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Abstract

Let g be a non-compact simple exceptional Lie algebra over R with an automorphism σ
of order four and h the fixed point set of σ. Suppose that the dimension of the center of h
is at most one and hC contains a Cartan subalgebra in gC. In this paper we shall classify
non-compact 4-symmetric pairs under the certain equivalence relation.

1 Introduction

It is known that k-symmetric spaces are generalizations of symmetric spaces. The definition is
as follows:

Let G be a Lie group and H a closed subgroup of G. A homogeneous space (G/H, σ) is
called a k-symmetric space if there exists an automorphism σ of G such that

• σk = Id and σl 6= Id for any l < k,

• Gσ
o ⊂ H ⊂ Gσ, where Gσ and Gσ

o is the set of fixed points of σ in G and its identity
component, respectively,

The classification of k-symmetric spaces is a fundamental problem for studying geometry
of k-symmetric spaces. It is well known the classification of Riemannian symmetric spaces (cf.
Helgason [3]). Gray [2] classified Riemannian 3-symmetric spaces (see also Wolf and Gray [8]).
Moreover compact Riemannian 4-symmetric spaces is classified by Jeménez [4].

The classification of 3-symmetric spaces (G/H, σ) was made by classifying involutions τ
satisfying τσ = στ . Similarly, involutions τ of a 4-symmetric space (G/H, σ) satisfying τσ = στ
are important for the classification of 4-symmetric spaces. Let g (or Lie(G)) denote the Lie
algebra of G and gσ the fixed point set of σ in g. In two previous papers [5] and [6], we classified
such involutions τ when g is a compact simple Lie algebra of exceptional type and the dimension
of the center of gσ is at most one. In this paper we classify the non-compact 4-symmetric spaces
satisfying some certain conditions.

Let (G/H, σ) be a 4-symmetric space such that G is a simple Lie group. Let g and h denote
the Lie algebra of G and H, respectively. The pair (g, h) (or (g, σ)) is called a 4-symmetric pair.
Note that, since the fixed point set gσ is equal to gσ

−1
, the 4-symmetric pair (g, σ) is equal to

(g, σ−1).
Suppose that g is of non-compact type. Let θ be a Cartan involution of g such that θσ = σθ

and g = k ⊕ p the Cartan decomposition. Let g∗ and h∗ denote the compact duals of g and
h := gσ, respectively, that is, g∗ = k⊕

√
−1p and h∗ = gσ ∩ k⊕

√
−1(gσ ∩ p). Then σ induces an
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automorphism σ∗ on g∗, and (g∗, σ∗) becomes a compact 4-symmetric pair. Let z((g∗)σ
∗
) denote

the center of (g∗)σ
∗
. Suppose that dim(z((g∗)σ

∗
) ≤ 1. Then according to [5] and [6] if there exists

an automorphism τ∗ of g∗ such that τ∗((g∗)σ
∗
) = (g∗)σ

∗
, then τ∗σ∗ = σ∗τ∗ or τ∗σ∗ = (σ∗)−1τ∗.

From the above, it is natural to define an isomorphism between the two triplets (g1, σ1, θ1) and
(g2, σ2, θ2), where gi is a simple Lie algebra over R, σi is an order four automorphism on gi,
and θi is an involution that commutes with σi(i = 1, 2), as the existance of an isomorphism
µ : g1 → g2 such that µ(g±θ1

1 ) = g±θ2
2 and µ(gσ1

1 ) = gσ2
2 . In this paper, we classify non-compact

4-symmetric pairs (g, σ) of exceptional type when dim z(gσ) ≤ 1 under this isomorphism using
the involution on compact 4-symmetric pairs investigated in [5] and [6].

At first, we shall prove that there exists a Cartan involution θ of G satisfying θσ = σθ. This
allows us to consider the compact dual g∗ of Lie(G) with respect to this Cartan involution θ.
These automorphisms θ and σ of Lie(G) induce automorphisms θ∗ and σ∗ of g∗, respectively,
which satisfy (θ∗)2 = Id = (σ∗)4 and θ∗σ∗ = σ∗θ∗. The non-compact dual of a symmeric
pair (g∗, θ∗) induce non-compact 4-symmetric pairs. This construction method runs out of
non-compact 4-symmetric spaces. Therefore the existance of such a Cartan involution is most
impotant. If g∗ is of an exceptional type, then these θ∗ are classified by authors under the
certain conditions ([5], [6]).

The organization of this paper is as follows:
In Section 2, we recall the notions of root systems needed for the remaining part of this

paper and some results on inner automorphisms of order k (k ≤ 4) of a semisimple Lie algebra.
In Section 3, let g be a non-compact simple Lie algebra over R with an automorphism of

order k. We prove that there is a maximal compact subgroup of Aut(g) containing a compact
subgroup {Id, σ, σ2, . . . , σk−1} of Aut(g) (Lemma 3.2). Using the Lie algebra of this maximal
compact subgroup, we construct a Cartan decomposition and induced Cartan involution which
is commute with σ. As mentioned above, this is key Proposition (Proposition 3.4).

In Section 4, we investigate some properties of automorphisms of the compact dual of non-
compact 4-symmetric triple. These considerations shows that the compact dual constitutes a
compact 4-symmetric triple.

In Section 5, we define the isomorphism between two triples (g∗, σ∗, θ∗) and describe the rela-
tionship between the isomorphic of two compact(resp. non-compact) triples and the isomorphic
of their non-compact(resp. compact) duals. Moreover, if the dimension of the center of (g∗)σ

∗

is 0 or 1 and σ∗ is an inner automorphism of g∗, then we prove that the non-compact triples are
exhausted from all conjugate classes of involutions on g∗ under Aut(g∗)σ∗ (g∗) which commutes
with σ∗.

