A CHARACTERIZATION OF THE ALPHA-CONNECTIONS ON THE
STATISTICAL MANIFOLD OF MULTIVARIATE NORMAL
DISTRIBUTIONS
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ABSTRACT. We study a statistical manifold (N, g%, V4, VA4*) of multivariate normal dis-
tributions, where g% is the Fisher metric and V4 is the Amari-Chentsov connection and
VA* is its conjugate connection. We will show that it admits a solvable Lie group structure
and moreover the Amari-Chentsov connection V4 on (N, %) will be characterized by the
conjugate symmetry, i.e., a curvatures identity R = R* of a connection V and its conjugate
connection V*.

INTRODUCTION

An n-variate normal distribution is determined by its covariance matrix, which is a positive
definite symmetric matrix of order n, Sym™(n,R), and its mean vector, which is an n-
dimensional real vector, R". Therefore, the family N of n-variate normal distributions can
be identified with R™ x Sym™(n,R). For tangent vectors X,Y,Z of the manifold N at
6= (1, Y) € R" x Sym™ (n,R), we define a Riemannian metric g* and a symmetric tensor
field C4 of type (0,3) (cubic form) by

§F(X,Y) = / pla6)(X log p(x, ) (Y log plx, 8)) dz,

n

n

CA(X,Y, Z) = / p(,8)(X Tog p(x, 8)) (Y log p(x, 6)) (7 log pl(x, 6) ),

where p(z,0) is the probability density function of the n-variate normal distribution given

by

1 1 Tv—1
(0.1) p(a:,9>=mexp(—5<x—u> S,

It is clear that C4 is symmetric about all arguments. For a constant a, we define an affine
connection VA by

(0.2) GF(VADY, 7) = ¢F(VyY, Z) — %OA(X, Y, Z),
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where V is the Levi-Civita connection of the Riemannian metric g”. The metric g7 is
called the Fisher metric and the torsion-free affine connection VA is called the Amari-
Chentsov a-connection. In particular we call VA with a = 1 (resp. a = —1) the
Amari-Chentsov connection (resp. Amari-Chentsov conjugate connection), i.e., Xg* (Y, Z) =
gF ' (VRY,Z) + g(Y, V4 Z) holds, and abbreviate it as V4 (resp. V4*). The cubic form C4
is called the Amari-Chentsov cubic form. Then a quartet (N, g*", V4, V4*) becomes a sta-
tistical manifold, see section 1 for a precise definition of statistical manifolds. We sometimes
abbreviate V4* in the definition of a statistical manifold, i.e., a statistical manifold is de-
noted by (N, g¥', V4), because V4* is determined from the conjugate relation. Note that
VA and VA are conjugate each other for any o € R.

In fact if we replace the probability density function in (0.1) by other density function, then
we obtain an another statistical manifold modeled on the distribution. An important feature
of the probability density function of n-variate normal distribution in (0.1) is that it is an
ezponential family and thus both V4 and V4* are flat and torsion free, i.e., (N, g, VA, V4%)
admits the dually flat structure, and it is important in information geometry, see [1]. Note
that the explicit form of the Fisher metric and the Amari-Chentsov a-connection of elliptic
distributions, which are generalizations of multivariate normal distributions, was computed
in [10].

Recently, in [3] it has shown that the statistical manifold (N, g¥', V4) for n = 1, i.e., in case
of the normal distribution, admits a solvable Lie group structure: The manifold N admits a
solvable Lie group structure, and g7 and V4 are a left-invariant metric and a left-invariant
connection on N, respectively. Therefore notion of statistical Lie groups has been naturally
introduced, see Definition 1.6. It is evident that for the solvable Lie group with the Fisher
metric (N, g©'), an affine connection V such that (A, g*', V) becomes a statistical Lie group
is not unique. In fact it is easy to give many such examples, since left-invariant connections
are determined at one point and the statistical structure condition is easily satisfied, see [6]
for general construction about homogeneous statistical manifolds. So a fundamental problem
is how to characterize the Amari-Chentsov a-connection VA on (N, gf). An answer for
(N, g"") for n = 1 was given in [3] by the conjugate symmetry, i.e., if R = R* holds, where
R and R* are respectively curvatures of V and V*, then V has to be VA for some o € R.
Note that (N, g%, VA(“)) clearly satisfies the conjugate symmetry condition, and notion of
the conjugate symmetry was first defined in [9].

In this paper, we will generalize the results of [3] as follows: We will first show that the
statistical manifold (A, g, VA(®)) admits a statistical Lie group structure, in particular N
becomes a solvable Lie group and the Fisher metric g© becomes left-invariant, Theorem 2.3.
This is a straightforward generalization of [3] which has shown the same result in case of
n = 1. We will next show that the Amari-Chentsov a-connection VA will be characterized
by the conjugate symmetry of (N, g%, V), Theorem 3.4. We emphasize that this result is
not a straightforward generalization of [3]. In case of n = 1, the covariant matrix 3 is just a
scalar matrix and it is easy to derive the conjugate symmetry conditions on coefficients of a
left-invariant connection, i.e., they are fewer linear equations among the coefficients. On the
other hand, our case is clearly more complicated, i.e., the covariant matrix > is a positive
definite symmetric matrix of order n and the conjugate symmetry conditions give a large
number of linear equations among the coefficients. We will therefore introduce a canonical
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orthonormal basis on the Lie algebra of A/, see section 2 and we will solve successfully these
equations and will show there exists exactly 1-parameter family of solutions which is the
Amari-Chentsov a-connection, see section 3 in details.

