = || — |e=B/(B+1) 1)2] = ¢ 2+X _ F(X)Y)
(X7 =[] = e /0D (4 1] = e e
where ( )( ) )
2-X)(-14+X)-Y
F(X)Y):=
One can check that
OH(X,Y) 2Y FXY)
_— ’ 'G X Y
oY (CL+X)2+v2)3" (X.Y),

where

2 4
For any fixed 0 < X < k(r) + 2, define Y(X) > 0 and T(X) > 0 by

G(X,+Y(X)) =0, —2+ X +iT(X) € C,.
We have Y (X) < T'(X), and hence

G(X,Y) = (X— 1)2+Y2 L

%<0 (-T(X)<Y <-Y(X), 0<Y <Y(X)),
OH(X,Y) _

TS0 (Y =0, £Y(X)),

%>o (-Y(X)<Y <0, Y(X)<Y <T(X)).

Since H(X,0) > 0 from Lemma 7.1 and H(X,£T(X)) = 0, there exists a constant W (X) €
(0,Y (X)) such that:

(7.1) HX,)Y)>0 (-W(X)<Y <0, 0<Y <W(X)),
(7.2) HX,)Y)=0 (Y =4+W(X)),
(7.3) HX,)Y)<0 (-T(X)<Y <-W(X), W(X) <Y <T(X)).

By Lemma 7.1, we have ¢ ¢ Us and |f3(1)| > | fs(cg)| for any 8 € B,. Obviously, the mappings
Brrcg B |fs()], B [fs(cs)l

are continuous. Therefore, there exist the positive values:
ST(X):=sup{L > 0| cs ¢ Ugs for any 3 € I'"(L)},
ST(X) :=sup{L > 0| cs ¢ Us for any 8 € I (L)},

where )
I"(L)={8=-2+X+iY €Q,|0<Y < L},
[T(L):={8==24+X+iYeqQ, |-L<Y <0}

Suppose that ST(X) < T(X). Then, as in the proofs of Lemma 5.1, Lemma 6.1, and Lemma 6.2,

fs : Us — Dg is univalent, and there exists a constant K’ > 1 independent of 3 such that dUj is
a K'-quasicircle for any § € I'T(ST(X)). Let

B(X):= -2+ X +iSH(X).
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It follows from the argument in the proof of Lemma 5.3 that 0Usx) is a (K’)*-quasicircle and
fax) - Ugxy = Dg(x) is univalent. Therefore, we have cgx) ¢ Ugx). Since H(X,Y) < 0 for
W(X) <Y < T(X) from (7.3), we obtain S*(X) < W(X). Let pg € U be the preimage of f5(cs)
by fs for 8 € IT(ST(X)) U{B(X)}. Note that pg # ¢z and pg € U for 8 € IT(ST(X)). From
the construction, we see that S*(X) = W(X) and ps — pg(x) € OUpx) as B — B(X). Moreover,
since the multiplicity of cg is unchanged for all 8 € Q,, it follows that Pa(x) 7 Cp(x)- This implies
that cg ¢ Ug for all B € IT(ST(X)) U {B(X)}. This contradicts the definition of S*(X), and
hence ST(X) > T(X). Similarly, we can show that S™(X) > T(X). Since 0 < X < k(r) +2 is
arbitrary, fs|u, : Us — Dg is univalent and 9Uj is a piecewise smooth Jordan curve containing

exactly one critical point of fz for any 8 € Q,. As in the proof of Lemma 6.2, for some constant
K > 1 independent of 3, OUjs is a K-quasicircle for any 8 € Q),. O

Remark 7.3. Let W(X) be as in the proof of Lemma 7.2. Obviously, the map
W:(0,k(r)+2] =R, X—W(X)

is continuous. Note that W(X) — 0 as X — 0. In addition, it follows from the proof of Lemma
7.2 that 0Ds contains fz(cs) and OUs does not contain ¢z for f = —2 + X W (X).

It follows from Lemma 6.1, Lemma 6.2, Lemma 7.2, and the quasiconformal surgery technique in
Section 5 that:

Lemma 7.4. There exists a continuous mapping
S:Q,—C\{0,-1}
such that:
(1) If a € S(C,), then A, contains exactly two critical points;
(2) If a € S(Q, U1,), then O, contains exactly one critical point 1;

(3)
S(—2) = —2.

Remark 7.5. From the construction, the three sets S(C,), S(Q, U I,), and {—2} are mutually
disjoint.
Moreover, it follows from Remark 7.3, Lemma 7.4, and (7.1), (7.2), and (7.3) in the proof of Lemma
7.2 that:

Lemma 7.6. Let S be as in Lemma 7.4. Then there exist uncountable sets (g1, (a9, and Qo3 in
S(Q,) such that:

1
" S(Q’r) = (o1 Udso Uy s;
(2) If a € Qa1, then galca) € Do
(3) If a € Qq9, then go(ca) € 00,
(4) If a € Qg3, then go(ca) & Da;
(5)
Qoo C 0N N3, Q3 :=S8(C,) C 0Ny 3.

Remark 7.7. Obviously, the three sets €251, (95, and (293 are mutually disjoint. The set S (QT)
may contain some open set.
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Proof of the Main Theorem (iv). By Lemma 7.4 and Lemma 7.6, we can also take

Qy = S(Qy).

Furthermore, this construction of Qy := S(Q,) shows the claim. U

8. CONCLUDING REMARKS

In this paper, we deal with the one parameter family {g,}acc\j0,-13- By the Main Theorem,
Jo has the Siegel disk A, (centered at the origin) bounded by a quasicircle containing critical
points for uncountably many «. However, there are many parameters « left. We ask the following
questions:

Question 2. Are A, bounded by quasicircles containing at least one critical point of g, for all
aecC\{0,—-1}7?
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