In Section 6, let (G/H, σ) be a exceptional non-compact 4-symmetric space and suppose that
the complexification of Lie(H) contains a Cartan subalgebra of the complexification of Lie(G)
and the dimension of the center of Lie(H) is 0 or 1. Then using [5] and [6], we classify the
exceptional non-compact 4-symmetric spaces (G/H, σ) that satisfy these conditions under the
isomorphism defined in Section 5.

2 Preliminaries.

Let g∗ and t∗ be a compact semisimple Lie algebra and a maximal abelian subalgebra of g∗,
respectively. Let g∗C and t∗C denote the complexifications of g∗ and t∗, respectively. Let ∆(g∗C, t

∗
C)

denote the root system of g∗C with respect to t∗C, Π(g∗C, t
∗
C) = {α1, . . . , αn} the set of fundamental

roots of ∆(g∗C, t
∗
C) with respect to a lexicographic order and

(2.1) g∗α = {X ∈ g∗C ; [H,X] = α(H)X for any H ∈ t∗C}.
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Since the Killing form B is non-degenerate, we can define Hα ∈ t∗C(α ∈ ∆(g∗C, t
∗
C)) by α(H) =

B(Hα,H) for any H ∈ t∗C. As in Helgason [3], we take the Weyl basis {Eα ∈ g∗α ; α ∈ ∆(g∗C, t
∗
C)}

of g∗C so that

[Eα, E−α] = Hα,

[Eα, Eβ ] = Nα,βEα+β , Nα,β ∈ R,
Nα,β = −N−α,−β ,

Aα = Eα − E−α, Bα =
√
−1(Eα + E−α) ∈ g∗.

Let ∆+ denote the set of positive roots of ∆(g∗C, t
∗
C) with respect to the order.

As is well-known, a Lie algebra

g∗ = h∗ +
∑

α∈∆+

(RAα + RBα)

is a compact real form of g∗C. Here h∗ =
∑

α∈∆+ R
√
−1Hα. In particular let

suα(2) := R
√
−1Hα + RAα + RBα

∼= su(2).

Let tα denote the root reflections for α ∈ ∆(g∗C, t
∗
C) and t̃α an inner automorphism of g∗ such

that t̃α|t∗ = tα.
We define Kj ∈ t∗C(j = 1, . . . , l) by

αi(Kj) = δij , i, j = 1, . . . , l,

and denote the highest root δ by

δ =
l∑

j=1

mjαj , mj ∈ Z.

3 The Cartan involution which commute to an automorphism
of finite order.

Let g be a n-dimentional non-compact simple Lie algebra over R. Let θ be a Cartan involution
of g and

g = k⊕ p, θ|k = Id|k, θ|p = −Id|p
the corresponding Cartan decomposition. Let σ be an automorphism of order k on g, i.e.,
σk = Id, σi 6= Id(i = 1, 2, . . . , k − 1). Then Γ = {Id, σ, σ2, . . . , σk−1} is a compact subgroup of
Aut(g).

Let θ̃ be a Cartan involution of GL(n,R). From 1.1 of [1] any Cartan involutions of Aut(g)
are induced from θ̃. For simplicity, these Cartan involutions of Aut(g) are also represented by
θ̃. Since ad(g) ∼= g and g = k⊕ p, we have ad(g) = ad(k)⊕ ad(p).

Let L = (Aut(g))θ̃(= {φ ∈ Aut(g); θ̃(φ) = φ}).

Lemma 3.1 ([1]). (i) L is a maximal compact subgroup of Aut(g).

(ii) Lie(L) = ad(k).

(iii) Every compact subgroup in Aut(g) is conjugate to a subgroup in L.
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Lemma 3.2. There exists a maximal compact subgroup of Aut(g) containing Γ.

Proof. Since Aut(g) is a closed subgroup of GL(n,R) and represented by an algebraic equation,
Aut(g) is a reductive algebraic subgroup of GL(n,R). Note that Lie(Aut(g)) = ad(g). Since g
is simple, the center of g is {0}, and hence we have ad(g) ∼= g.

Now, from Lemma 3.1(iii) Γ is conjugate to some subgroup Γ′ of L under τ ∈ Ad(exp(ad(p))),
that is, Γ′ = τΓτ−1. From Lemma 3.1(i) τ−1Lτ is a maximal compact subgroup of Aut(g)
containing Γ.

Let B̃ be a maximal compact subgroup of Aut(g) containing Γ. Then there exists τ ∈ Aut(g)
such that B̃ = τ−1Lτ , which together with Lemma 3.1(ii) implies that Lie(B̃) ∼= Lie(L) = ad(k).
Let b̃ = Lie(B̃), b̃ = ad(b) and σ ∈ Γ. Since Γ ⊂ B̃, we have

σB̃σ−1 ⊂ B̃ · B̃ · B̃ = B̃.

In particular, if B̃o is the identity component of B̃, then we have

σB̃oσ
−1 = B̃o.

B̃o is a closed set in a compact set B̃ so B̃o is a compact Lie group.

Lemma 3.3. σ(b) = b.

Proof. If Y ∈ b, then exp t(ad Y ) ∈ B̃o and for any t ∈ R

exp(tσ(ad Y )σ−1) = σ(exp t(ad Y ))σ−1 ∈ σB̃oσ
−1 = B̃o.

It follows that

ad(σ(Y )) =
d

dt

∣∣∣∣
t=0

exp t(ad(σ(Y ))) ∈ Lie(B̃o) = b̃.