As a matter of fact, we consider a special class of Riemannian manifolds, i.e., the n-variate
normal distributions N and the Fisher metric ¢'", and moreover, an affine connection is
assumed to be left-invariant with respect to the solvable Lie group structure of (N, g").
These assumptions are essential: First if we replace (N, g¥') by a general Lie group G with
left-invariant metric g, then the characterization is not true, i.e., there are many left-invariant
connections (depending on the dimension of kernel of linear equations) such that (G, g, V)
are conjugate symmetric. Moreover, it is not true even if we restrict g = g%, i.e., the metric
Lie group (G, g¥') comes from a certain probability distribution. There are many conjugate
symmetric statistical Lie groups (G, g, V) which are V # VA® for any o € R. The authors
would not know that this characterization holds for other particular statistical Lie groups
which are determined from probability distributions.

The paper is organized as follows: After some preliminaries in section 1, in section 2, we will
show that the statistical manifold (A, g¥', V4) is a statistical Lie group, and in particular,
the manifold N admits a solvable Lie group structure. Moreover, we will introduce a special
orthonormal basis of the Lie algebra of A/. In section 3, we will first obtain the coefficients
of a left-invariant connection with respect to the basis. We will compute linear equations
among the coefficients, determined from the conjugate symmetry of the statistical manifold,
and finally prove that the left-invariant connection is the Amari-Chentsov a-connection.

1. PRELIMINARIES

Let M be a manifold, g a Riemannian metric and V a torsion free affine connection on M.
We define a tensor field C' of type (0,3) by

where XY, Z € X(M). If the tensor field C' is symmetric, then this pair (g, V) is called a
statistical structure, and C'is called the cubic form. A manifold M together with a statistical
structure is called a statistical manifold, and it will be denoted by a triad (M, g, V). Let v
be the Levi-Civita connection of the Riemannian metric g, and we define a tensor field K by

K(X,)Y)=VxY — VY. We will call this tensor field K the difference tensor of (M,g,V).
In addition, we define a tensor field Kx of type (1,1) by KxY := K(X,Y). Since the affine

connections V and V are torsion free, K is symmetric, i.c., K(X,Y) — K(Y,X) =0. The
conjugate connection V* of V with respect to the Riemannian metric g is defined by

(1.2) Xg(Y,2)=g(VxY,Z)+g(Y,ViZ),

where X,Y,Z € X(M). Note that the Levi-Civita connection V is the mean of the affine
connection V and its conjugate affine connection V*, i.e.,

V +V*

(1.3) V= 5
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Moreover,
Vx - V%
2

holds. It is easy to see that (Vig)(Y,Z) = —C(X,Y,Z) holds and thus (M,g,V) is a
statistical manifold if and only if (M, g, V*) is a statistical manifold. The following results
are basic, see [2, section 1].

(1.4) Ky =

Lemma 1.1. For a statistical manifold (M, g, V), the following identities hold:

(1) C(X,Y,Z) = —29(K(X,Y), Z),
(2) (VxO)Y, Z,W) = =29((VxK)(Y, Z), W).

Remark 1.2. Suppose that a totally symmetric tensor field C of type (0,3) is given on a
Riemannian manifold (M, g), and we define the tensor field K of (1,2) by C(X,Y,Z) =
—29(K(X,Y), Z) and define the affine connection V by VxV = K(X,Y) — VxY. Then
the triplet (M, g, V) becomes a statistical manifold. Thus a Riemannian manifold (M, g)
together with a totally symmetric tensor field C' of type (0,3) can be identified with a
statistical manifold (M, g, V). Note that (¢, VA®)) in (0.2) is thus a statistical structure
on N.

Let R be the curvature tensor field of the connection V, i.e.,
(1.5) R(X,Y)Z =VxVyZ - VyVxZ —VixvZ,

and let R* be the curvature tensor field of its dual connection V*. We define a conjugate
symmetry for a statistical manifold.

Definition 1.3 (section 3 in [9]). If the curvature tensor fields R and R* satisfy R = R*, then
a statistical manifold (M, g, V) is called the conjugate symmetric.

We define an affine connection V(® by
(1.6) V@ .=V + ok,

where « is a real constant. The triplet (M, g, V() is also a statistical manifold. We call the
set of the affine connections {V®},cr the a-connections. Note that the affine connection
V(@ is the conjugate connection of the affine connection V(=®. Moreover, it follows that
VEI)) = V and VU = V*. Let R denote the curvature tensor of the affine connection
AYAAS

Lemma 1.4 (Proposition 2.8 in [7]). If a statistical manifold (M, g, V) is conjugate sym-
metric, then the statistical manifold (M, g, V®) is also conjugate symmetric.

Remark 1.5. Tt is well known that if a statistical manifold is given by an exponential family,
the Fisher metric g and the Amari-Chentsov connection V4, (M, g, VA, V4*) as in intro-
duction, then the curvatures vanish, i.e., R = R* = 0 and it has a dually flat structure,
which is of course a special case of conjugate symmetric statistical manifolds. Moreover,
from Lemma 1.4, the statistical manifold (M, g*", VA()) given by the Amari-Chentsov a-
connection is conjugate symmetric for all & € R. Note that the curvature R(®) = R does
not vanish for av # £1 in general. Please see [1] for details.
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We now recall notion of statistical Lie groups defined in [3].

Definition 1.6. Suppose that G is a Lie group. If a triplet (G, g, V) is a statistical manifold
and both the metric g and the connection V are left invariant, then the statistical manifold
(G, g,V) will be called a statistical Lie group.

2. THE STATISTICAL MANIFOLD OF MULTIVARIATE NORMAL DISTRIBUTIONS

In this section, we will show that the family of n-variate normal distributions admits a
solvable Lie group structure. Recall that the probability distribution function of the n-
variate normal distribution p is written as

1 1
2.1 plx; p,2) = exp{——:c— sz — },
(2.1) (@3 1, ) D) 5@ —p) 2 (@~ p)
using its mean vector u € R™ and its covariance matrix ¥ € Sym™(n, R), where Sym™ (n, R)
denotes the set of all positive definite symmetric matrices of size n. Let N = R" x
Sym™(n,R). The Fisher metric g and the Amari-Chentsov connection V4 on N given
in introduction can be computed as follows:

Lemma 2.1 (section 3 and section 4 in [10]). Let g© be the Fisher metric and C* be the
Amari-Chentsov cubic form of N'. If u,v,w are coordinate vector fields in the p-direction
and X,Y, Z are coordinate vector fields in the Y-direction, then the following identities hold:

ggu (u v) = ul' Y t,
(2.2) ggu u, X) = 0
gh y(X,Y) = Lir(SXEY),
and
Ch, M)(u v, w) =
(2.3) C’;H(Xvw)—vTE XY w,
: (2 A (X Yiw) =0,
CA L (X.Y.Z) = (S IXTYR12),

We now define

(24) R = {T c GL(TL, R) ’ T 1S an upper trlangular matrix } ’

with positive diagonal entries.
and
Aff*(n,R) := R x R™.
Then the group Aff*(n,R) is solvable and acts transitively on A/ by the action
(2.5) (A,b) - (S, 1) = (ASAT, A+ b),

where A € R and b € R"™. Moreover, the tangent action of (A,b) € Aff*(n,R) on the tangent
bundle TN is given by

(26) (Aa b) ’ <X7U> = (AXATa A’U),
where (X, ) € N and (X,v) € T,y N.
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Proposition 2.2 (section 3.2 in [4]). The action of Aff*(n,R) on N is simply transitive. In
particular, Aff*(n,R) and N are isomorphic as an Aff*(n,R)-manifold.

From now on, through this paper, we assume that A has the solvable Lie group structure
via the isomorphism ¢. Note that in Proposition 2.2, the isomorphism ¢ : Aff*(n,R) — N
is given by

(2.7) 3((A,b)) = (AA", D),

and it follows that ¢ is a bijection from the uniqueness of the Cholesky decomposition
Y = AAT [5, Corollary 7.2.9]. With these preparations, we obtain the following theorem.

Theorem 2.3. The triplet (N, g"',C?) is a statistical Lie group.
Proof. From Proposition 2.2, the manifold N has the Lie group structure. Using the Lemma
2.1, we see that
e (Au, Av) = (Au)T (AZAT) ' (Av)
(AL AT Ap+b) )
=u'Y
- g&,u) (u, ),

and
1
Ieasar ausn (AX AT AV AT) = 5 tr((ASAT)TAX AT(ADAT) L Ay AT)

1
= 5tr(z—lxz—ly)

= g&,y) (X7 Y)
Thus the Fisher metric ¢ is left invariant. Moreover, we see that

Clisar aprny(AX AT, Av, Aw) = (Av)T (ADAT) TAX AT(ASAT) ' Aw

=S XY
= C’&H)(X,v, w),
and
CA asar apre)(AX AT AY AT AZAT)
1
=5 tr((ASAT) TAX AT (ASAT) TAY AT(AS AT TAZAT)
= %tr(ZlXﬁlelZ)
= Clu(X,Y, 2).
Thus the cubic form is left invariant. This completes the proof. [l

The statistical Lie group N = Aff*(n,R) can be realized with

Aﬁs(n,R):RMR":{T:(é i’) ‘AeR,beR"},
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where R is defined in (2.4). Note that for n = 1, A is the standard deviation and b is the
mean. Since an arbitrary element 7' € Aff*(n, R) is an upper triangular matrix with positive
diagonal entries, and therefore A is a solvable Lie group.

Let aff’(n,R) (resp. M) be the Lie algebra of Aff*(n,R) (resp. ), that is, the tangent space
of Aff*(n,R) (resp. N) at the unit element (I,,,0), where I,, is the n x n identity matrix. It
is easy to see that

afi*(n, R) — {(g g) ‘ UecUT(nR),uc R”} .
Here, UT(n,R) denotes the set of n x n upper triangular matrices. For simplicity, we will

denote (g O) by (U,u). The differential of ¢ in (2.7) at (1,,,0) is given by

(2.8) dé(r, 0)(U,u) = (U+U",u), (Uu) € aff’(n,R).

By the equation (2.8), we obtain the Lie algebra isomorphism aff*(n,R) = N, and we will
identify aff’(n,R) and 9. Considering g*" and C*4 at (I,,0), we obtain the inner product
and the symmetric tensor of type (0,3) on 91. For simplicity of notation, we write g!" and
C# instead of 9(};”,0) and C(“} 0)"

Lemma 2.4. For (U,0),(V,0),(W,0), (0,u), (O v) € N, the following identities hold:
(2.9) 9" ((0,u), (0,v)) = u"

(2.10) (0.0, (V,0)) = OV} + @V,

(2.11) CA((U,0), (0, w), (0,v)) = u" (U + U)o,

(2.12) CA((U,0), (V. 0), (W,0)) = tr((U + UT)(V + V) (W + WT))

Proof. From the Lemma 2.1 and the equation (2.8), we can see that
97((0,),(0,0)) = gy o (u,v) = uT [0 = uT,
and
9" (U,0), (V,0)) = gy (U + U7,V +VT) = 2 tr(I; (U + U (V 4 V)
=tr(UV) + tr(UVT),

and then we obtain the identities (2.9) and (2.10). By a similar computing, we also obtain
the identities (2.11) and (2.12). O

We define a set of indices I by
(2.13) I={i|1<i<nieN}U{(i,j)|1<i<j<n,ijeN}
Moreover, we define (n + 1) X (n + 1) matrices e;, e;5, and e;; (i < j) by setting

e; : (i,m + 1)-th entry is 1 and 0 otherwise,
(2.14) e;j : (4, j)-th entry is 1 and 0 otherwise,
e;; « (i,7)-th entry is f and 0 otherwise.