Thus we have σ(b) ⊂ b. Therefore σ(b) = b.

Proposition 3.4. Let g be an non-compact simple Lie algebra over R with an automorphism σ
of order k and gσ the fixed point set of σ in g. Then

(i) There exists a Cartan involution that commutes with σ.

(ii) If θ1 and θ2 are Cartan involutions preserving gσ, then there exists an automorphism τ of
g preserving gσ such that τθ1τ

−1 = θ2.

Proof. (i) Let b be constructed above. Since b is a maximal compact subalgebra, there is a
Cartan decomposition

g = b⊕ b⊥

where b⊥ denote the orthogonal complement with respect to the Killing form B. Let ω be the
corresponding Cartan involution. From Lemma 3.3 for any X ∈ b there exists X ′ ∈ b such that
σ(X ′) = X. So if Y ∈ b⊥, then we have B(X,σ(Y )) = 0. It follows that σ(b⊥) ⊂ b⊥. If X ∈ b⊥,
then since b⊥ ⊂ g = σ(g), there exists X ′ ∈ g such that X = σ(X ′). For any Y ∈ b, from
Lemma 3.3 we have σ(Y ) ∈ b so B(Y,X ′) = B(σ(Y ), X) = 0. Thus b⊥ ⊂ σ(b⊥) and therefore
b⊥ = σ(b⊥).
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Now, if X = Xb +Xb⊥ ∈ g (Xb ∈ b, Xb⊥ ∈ b⊥), then

σω(Xb +Xb⊥) = σ(Xb)− σ(Xb⊥).

Because of σ(b) = b and σ(b⊥) = b⊥, we have

ωσ(Xb +Xb⊥) = σ(Xb)− σ(Xb⊥).

Consequently, we have σω = ωσ.
The statement (ii) is proved in the same way as in the proofs of Lemma 3 and Lemma 4 in

[7] as follows. It is shown as in [3] that θ2θ1 is a self-adjoint transformation of g with respect
to positive definite inner product Bθ1(Bθ1(X,Y ) = −B(X, θ1(Y )) for X,Y ∈ g). Since gσ is
θ1-stable and θ2-stable, we can take an orthonormal basis {X1, · · · , Xn} such that {X1, · · · , Xm}
is a basis of gσ and θ2θ1 is represented by a diagonal matrix with respect to this basis. Put
P = (θ2θ1)

2 and define P t(t ∈ R) as in [3]. Then P (gσ) = gσ so P t(gσ) = gσ. Put τ = P 1/4.
Then it is easy to see that τθ1τ

−1 = θ2. Thus, τ is an automorphism of g preserving gσ.

4 Compact dual.

Let g be a non-compact simple Lie algebra over R with an automorphism σ of order four. By
Proposition 3.4 there exists a Cartan involution θ of g such that θσ = σθ. Let

g = k⊕ p

be the corresponding Cartan decomposition of g.
Let m be the orthogonal complement of h := gσ in g with respect to the Killing form, that

is,
g = h⊕m.

Then we have

(4.1) θ(h) = h, θ(m) = m, σ(k) = k, σ(p) = p.

In fact, Since θσ = σθ, it is obvious that θ(h) = h, σ(k) = k and σ(p) = p. Similarly as the proof
of Lemma 3.3, we obtain θ(m) = m.

Lemma 4.1. The following decompositions are direct:

h = (h ∩ k)⊕ (h ∩ p), m = (m ∩ k)⊕ (m ∩ p),

k = (k ∩ h)⊕ (k ∩m), p = (p ∩ h)⊕ (p ∩m).

Proof. If Hk +Hp ∈ h (Hk ∈ k,Hp ∈ p), then we have Hk +Hp = σ(Hk) + σ(Hp). It follows from
(4.1) that σ(Hk) ∈ k and σ(Hp) ∈ p so Hk,Hp ∈ h. Thus we have a direct decomposition

h = (h ∩ k)⊕ (h ∩ p).

If Xk +Xp ∈ m (Xk ∈ k, Xp ∈ p), then we have m 3 θ(Xk +Xp) = Xk −Xp. Thus we have
2Xk = (Xk −Xp) + (Xk +Xp) ∈ m so Xk ∈ m. Therefore we obtain

m = (m ∩ k)⊕ (m ∩ p).
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If Xh+Xm ∈ k (Xh ∈ h, Xm ∈ m), then we have Xh+Xm = θ(Xh+Xm) = θ(Xh)+ θ(Xm). It
follows from (4.1) that θ(Xh) = Xh and θ(Xm) = Xm so Xh ∈ h ∩ k and Xm ∈ m ∩ k. Therefore
we get

k = (h ∩ k)⊕ (m ∩ k).

Similarly as above, we have p = (h ∩ p)⊕ (m ∩ p).

Let g∗ be the compact dual of g, that is,

g∗ = k⊕ p∗ (p∗ =
√
−1p),

and τ an automorphism of g such that τθ = θτ . Then we have τ(k) = k and τ(p) = p. Thus we
can define the mapping τ∗ : g∗ → g∗ by τ∗(Xk+

√
−1Xp) = τ(Xk)+

√
−1τ(Xp)(Xk ∈ k, Xp ∈ p).

Lemma 4.2. τ∗ is an automorphism of g∗. If the order of τ is k, then the order of τ∗ is k. If
τk 6= Id, then (τ∗)k 6= Id.

Proof. It follows from the definition of the mapping τ that τ∗ preserve the bracket so τ∗ ∈
Aut(g∗). Since τ(g) = g, we have (τ∗)k(Xk+

√
−1Xp) = τk(Xk)+

√
−1τk(Xp). Thus the second

assertion is trivial.