Definition 2.5. For i € I and (i,j) € I, we refer to the (n + 1) x (n + 1) matrix e; as the
mean-direction vector and the (n+1) x (n+ 1) matrix e;; as the covariance-direction vector.
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For simplicity of notation, we will denote e, by e;; when a = (i,7). Clearly, the matrices
{ea}aer are linearly independent and generate the Lie algebra O, and thus these are the
basis of the Lie algebra 1. From Lemmas 2.1 and 2.4, it is easy to compute that

QF(%GJ‘) = 51’3'7

(ez, e;r) =0,

9" (e, ej5) = 2tr(eses;) = 0y,

9" (e, enr) = 2tr(ejen) = \/_51'k5jk =0, (i<y),
)=

tr(eijen) + tr(ewekl)
= 5il§jk + 5ik6jl = 5ik5jl7 (Z <jand k < l),

(€Z]7 €kl

where 0,; is Kronecker delta, and thus the matrices {e,}acs are the orthonormal basis of
the Lie algebra 91. We now compute the value of the cubic form C# about the orthonormal
basis. We define a;; € {1, \/Li} by a;; =1—6;; + \%5@'- Then using again Lemma 2.4, we can
compute
CA(eij, ek, er) = e;‘ge e +ef e;j€l
= a;; (0104 + 0ir051),
and thus C4(e;;, ex, €;) (i < j and k < 1) is non-zero if i = k and j = [, and zero otherwise.
Moreover, we can compute
C’A(eij, €kl €rs) = tr((ez;- + eij)(egl +ex) (el + eps))
= aijaklars<5i15k55rj + 5il6k’r53j + 5jl5k‘85’l‘i
+ 0ik0150r; + 0301055 + 0510kr0si + 0101507 + 00105,

and thus C4(e;;, ex, €,5) is nonzero if C4(e;j, ex, €,5) is equal to
A A A A
C (em €iis €ii), C (61'1', €ij) eij)a C (ejj7 €ij, eij) or C (%‘, €k, eik)a

and zero otherwise. By the above and Lemma 2.1, the combination of indices, where the
Amari-Chentsov cubic form C4 is non-zero, are

{ CA<€ii76i7€i> = \/5, cA (€Zj7617€j) 1, CA(eii,eii,eu‘) = 2\/2

2.15
(2.15) CA (e, €5, €i5) = CA(ej4, €ij, €i5) = V2,  CA(eij, ejr, eix) = 1.

3. A CHARACTERIZATION OF THE ALPHA-CONNECTIONS ON THE STATISTICAL
MANIFOLD OF NORMAL DISTRIBUTIONS

In this section, we will prove the main theorem of this paper, i.e., we will give a characteriza-
tion of the Amari-Chentsov a-connections on the statistical manifold of normal distributions.
For a Lie algebra g with inner product { , ), we define a bilinear map U : g X g — ¢ as
follows ([8, Chapter X.3]);

(3.1) 2AV(X,Y),2) ={[Z,X],Y) + (X,[Z,Y]).

It is easy to see that the bilinear map U is symmetric.
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Lemma 3.1 (Chapter X.3 in [8]). Let G be a Lie group with a left invariant metric { , ).
Then the Levi-Civita connection ¥V for (| ) is given by

(3.2) VY = %[X, Y]+ U(X,Y) for X,Y €g.

From the form of the orthonormal basis {e, }acr, for i < j < k, the bracket is

les, eiil L [ ] [ ] -
€i, €ii)] = — €i, €j,€Ci5] = —E€4, €iiy €ij] = €ij,
1
[eij, e55] = Nk [eij, €jk] = €ir,
2

and zero for other index patterns.

Lemma 3.2. Fori < j <k, the following holds, and the other index patterns are zero;

U(ez‘,ez‘) = %eiia U(ez‘, eii) = —ﬁei,
Ulei, ;) = %%ﬁ Ules, e55) = —%ej,
Ulei, ei5) = —ﬁeim Uleij, ei5) = %eii - %%‘7
Uleij, ej5) = %%A Uleir €jr) = %%’7
Uleij, €ir) = —%ejk.

Proof. First, we obtain U(e;, ¢;). From the equation (3.1),

29F(U(€i7 ei)’ 60) = gF([eh ei]’ 62-) + gF([€°7 ei]’ ei)
= 2gF([e°7 ei]’ 61-)

and {e, }aes is an orthonormal basis, and from the result of the bracket product, the right-
hand side is not zero only when e, = ¢;;. Therefore, we obtain

1
Ules, e;) = —=ej;.
(ene) = 75
The other patterns are also calculated in the same way. 0

From Lemmas 3.1 and 3.2, we obtain the following proposition.

Proposition 3.3. For indices 1 £ i < j < k < n, the Levi-Civita connection V can be
computed as follows, and the other index patterns are zero;
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( AN AN AN AN
_ 1 1 _ 1
Ve = 7§€m Veiej Ve e;€i = 5Cij, Veieii = %
Vi _ 1 < _ 1 1
Yeieij = —56€j, Vejeij = —36, Yemel —35€5,
1 1 1
(33) Vez‘jej 564, ve” € = 767,]7 Veijejj = )Z_ieiﬁ
Vi _ 1 1 - _ _ 1
Veijejk - _eik’ vejkeij = —356ik, Veijeik = Veikeij = —56jk,
\ Ve, .€jk = Vejkezk 5€ij Ve;€ij = 6 — 7585

With these preparations, we prove the main theorem of this paper.

Theorem 3.4. Let N be the family of n-variate normal distributions with the Lie group
structure via Proposition 2.2, g¥" the left invariant Fisher metric given by (2.2), V a torsion
free affine connection such that (N, g*', V) is a statistical Lie group, C' the cubic form and K
the difference tensor with respect to V. Then the following properties are mutually equivalent:

(1) The affine connection V is an Amari-Chentsov a-connection.
(2) The statistical manifold (N, g™, V) is conjugate symmetric.

(3) VC is totally symmetric.
(4) VC is totally symmetric.
(5) VK is totally symmetric.

Here, V is the Levi-Civita connection of g%

Proof. First, note that the equivalence of (2), (3), ( ) and ( ) holds by Lemma 1 in [2].

(1) = (2): Since N is an exponential family, RY) = R(-Y = 0 holds. Therefore, the
statistical manifold (N, g, V) is conjugate symmetric from Lemma 1.4.

(5) = (1): For a, 8,7 € I, we define a family {K_;} of constants by

K(eq, ep) Z /867

yel
From the Lemma 1.1 (1) and the fact that {e,}aes is an orthonormal basis, we have
Clea, €8, 6y) = —29(K (eq, €3),6y) = _QKZvB’
and from the symmetry of the cubic form C| the symmetry of K follows:
Y Y e B _ 5
Kap = Kpo = K5y = K = Ko = K,
From now on, we will use this symmetry of K without mentlomng it. We will show that all
but six combinations

(i) (i) () (i2k) ;
(34) Kina Bapasy Kapas Kapor: i

are zero. Then, we will show that the above combinations can be written in terms of a single
real parameter p, which gives the Amari-Chentsov a-connection.

Kji.j)

Remark. We give a graphical explanation of whether Kgﬁ is zero or not. For any ¢ < j,
let white vertices be indices i and black vertices indices (7,j), and if there are the same
characters between indices, the corresponding vertices are connected by edges. Here, we
assume that once the characters are chosen, they are no longer chosen. Then, a graph can
be obtained for each coefficient Kgﬁ. If the white vertices have one edge, the black vertices
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have two edges and the graph is connected, the corresponding coefficient is not equal to zero,
and otherwise zero. Figure 1 shows the graph where the corresponding coefficients are not
equal to zero, and Figure 2 shows the graph where the corresponding coefficients are equal
to zero. Since the graph of Figure 2a is not connected and the graph of Figure 2b has a
black vertex which has one edge, then the corresponding coefficients are equal to zero. Note
that this is only an intuitive explanation and is not to be used for the proof.

AN

(a) The graph of K}, (b) The graph of K7

(4,4) (3:F)(5,k)

Figure 1. Examples of non-zero coefficients.

/o

(a) The graph of Kl iU, (b) The graph of K!

7’ (4,9)(@,5)

Figure 2. Examples of coefficients which are equal to zero.

The actual proof of Theorem 3.4 will be divided into the five steps:

Step 1: We show K&k)(l’m)

Step 2: We show K}, = 0.
Step 3: We determine K (k’Jl) (m.s)°
Step 4: We determine K* kD)

Final Step: We determine all K in (3.4).

=0.

\

Note that in each step, we need to use the previous steps.

Step 1 (ng k)(l,m)): We will show that the coefficients are equal to zero if the indices are
K(i]. ky(m)- First, we will show that the coefficients are equal to zero if the indices are K(ij DR
From the condition (5), we have

(3.5) (Ve K)(ej5 em) = (Ve K)(er, €1

€jj

From Proposition 3.3, the following statement follows;

(3.6) all the derivatives in ﬁeii—directions are zero.
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From now on, we will use the condition (5) and Proposition 3.3 without mentioning it. Then,
from the equation (3.5) and (3.6), we compute

0= (ﬁejj K) <ei7 ekk) = (661[() (ejjv ekk)
= §5i(K(ejj7 ek’k)) - K(ﬁeiejj, ekk) — K(ij, ﬁeiekk)
=Y K uen Vela — K(Veesy, enr) — K(ejj, Ve,ern),
acl
and we can see that

(3'7) Z K(aj,j)(k,k)vﬁea = K(Veiejj7 ekk) + K(ejja Veiekk)-

a€cl

If i # 5 and © # k, @eiejj = 0 and @eiekk = 0 hold, and thus the right-hand side of the
equation (3.7) is equal to zero. Moreover, the e; component of the left-hand side of the

equation (3.7) is \%K&j)(k’k), and then

holds. If i = j and i # k, it follows from the equation (3.7) that

N ~ ~ ~ 1
Z K(i,i)(k:,k:)veiea = K(Ve,eii, erx) + K(eii, Ve exr) = —EK(% ekk),
acl

and since the e; component of the left-hand side is \%K ‘ (o) and the e;; component of the

(ii
right-hand side is —\%Kfi’i)(k’k), we can see that
(3.9) Kiogw =0 (@ #k).
Moreover, if i = j = k, it follows from the equation (3.7) that

Z K(O{,@-)(i,i)@eiea = 2K(§eieii7 €ii) = —\/§K(€i, €ii);

ael
and since the e; component of the left-hand side is \%K (Z“) (i) and the e; component of the
right-hand side is —\/iKgi’i)(i7i), we can see that

Thus, from the equations (3.8), (3.9), and (3.10), for any indices 4, j and k,
(3.11) Kj e =0
holds.

We next show that the coefficients are zero if the indices are K Zj B (0LD) In a similar manner,
from (3.6), we compute

0= (6611[()(6]’67 ei) = (662‘K)<€jk7 6ll)
662'(K<€jk7 611)) - K(§e¢€jk7 ezz) - K<€jk> 6eiell),

and we can see that

(3.12) Ve (K(ejnen)) = K(Ve,ejn en) + K(ejn, Ve,en).
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If i # 1, @eiell = 0, and then the second term of the right-hand side of the equation (3.12)
is equal to zero. Moreover,

(3.13) @eiejk is equal to 0 or parallel to a mean-direction vector,

and then, from the equation (3.11), the e;; component of the first term of the right-hand
side is equal to zero. In addition, the e;; component of the left-hand side is \%K (ij (WD) and
therefore, we obtain

(3.14) Kiwan =0 (@ #1).
If i = [, from the equation (3.12), we compute
ﬁei(K(ejk’ €ii)) = K(ﬁeieij eir) + K(eji, 661-%‘)

1
EK(@jk, 61‘).
From the equation (3.11) and (3.13), the e; component of the first term of the right-hand
side is equal to zero. Moreover, the e;; component of the left-hand side is \/LEK gj7k)(i7i) and