We call the automorphism τ∗ of g∗ defined in Lemma 4.2 the automorphism of g∗ induced
by τ .

Lemma 4.3. σ∗θ∗ = θ∗σ∗.

Proof. Since θ(k) = k, θ(p) = p and (4.1), if Xk +
√
−1Xp ∈ g∗ (Xk ∈ k, Xp ∈ p), then we have

σ∗θ∗(Xk +
√
−1Xp) = σ(Xk)−

√
−1σ(Xp) = θ∗σ∗(Xk +

√
−1Xp).

Now, we have a direct decomposition

(4.2) (g∗)σ
∗
= (h ∩ k)⊕

√
−1(h ∩ p).

Indeed, ifXk+
√
−1Xp ∈ (g∗)σ

∗
(Xk ∈ k, Xp ∈ p), then we haveXk+

√
−1Xp = σ∗(Xk+

√
−1Xp) =

σ(Xk)+
√
−1σ(Xp). From (4.1) we have σ(Xk) = Xk and σ(Xp) = Xp, and hence Xk, Xp ∈ h. It

follows that (g∗)σ
∗ ⊂ (h∩ k)⊕

√
−1(h∩ p). On the other hand, by the definition of the mapping

σ∗ it is clear that (g∗)σ
∗ ⊃ (h ∩ k)⊕

√
−1(h ∩ p).

Let gi(i = 1, 2) be a non-compact simple Lie algebra over R with an automorphism σi
of order four and θi a Cartan involution of gi such that σiθi = θiσi. Let ki and pi denote
eigenspaces of θi for the eigenvalues +1 and −1, respectively. Let g∗1 and g∗2 be the compact
dual of g1 = k1 ⊕ p1 and g2 = k2 ⊕ p2, respectively, that is, g∗1 = k1 ⊕ p∗1(p

∗
1 =

√
−1p1),

g∗2 = k2 ⊕ p∗2(p
∗
2 =

√
−1p2). Suppose that there is an isomorphism µ : g1 → g2 satisfying

µ(k1) = k2, µ(p1) = p2 and µ((g1)
σ1) = (g2)

σ2 . Then, we can define the mapping µ∗ : g∗1 → g∗2 by
µ∗(Xk1 +

√
−1Xp1) = µ(Xk1) +

√
−1µ(Xp1) (Xk1 ∈ k1, Xp1 ∈ p1). It is obvious that µ∗(k1) = k2

and µ∗(p∗1) = p∗2. Moreover, it is easy to see that

(4.3) µ∗([Xk1 +
√
−1Xp1 , Yk1 +

√
−1Yp1 ]) = [µ∗(Xk1 +

√
−1Xp1), µ

∗(Yk1 +
√
−1Yp1)],

for Xk1 , Yk1 ∈ k1, Xp1 , Yp1 ∈ p1. Thus µ∗ is an isomorphism of g∗1 into g∗2. Let σ∗i (i = 1, 2) be
the automorphism of g∗i induced by σi. From Lemma 4.1 and (4.2) and the definition of the
mapping µ we have

µ∗((g∗1)
σ∗
1 ) = µ((g1)

σ1 ∩ k1)⊕
√
−1µ((g1)

σ1 ∩ p1)

= ((g2)
σ2 ∩ k2)⊕

√
−1((g2)

σ2 ∩ p2)(4.4)

= (g∗2)
σ∗
2 .
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5 Isomorphism

We define the isomorphic between two compact simple Lie algebras with order two and four
automorphisms. Let g∗ be a compact simple Lie algebra over R with an automorphism σ∗ of
order four and θ∗ an involution of g∗ such that σ∗θ∗ = θ∗σ∗. Let k and p∗ denote eigenspaces
of θ∗ for the eigenvalues +1 and −1, respectively. In this section we denote it by (g∗, σ∗, θ∗)
simply.

Two triples (g∗1, σ
∗
1, θ

∗
1) and (g∗2, σ

∗
2, θ

∗
2) are called isomorphic if there exists an isomorphism

µ∗ : g∗1 → g∗2 satisfying µ∗(k1) = k2, µ
∗(p∗1) = p∗2 and µ∗((g∗1)

σ∗
1 ) = (g∗2)

σ∗
2 .

Remark 5.1. As stated in Section 1, for any triple (g∗, σ∗, θ∗) the automorphism (σ∗)−1 leaves
(g∗)σ

∗
invariant. Thus (g∗, (σ∗)−1, θ∗) will be identified with (g∗, σ∗, θ∗).

Suppose that the triple (g∗1, σ
∗
1, θ

∗
1) is isomorphic to (g∗2, σ

∗
2, θ

∗
2) and the corresponding iso-

morphism is µ∗.
Let g1 and g2 be the non-compact duals of g∗1 = k1 ⊕ p∗1 and g∗2 = k2 ⊕ p∗2, respectively, that

is, g1 = k1 ⊕ p1(p1 =
√
−1p∗1), g2 = k2 ⊕ p2(p2 =

√
−1p∗2). Since µ∗(k1) = k2 and µ∗(p∗1) = p∗2,

we can define the mapping µ : g1 → g2 by µ(Xk1 +
√
−1Xp∗1

) = µ∗(Xk1) +
√
−1µ∗(Xp∗1

) (Xk1 ∈
k1, Xp∗1

∈ p∗1). Let σi(i = 1, 2) be the automorphism of gi induced by σ∗i . Then by an argument
similar to that in Section 4 µ is an isomorphism of g1 into g2 such that µ(k1) = k2, µ(p1) = p2
and µ((g1)

σ1) = (g2)
σ2 .