= K(ﬁeiejka eii) -

the e; component of the right-hand side is —\%K Zj k) (i) and therefore, we obtain

(3.15) K{;pyii) = 0.
Thus, from the equation (3.14) and (3.15), for any indices 4, j, k and [, it follows that
(3.16) K{;yan =0

Then we finally show that the coefficients are zero if the indices are K(ij’k)(l,m). Since
Kéj,k)(l,m) = 0 for j = k or [ = m from the equation (3.16), we suppose that j # k and
[ # m. From the condition (5), we have

(Ve K) (€5, etm) = (Ve ) (€51 €m).-

We compute

A~ A~ A~

(LHS) = V., (K(€i, em)) — K(Ve,,.€i, ) — K(€i, Ve, €um)-

Since
(3.17) %e].k e; is parallel to a mean-direction vector,
(3.18) §ejk€zm is parallel to a covariance-direction vector,

and from the equation (3.16), the e;; and ey component of the second and third term are
equal to zero. Then, the e;; component of the first term is \%K EJ 1) (Lm) and the ez, component

)

of the first term is _\%K(j,k)(l,m)' We also compute

(RHS) = V., (K (€55, €m)) — K (Veseis €im) — K (€50, Verim)s

and from (3.13) and the equation (3.16), the e;; and ey, components of the second and third
terms are zero. Here, since j and k are different, i is at least different either j or £, so either
ej; or ey, component of the first term is zero. Therefore, compare the e;; and ey, components
of both sides, we can see that

(3.19) K{ipyam =0 (j #kand | # m).
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Thus, from the equations (3.16) and (3.19), for any indices i, j, k,[ and m, we obtain
(3.20) K{j py@m) = 0-

Step 2 (K]Zk) We will show that the coefficients are also zero if the indices are K;k First,
we will show that K}, = 0 for the case i < j < k. From the condition (5), we have

(Ve K)(ej en) = (Ve, K)(er 1),
and we compute
(LHS) = Ve, (K(ej, ex)) — K(Veej,ex) — K(ej, Ve,er)

A~

1 1
Ve, (K(ej,ex)) — §K(€ija er) — §K(6j, €ik),

and since the e;; components of the second and third term of the left-hand side are equal to

zero from the equation (3.20), the only e; component of the left-hand side is \%K}k of the

first term. Moreover, we compute the right-hand side

A~

(RHS) = V., (K (e;,ex)) — K (Ve,e5,ex) — K(ei, Ve,e)
1 1
= v€j(K(e’i7ek>> - §K<€ij:ek) - iK(eia ejk),

and as in the left-hand side, the e;; components of the second and third terms are equal to
zero, and the e; component is also equal to zero in the first term. Thus, we can see that

K,=0 (i<j<k).
Moreover, by permutating ¢, 7 and k, we obtain
(3.21) K;k =0 (i,7 and k are different).
Next, we will show that KJ’:j = 0 for the case ¢ < j. From the condition (5), we have
(3.22) (Ve K)(ej. €5) = (Ve, K)(ei, €5).
We compute the left-hand side of the equation (3.22)
(LHS) = V (K (5. ¢5) — QK(V €55 €5)

= Ve (K(ejr¢))) = K(eij, e),

and the right-hand side of the equation (3.22)
(RHS) = V., (K(ei,¢;)) — K(Ve,ei,e;) — K(ei, Ve,e5)

~ 1 1
= Ve, (K(ei ) — 5K (eij, e5) — —=K(ei ej5).

V2
From the equation (3.20), the e; component of the left-hand side is \%K}j and the ey

component of the right-hand side is equal to zero, and thus we can see that
(3.23) Kj; =0 (i<j).
In a similar manner, we have

(3.24) K.=0 (i<j).
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From the equations (3.23) and (3.24), we obtain
(3.25) Kj; =0 (i#7)

At the end of this step, we will show that ij = 0. From the equation (3.20) and (3.25),

the e;; component of the left-hand side of the equation (3.22) is equal to %ij and the e;;
component of the right-hand side of the equation (3.22) is equal to zero, and then we obtain

(3.26) KJ =0.
Thus, from the equations (3.21), (3.25) and (3.26), we can see that

(3.27) K, =0.

Step 3 (K ((;Jl))(m s)): We consider the coefficients which are K ((;Jl;(m g In this case, some
coefficients are equal to zero and other are not. First, we will show that K(e;;, ex;) = 0 if
j # k. In the case of n = 2, it automatically follows that

(3.28) K ((jl;r)?kk) is zero if either [ or m is different from both ;7 and k,

since no such [ and m can be taken.

Suppose that n > 3, i # j and i # k. From (3.6), we compute

A~

0= (Ve, K)(ei, enn) = (

<l>

. K) (€555 ext)
(K (ej5,e0)) — K (Ve en) — K(ej5, Ve,enr)
e (K (€5, €xk))

KOé

(7:9)(

I
M < <>

k.k) Vei €q-

jol
~

€

Then, since Ve, ey, is not equal to zero if i = [ or i = m, the statement (3.28) is satisfied.

When j < k, K(ej;, exr) may have only the ey, e;;, and ey, components from the equation
(3.20) and (3.28).

However, from (3.6), we compute

0= (Ve, ) (ers €5) = (Ve K) (e, €55)
= Ve (K(ejj, e5)) = 2K (Veyess,€55)
= ﬁek(K(eﬂv €jj))
- KG9 V
ael
By considering the e, component, we obtain K((“))(”) = 0. In a similar manner, we can

check that Kﬁc)(k r = 0, and it follows that the e;; and ey, components of K(ej;, exr) are
equal to zero.
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Moreover, from (3.6), we compute

A~

0= (Ve K)(ejk ext) = (Ve, ) (€55 €k)
Ve (K(ejj em)) — K (Ve,eii ) — K(ej;, Ve, en)

N 1 1
Ve, (K(ejj, exx)) + EK(%’ Ckk) — EK(%’ €jk);

and we can see that

N 1 1
(3.29) Ve, (K(ejj, exr)) = —EK(%, erk) + EK<%7 €jk)-
1 K(jak)

Then, the ez, component of the left-hand side is — BE Gt and the eg, component of

the right-hand side is — \}K ((,Z Z;(k " \[K ((j] jk))(k r)- However, we can check that K ((k, k))(k k18

equal to zero. In fact, from (3.6), we compute

~

0= (VekkK) (ej’ ek’k) (

<l>

e; K)(ex, exr)

K(ekk, ekk) K(ﬁej €Lk, Gkk) — K(Gkk, Vej ekk)
o; K (er, exr)
K7

S Ves o

il
M <D <l>

Q
~

€

By considering the e, component, we obtain K (( ))(k K = = 0. Then, the e, component of the

right-hand side of (3.29) is \}K((Jf))(kyk), and we can see that K((Jj.,j))(k’k) is equal to zero.

Thus, we obtain

(3.30) K(ejj,ere) =0 (§ <k).
Interchanging ;7 and k, we obtain

(3.31) K(ejjen) =0 (J#Kk).

Next, we will show that K (e;;, er;) = 0if j, k and [ are different. From (3.6) and the equation
(3.31), we can see that

A~

0= (VEkkK) (ejj7 ek‘l) = (Vele) (ejj7 ekk)
Ve (K (€55, exr)) — K(Veyeijs ere) — K(ejj, Ve, ern)
= —K(ejj, Ve rr)

1
K(ejj,ekl).

R

Thus, it follows that

(3.32) K(ejj,err) =0 (j,k and [ are different).
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Furthermore, if 7, j, k and [ are different, then from (3.6) and the equation (3.32), we compute
= (Ve K)(eij en1) = (Ve K) (e, )

€jj €ij
= V.., (K(ej5,en)) — K (Ve e55,em) — K(ej5, Ve, )
= —K(Ve,ejj en)
1
= ——=K (e, em),

V2

and then, it follows that

(3.33) K(eij,em) =0 (4,7, k and [ are different, i < j and k < ).
Thus, from (3.31), (3.32) and (3.33), it follows that
(3.34) K(eij,en) =0 ({i,5} 0 {k,1} =0).

That is, it follows that
(3.35) K((,i’fl;(m,s) =0if {¢,57} n{k, 1}, {k, 1} n{m,s} or {m,s} N{i,j} is an empty set.

Next, we will show that the coefficients K ((k l;(m 5 are equal to zero except for K ((”))(] 0 where

i <j<k. Fori<j, from (3.6), we compute
0= (ﬁeuK) (€ij, €ii) = (V K)(€i, €ii)

€ij

= ﬁei]( (ezm eu)) QK(VEU €iiy 6“)
- 661']( (ezw ezz)) + \/_K(ezw 61])

and since the e; component of the first term is \}EK i) and the e;; component of the
second term is V2K ((Zf))(z i) it follows that
(3.36) K((Z-Zjij))(i,i) =0 (Z < ])
In a similar manner, we can check that
(4,9) _ C_
(3.37) Kooy =0 (@<7).

For i < j <k, from (3.6) and the equation (3.34), we compute
0= (ﬁeuK)(ez‘ﬁ eir) = (V K)(eii, eir)

€ij

= Ve, (K (en, e)) — K (Ve e en) — K(eq, Ve, ex)

A~

1 1
= Ve, (K(eu, eir)) + —=K(eij, eix) + s K (e, ej)

V2 2
1
_K(eija eik)a

V2

and since the e; component of the first term is \}K ((Z k))(”) and the e; component of the

= Ve”( (e, ein)) +

second term is \TK ((; S)(w)’ it follows that

(3.38) K9, =0 (i<j<kh).
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In a similar manner, we can check that

(4,k) (k) o . .
(3.39) K(j’j)(m) = K(ljak)(z‘,k) =0 (i<j<k).

In addition, since the e;; component of the first term is equal to zero from (3.36), and the
e;; component of the second term is —= K (k) )» We can see that

A,
(3.40) K9, =0 (i<j<k).
In a similar manner, we can check that
@) GR) d) Gk k) e
(3.41) Kiiem = Kihen = Kiwor = Kikern = Kgnon =0 @ <7 <k).

Moreover, from (3.6) and the equation (3.34), we compute
0= (Veu-K)(eij, %’) = (Vein)(eiheij)
Ve (e e17) = K(V

i €iis eij) - K(eu‘, veijeij)

€ij

1
EK(%’ ejj)

1
—=K (e, €i) +
T )
1 1
-~ —=K (e, ei),
7 7 (€3, €ii)
and since the e;; components of the first and third terms are equal to zero from the equation

(3.36) and the e;; components of the second term is —\%K ((Z]]))(H), and thus we can see that

~ 1
Ve, (K (e, eif) — EK(%’ €ij) —

= Ve, (K (€, €ij)) — —=K (e, €i5) —

(3.42) K((Z:]j-))(i,j) =0 (Z < ])

Finally, for ¢ < 7 < k < [, consider the equation
(Ve, K) (e, ) = (Ve ) (€35, €a)-

€ij

From the equation (3.34), we compute the left-hand side

A~

(LHS) = V.. (K (e, ea)) — K (Ve e, ea) — K(ew, V

€ij eil)

~ 1 1
veij(K(eika ei)) + §K(€jka eq) + §K(€ika ejr)

ey (K (€ir, €i1)),

I
<

and the right-hand side
(RHS)

A~

Vew (K (e, 1)) — K (Ve eij ea) — K(eyj, Ve ea)

1 1
e (K (€35, €q1)) + §K(€jk, eir) + §K(€z’j, exl)

e (K (€35, €a1)).-
Since the e;; component of the right-hand side is equal to zero and the e;; component of the

left-hand side is —\%K (%%(m)v we can see that

(3.43) K w=0 (i<j<k<l).
In a similar manner, we can check that

GD ek k) o (i
(3.44) Kiim = Kiion = Kango =0 (<i<k<l).