The following Lemma is a compact version of Lemma 4.2. The proof is also similar.

Lemma 5.2. Let g∗ be a compact simple Lie algebra, θ∗ an involution of g∗ and g∗ = k⊕ p∗ the
corresponding direct decomposition of g∗. Let g denote the non-compact dual of g∗. Then for
each automorphism τ∗ of g∗ such that τ∗θ∗ = θ∗τ∗, the mapping τ : g → g by τ(Xk+

√
−1Xp∗) =

τ∗(Xk) +
√
−1τ∗(Xp∗)(Xk ∈ k, Xp∗ ∈ p∗) is an automorphism of g. If the order of τ∗ is k, then

the order of τ is k. If (τ∗)k 6= Id, then τk 6= Id.

We also call the automorphism τ of g defined in above Lemma the automorphism of g induced
by τ∗.

From Lemma 5.2 σ∗i and θ∗i (i = 1, 2) induce σi, θi ∈ Aut(gi), which satisfy (σi)
4 = Id = (θi)

2.

Lemma 5.3. θ2 = µθ1µ
−1, θiσi = σiθi (i = 1, 2).

Proof. If we take Xki ∈ ki and Xp∗i
∈ p∗i (i = 1, 2), then from (4.1) we find σ∗(Xki) ∈ ki and

σ∗(Xp∗i
) ∈ p∗i . Thus it is easy to see that θiσi(Xki +

√
−1Xp∗i

) = σiθi(Xki +
√
−1Xp∗i

). Since

µ(k1) = k2 and µ(p∗1) = p∗2, we see that µθ1µ
−1(Xk2 +

√
−1Xp∗2

) = Xk2 −
√
−1Xp∗2

= θ2(Xk2 +√
−1Xp∗2

).

Let g be a non-compact simple Lie algebra over R with an automorphism σ of order four
and θ a Cartan involution of g such that σθ = θσ. Let k and p denote eigenspaces of θ for the
eigenvalues +1 and −1, respectively. In this section we denote it by (g, σ, θ) simply.

From the above consideration, two triples (g1, σ1, θ1) and (g2, σ2, θ2) are called isomor-
phic if there exists an isomorphism µ : g1 → g2 satisfying µ(k1) = k2, µ(p1) = p2 and
µ((g1)

σ1) = (g2)
σ2 . The set of all isomorphisms µ : (g1, σ1, θ1) → (g2, σ2, θ2) is denoted by

Isom{(g1, σ1, θ1), (g2, σ2, θ2)}.

Remark 5.4. By an argument similar to Remark 5.1 (g, σ−1, θ) will be identified with (g, σ, θ).

From Lemma 5.2, Lemma 5.3 and the argument as above we have following.
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Lemma 5.5. If (g∗1, σ
∗
1, θ

∗
1) is isomorphic to (g∗2, σ

∗
2, θ

∗
2), then the non-compact duals of g∗1 and

g∗2, denoted as g1 and g2, generate non-compact triples (g1, σ1, θ1) and (g2, σ2, θ2) and these
triples are isomorphic.

Conversely, if two non-compact triples (g1, σ1, θ1) and (g2, σ2, θ2) are isomorphic, then using
a similar argument to the one used to derive (4.3), (4.4), Lemma 5.2 and Lemma 5.3, we can
construct two compact triples (g∗1, σ

∗
1, θ

∗
1) and (g∗2, σ

∗
2, θ

∗
2) which are isomorphic, i.e., the following

holds.

Lemma 5.6. If (g1, σ1, θ1) is isomorphic to (g2, σ2, θ2), then the compact duals of g1 and g2,
denoted as g∗1 and g∗2, generate compact triples (g∗1, σ

∗
1, θ

∗
1) and (g∗2, σ

∗
2, θ

∗
2) and these triples are

isomorphic.

Remark 5.7. If a compact triple (g∗1, σ
∗
1, θ

∗
1) is not isomorphic to a compact triple (g∗2, σ

∗
2, θ

∗
2),

then by Lemma 5.6 the non-compact triple (g1, σ1, θ1) is not isomorphic to the non-compact
triple (g2, σ2, θ2). Suppose that the non-compact 4-symmetric pair (g1, σ1) is isomorphic to the
non-compact 4-symmetric pair (g2, σ2). Put h1 = (g1)

σ1 and h2 = (g2)
σ2. Then there exists an

isomorphism φ : g1 → g2 such that φ(h1) = h2. Since (g2)
φσ1φ−1

= h2, and Cartan involutions
φθ1φ

−1 and θ2 preserve h2, it follows from Proposition 3.4 (ii) that there exists τ ∈ Auth2(g2)
such that τ(φθ1φ

−1)τ−1 = θ2. It is obvious that

(τφ)(h1) = h2, (τφ)((g1)
θ1) = (g2)

φθ1φ−1
= (g2)

τ(φθ1φ−1)τ−1
= (g2)

θ2 .

Thus (g1, σ1, θ1) is isomorphic to (g2, σ2, θ2), which is contradiction. Consequently if a compact
triple (g∗1, σ

∗
1, θ

∗
1) is not isomorphic to a compact triple (g∗2, σ

∗
2, θ

∗
2), then the non-compact 4-

symmetric pair (g1, σ1) is not isomorphic to the non-compact 4-symmetric pair (g2, σ2).

6 Classification

Let g be a non-compact simple Lie algebra over R with an automorphism σ of order four. Let
h denote the fixed point set of σ in g. Suppose that hC contains a Cartan subalgebra of gC. In
this section we classify triples (g, σ, θ) under the isomorphism defined by Section 5 in the case
where dim(z(h)) ≤ 1.

Owing to Proposition 3.4, there exists a Cartan involution θ such that θσ = σθ. Let g = k⊕p
be the corresponding Cartan decomposition of g. Let g∗ denote the compact dual of g and σ∗

the automorphism of g∗ induced by σ. Let h∗ denote the compact dual of h. Then by (4.2) we
have h∗ = (g∗)σ

∗
and hence

h∗C = h∗ ⊕
√
−1h∗

= ((h ∩ k)⊕
√
−1(h ∩ p))⊕ (

√
−1(h ∩ k)⊕ (h ∩ p))

= ((h ∩ k)⊕ (h ∩ p))⊕
√
−1((h ∩ k)⊕ (h ∩ p))

= h⊕
√
−1h

= hC.

Let t∗ be a maximal abelian subalgebra of h∗. Since hC contains a Cartan subalgebra of
gC, the dimension of t∗C is equal to the dimension of the maximal abelian subalgebra of g∗.
Suppose that there exists a maximal abelian subalgebra t̃ of g∗ such that t∗ ⊊ t̃. If σ is an
outer automorphism, then the dimension of t∗C is less than the dimension of t̃C, which is a
contradiction (cf. Theorem 5.15 of Chapter X of [3]). Thus t∗ is a maximal abelian subalgebra
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of g∗, so t∗ ⊂ h∗ ⊂ g∗. Therefore there exists T ∈ t∗ such that σ∗ = Ad(expT ) (cf. Proposition
5.3 of [3]).

Let Int(g∗) be the set of inner automorphisms of g∗. Since the dimension of the center of h∗

is 0 or 1, σ∗ ∈ Int(g∗), Lemma 2.4 and Remark 2.2 of [5], σ∗ is conjugate within Int(g∗) to one
of the following σ∗0:

σ∗0 = Ad(exp
π

2

√
−1Ki)(mi = 3, 4) or Ad(exp

π

2

√
−1(Ki +Kj))(mi = mj = 2),

where Ki and mi is defined in Section 2, meaning that there exists τ∗0 ∈ Int(g∗) such that
τ∗0σ

∗(τ∗0 )
−1 = σ∗0. Thus the triple (g∗, σ∗, θ∗) is isomorphic to the triple (g∗, σ∗0, τ

∗
0 θ

∗(τ∗0 )
−1).

Let Auth∗(g
∗) be the set of automorphisms of g∗ preserving h∗ and let h0 := (g∗)σ

∗
0 . According

to [5] and [6], θ∗1 := τ∗0 θ
∗(τ∗0 )

−1 is conjugate within Auth∗0(g
∗) to θ̃∗, which is listed in [5] and

[6], i.e, there exists τ∗1 ∈ Auth∗0(g
∗) such that θ̃∗ = τ∗1 θ

∗
1(τ

∗
1 )

−1. By the definition of θ̃∗ we

have τ∗1 ((g
∗)θ

∗
1 ) = (g∗)θ̃

∗
. Thus the triple (g∗, σ∗0, θ

∗
1) is isomorphic to (g∗, σ∗0, θ̃

∗), so the triple
(g∗, σ∗, θ∗) is isomorphic to the triple (g∗, σ∗0, θ̃

∗). Therefore, all non-compact triples (g, σ, θ) are
isomorphic to one of the non-compact duals of the compact triples (g∗, σ∗0, θ̃

∗) classified in [5]
and [6].

We suppose that g∗ is of type e7. From what has been mentioned above, it suffices to consider
the involution θ∗ of e7 that commute with each order four automorphism σ∗ of e7. Let t∗ be a
maximal abelian subalgebra of the fixed point set h∗ := (e7)

σ∗
and let k denote the fixed point

set of θ∗.
First, we assume that θ∗|t∗ = Id. Then by Lemma 2.4 and Remark 2.2 of [5] we have

σ∗ = Ad(exp(π/2)
√
−1K), where

K = K4, K3, K5, K1 +K2, K1 +K6.

It follows from the lists of [5] and [6] that θ∗ is conjugate within Auth∗(e7) to one of automor-
phisms listed in Table I.

Next, we assume that θ∗|t∗ 6= Id. Then by Theorem 10.1 of [5] and Theorem 8.1 of [6] we
have σ∗ = Ad(exp(π/2)

√
−1K), where

K = K4, K1 +K6.

Define φ ∈ Aut(g∗) by

(6.1)
φ(Eα1) = Eα6 , φ(Eα2) = Eα2 , φ(Eα3) = Eα5 , φ(Eα4) = Eα4 ,
φ(Eα5) = Eα3 , φ(Eα6) = Eα1 , φ(Eα7) = Eα0 ,

where {Eα0 , . . . , Eα7} is the Weyl basis of e7. Then, θ∗ is conjugate within Auth∗(e7) to one of
automorphisms listed in Table I (cf. [5], [6]).
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Table I: g∗ = e7

h∗ = so(6)⊕ so(6)⊕ su(2), K = K4

h(θ∗ = τh) k h∗ ∩ k

K1 so(12)⊕ su(2) so(6)⊕ (so(4) + so(2))⊕ su(2)
K2 su(8) so(6)⊕ so(6)⊕ so(2)
K4 so(12)⊕ su(2) so(6)⊕ so(6)⊕ su(2)
K1 +K2 e6 ⊕ R so(6)⊕ (so(4) + so(2))⊕ so(2)
K1 +K6 so(12)⊕ su(2) (so(4) + so(2))⊕ (so(4) + so(2))⊕ su(2)
K3 +K7 su(8) u(3)⊕ u(3)⊕ su(2)
K1 +K2 +K6 su(8) (so(4) + so(2))⊕ (so(4) + so(2))⊕ so(2)
K2 +K3 +K7 so(12)⊕ su(2) u(3)⊕ u(3)⊕ so(2)
K3 +K4 +K7 e6 ⊕ R u(3)⊕ u(3)⊕ su(2)