I I
< <D
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From the above arguments, we can see that the coefficients K ((k l.;(m 5 are equal to zero except

(4,4) (4.9) (i,k)
for K(z v Ky Ky and K7 ) where i < j < k.

Step 4 (K ik, l)) We consider the coefficients K kD) As in Step 3, some coefficients are

equal to zero and other are not. First, we will show that K(e;,ex) = 0if i # k and i # (.
From (3.6) and the equation (3.34), we compute

0= (Ve K)(eirer) = (Ve, K) (eii, )
= Ve (K (e, en)) — K (Vesen, en) — K (e, Ve,er)
= _K(ﬁeieiia €xl)
1
= —K(e;, en).
7 (ei, ert)

Then, we can see that
(3.45) K(ei,en) =0 (i# kandi#1).

That is, there are four possible non-zero combinations of Kj,,, K}, . K’

, jog) 2nd K
where 7 < j. Note that Kf( i) KZ(” and K* J(ij) are equal to zero from the symmetry of K.

At the end of this step, we will show that KZ(”) KJJ.'(Z.J.) = 0. From (3.6) and the equation
(3.45), we compute

0= (@eiiK) (e, eij)

i ) (e, ei5)

( (eiia eij)) - K(Veieu‘y eij) - K(eiia veieij)
1 1

e: (K (€iis €i5)) + EK(% eij) + §K(€j7 €ii)

1
EK (ei €ij),
and since the e; component of the first term is equal to zero from the equation (3.36) and
the e; component of the second term is \/LEK ;(i j)» We can see that

I
4> <l> ’<]‘>

= Ve (K (e, ei5)) +

In a similar manner, we can check that
J _
(3.47) Kj(i,j) = 0.

From the above arguments, we can see that the coefficients Kj(k ) are equal to zero except
for K(Z 0 and K i)

Final Step: Flnally, we obtain an equality between the coefficients that are not equal to
zero. From the results of Step 1 to Step 4, there are only six possible non-zero combinations

(1,) (1:) (4:9) (i,k) i - , : :
of K”)(Z 1)7K( J)(i’j),}'((i’j)(i’j),K(m.)(j’k),KZ and K' (i) where ¢ < j < k. First, we will

show that K* Z(Z y =K ]].(j j for any indices i and j. From (3.6), we compute

(3,2)

0= (veiiK>(eiaeii) = (ﬁeiK)(eiiaeiz) % (K(eiiaeii)) - QK(ﬁeieiiaeii)
V. (K (e ei) + V2K (e, €4),



20 SHIMPEI KOBAYASHI AND YU OHNO

and then considering the e; components, we can see that
(3.48) K ((ZZ))(”) = 2K ;-
6), we compute

(3.

0= (Veu K)(er,e5) = (Ve, K) (€3, €5) = Ve, (K (€3, €5) — K (Ve €30)
= Ve, (K(ei, e) —

and then considering the e;; components, we can see that

i el
(3.49) Koy = By

Next, from

1
§K(€zj, €ii),

In a similar manner, we can also show that

J _ 169)
(3.50) K560 = B

Moreover, from (3.6) and the equation (3.45), we compute

0= (Ve K)(ej ei) = (Ve K)(eg, ei) = Ve (K (e, e5)) — K (Veej, i) — K(ej, Veyen)

1 1
=——K 15 Cig —K iy €5 )
5 (616)+\/§ (€, €5)
and considering the e;; components, we can see that
1) Lo
(3.51) §K(z‘,j)<z‘,j> - EKJ(U)

In a similar manner, we can also see that
Loy 1 .
3G = \ﬁK}(m)
From the equations (3.49), (3.50), (3.51) and (3.52), it follows that
(3.53) K=K

(3.52)

363
That is, there exists some constant p such that
for any index 4. In addition, from the equations (3.48), (3.49) and (3.51), we see that
i) _ Gi)  _ pUD _ i _ V2
Ko =20 Kajey = Kajay = and Ky =5p

Finally, from (3.6) and the equation (3.34), we compute

0= (Ve K)(eijs ) = (Ve K)(€iss en) = Ve, (K (i, ei)) — K (Ve e, ex) — K (€31, Ve, in)
— 1 1
= Ve, (K (e, eir)) + ﬁK(%’ eix) + §K(€u‘, €jk)
1
—K(Gij, eik)7

= 6%(-’((%, eik)) + NG

and then considering the e;, component, we can see that

(4,2) o (3,k)
V2K 6w = 2K 056
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and eventually it follows that

(3,k) . \/§
(3.55) Kijim = 5P

Summarizing the above arguments, for ¢+ < j < k we have
i (64) (4,2) _ 7(3.9) _
Kigoy =P B =20 Kajay = Kajan =P
; _ ¢§ (i) _‘¢§
i) = 5P Bapegrn = 5P
and the coefficients are equal to zero for other index patterns. Set the parameter p to be
p= —g. Then, from the Lemma 1.1, it follows that

—2g(K (e, €;),€) = ZKZ’( by = =2,
29 K 6@@7611)7611) _QK(’” ) - 2\/_

(

( (5
K(eis, i), e5) = 2K = V2,
(
(€s,
(

= —29(K (ej;,€ij), €i;) = —2K 1) =2,

(G35
Cles, e, i) = —29(K (ei, ¢5), €i5) = —2K! Gip =L

ik
C@m%m&MI—QQKem%we%%:_ﬂq)@M 1.

i) =
i) =
C(emy €ij, ez]) = 29
Clejj €ij, €ij)
)

(
(
(
(
(
(

These equations coincide with the results of Amari-Chentsov cubic form in (2.15). This
completes the proof. O
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