h∗ = su(6)⊕ su(2)⊕ R, K = K3

h(θ∗ = τh) k h∗ ∩ k

K1 so(12)⊕ su(2) su(6)⊕ so(2)⊕ R
K2 su(8) s(u(5) + u(1))⊕ su(2)⊕ R
K3 so(12)⊕ su(2) su(6)⊕ su(2)⊕ R
K4 so(12)⊕ su(2) s(u(4) + u(2))⊕ su(2)⊕ R
K5 su(8) s(u(3) + u(3))⊕ su(2)⊕ R
K7 e6 ⊕ R s(u(5) + u(1))⊕ su(2)⊕ R
K1 +K2 e6 ⊕ R s(u(5) + u(1))⊕ so(2)⊕ R
K1 +K4 so(12)⊕ su(2) s(u(4) + u(2))⊕ so(2)⊕ R
K1 +K5 su(8) s(u(3) + u(3))⊕ so(2)⊕ R
K3 +K4 so(12)⊕ su(2) s(u(4) + u(2))⊕ su(2)⊕ R
K3 +K5 e6 ⊕ R s(u(3) + u(3))⊕ su(2)⊕ R

h∗ = su(5)⊕ su(3)⊕ R, K = K5

h(θ∗ = τh) k h∗ ∩ k

K1 so(12)⊕ su(2) s(u(4) + u(1))⊕ su(3)⊕ R
K3 so(12)⊕ su(2) s(u(3) + u(2))⊕ su(3)⊕ R
K5 su(8) su(5)⊕ su(3)⊕ R
K6 so(12)⊕ su(2) su(5)⊕ s(u(2) + u(1))⊕ R
K7 e6 ⊕ R su(5)⊕ s(u(2) + u(1))⊕ R
K1 +K5 su(8) s(u(4) + u(1))⊕ su(3)⊕ R
K1 +K6 so(12)⊕ su(2) s(u(4) + u(1))⊕ s(u(2) + u(1))⊕ R
K1 +K7 e6 ⊕ R s(u(4) + u(1))⊕ s(u(2) + u(1))⊕ R
K3 +K5 e6 ⊕ R s(u(3) + u(2))⊕ su(3)⊕ R
K3 +K6 so(12)⊕ su(2) s(u(3) + u(2))⊕ su(2) + u(1))⊕ R
K3 +K7 su(8) s(u(3) + u(2))⊕ s(u(2) + u(1))⊕ R

Table continued
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Table I (continued)

h∗ = su(6)⊕ su(2)⊕ R, K = K1 +K2

h(θ∗ = τh) k h∗ ∩ k

K1 so(12)⊕ su(2) su(6)⊕ su(2)⊕ R
K2 su(8) su(6)⊕ su(2)⊕ R
K5 su(8) s(u(3) + u(3))⊕ so(2)⊕ R
K6 so(12)⊕ su(2) s(u(4) + u(2))⊕ su(2)⊕ R
K7 e6 ⊕ R s(u(5) + u(1))⊕ so(2)⊕ R
K1 +K2 e6 ⊕ R su(6)⊕ su(2)⊕ R
K1 +K6 so(12)⊕ su(2) s(u(4) + u(2))⊕ su(2)⊕ R
K2 +K5 so(12)⊕ su(2) s(u(3) + u(3))⊕ so(2)⊕ R
K2 +K6 e6 ⊕ R s(u(4) + u(2))⊕ su(2)⊕ R
K2 +K7 so(12)⊕ su(2) s(u(5) + u(1))⊕ so(2)⊕ R
K1 +K2 +K6 su(8) s(u(4) + u(2))⊕ su(2)⊕ R

h∗ = so(8)⊕ so(4)⊕ R, K = K1 +K6

h(θ∗ = τh) k h∗ ∩ k

K1 so(12)⊕ su(2) so(8)⊕ so(4)⊕ R
K2 su(8) su(4)⊕ so(4)⊕ R2

K3 so(12)⊕ su(2) su(4)⊕ su(2)⊕ R3

K4 so(12)⊕ su(2) (so(4) + so(4))⊕ so(4)⊕ R
K7 e6 ⊕ R so(8)⊕ su(2)⊕ R2

K1 +K2 e6 ⊕ R su(4)⊕ so(4)⊕ R2

K1 +K6 so(12)⊕ su(2) so(8)⊕ so(4)⊕ R
K2 +K7 so(12)⊕ su(2) su(4)⊕ (so(2) + so(2))⊕ R2

K3 +K7 su(8) su(4)⊕ su(2)⊕ R3

K4 +K7 su(8) (so(4) + so(4))⊕ (so(2) + so(2))⊕ R
K1 +K3 +K7 e6 ⊕ R su(4)⊕ su(2)⊕ R3

h∗ = so(6)⊕ so(6)⊕ su(2), K = K4

θ∗ k h∗ ∩ k

φ e6 ⊕ R su(4)⊕ sp(1)
φ ◦ τK2 su(8) su(4)⊕ so(2)
φ ◦ τK4 su(8) su(4)⊕ sp(1)

h∗ = so(8)⊕ so(4)⊕ R, K = K1 +K6

θ∗ k h∗ ∩ k

φ e6 ⊕ R so(7)⊕ su(2)
φ ◦ τK2 su(8) (so(5) + so(3))⊕ su(2)

φ is the same involution as in (6.1) and τh = Ad(exp π
√
−1h).
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In the case where θ∗|t∗ = Id, K = K4 and h = K1, since k ∼= so(12)⊕ su(2), the non-compact
dual of e7 is isomorphic to e7(−5) (cf. Table V of Chapter X of [3]). Let σ be the automorphism
of e7(−5) induced by σ∗ and h := (e7(−5))

σ. Since

h∗ ∼= so(6)⊕ so(6)⊕ su(2), h∗ ∩ k ∼= so(6)⊕ (so(4) + so(2))⊕ su(2),

Lemma 4.1 and (4.2), h is isomorphic to so(6)⊕ so(4, 2)⊕ su(2).
Similarly as above, from Section 5 we can determine g and h := gσ up to isomorphism for

all cases. We must be remark the case where there exists a center R
√
−1K. In this case, we

can check the center R
√
−1K is contained in h ∩ k. Thus, similarly as above, for all h, we can

determine g and h up to isomorphism listed in Table III and IV. For example, if K = K3 and
h = K1, then we have

g ∼= e7(−5), h ∼= su(6)⊕ sl(2,R)⊕ R.

In the case where θ∗|t∗ 6= Id, if σ∗ = Ad(exp(π/2)
√
−1K4) and θ

∗ ∼= φ, then similarly as in
θ∗|t∗ = Id. If K = K1 +K6 and θ∗ ∼= φ, then there exists the center R

√
−1(K1 −K6). Since

(6.2)
k = span{K1 +K6 − 2K7, K2 −K7, K3 +K5 − 3K7, K4 − 2K7},
p∗ = span{K1 −K6, K3 −K5, K7},

the center R
√
−1(K1 −K6) is contained in h∗ ∩ p∗. Thus h ∼= so(7, 1)⊕ so(3, 1)⊕ R.

Remark 6.1. In the case of σ∗ = Ad(exp(π/2)
√
−1(K1 + K2)), if k1 = (g∗)Ad(expπ

√
−1K6) and

k2 = (g∗)Ad(expπ
√
−1(K1+K6)), then k∗1

∼= A1 ⊕ D6
∼= k∗2. However, Ad(expπ

√
−1K6) is not

conjugate within Auth∗(g
∗) to Ad(expπ

√
−1(K1+K6)). In fact, k1 and k2 can be written as the

direct decompositions

k1 = t⊕
∑

α∈∆+

α(K6)=0,2

(RAα + RBα),

k2 = t⊕
∑

α=
∑7

i=1
niαi∈∆+

(n1,n6)=(0,0),(0,2),(1,1),(2,2)

(RAα + RBα),

respectively. Let ∆ki = {α ∈ ∆+(g∗C, t
∗
C);Aα, Bα ∈ ki}(i = 1, 2). If α ∈ ∆k∗1

and α(K6) = 0, then
α7 ± α /∈ ∆. If α ∈ ∆k∗1

and α(K6) = 2, then the cofficients of α6 and α7 of α are 2 and 1,
respectively, so α7 ± α /∈ ∆. Therefore for k1 we have

(6.3) A1 = suα7(2) ⊂ h∗.

On the other hand, if α =
∑7

i=1 niαi ∈ ∆k2 and (n1, n6) = (0, 2), then α = α2 + α3 +
2α4 + 2α5 + 2α6 + α7. If β = α2 + α3 + 2α4 + 2α5 + 2α6 + α7 ∈ ∆k∗2

, then since there

are no roots α =
∑7

i=1miαi such that (m1,m6) = (1, 3), (2, 4), we have β ± γ /∈ ∆ where
γ =

∑7
i=1 niαi ((n1, n6) = (1, 1) or (2, 2)). Consequently, for any α ∈ ∆k2, we have β ± α /∈ ∆,

so

(6.4) A1 = suβ(2) 6⊂ h∗.

Suppose that Ad(expπ
√
−1K6) is conjugate to Ad(expπ

√
−1(K1 + K6)). Then there exists

µ∗ ∈ Auth∗(g
∗) such that

µ∗(Ad(expπ
√
−1K6))(µ

∗)−1 = Ad(exp π
√
−1(K1 +K6))
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This µ∗ satisfies µ∗(k1) = k2. Thus µ∗(suα7(2)) = suβ(2), which is contradicts (6.3) and (6.4),
that is, µ∗ do not preserve h∗.

We put β := α2 +α3 +2α4 +2α5 +α6. Then it is easy to see that τ := tβ ◦ tα6 ∈ Auth∗(g
∗),

τ(Ad(expπ
√
−1(K1 +K6)))τ

−1 = Ad(exp π
√
−1K6)

and
τ(Ad(exp

π

2

√
−1(K1 +K2)))τ

−1 = Ad(exp
π

2

√
−1(2K1 +K2 + 3K5 +K7)).

Therefore two triples

(e7,Ad(exp
π

2

√
−1(K1 +K2)),Ad(expπ

√
−1(K1 +K6)))

and
(e7,Ad(exp

π

2

√
−1(2K1 +K2 + 3K5 +K7)),Ad(expπ

√
−1K6))

are isomorphic.

In the same way as above, for which g∗ is of all types we can determine g and h up to
isomorphism , which are listed in Table II–IV.

Remark 6.2. There are three additional sets of non-isomorphic triples (g∗, σ∗, θ∗) where g∗, (g∗)σ
∗

and (g∗)θ
∗
are equal, similar to those shown in Remark 6.1 (see Lemma 7.1 of [6]). These have

the following isomorphism.
The triple (e7,Ad(exp(π/2)

√
−1(K1+K6)),Ad(expπ

√
−1(K1+K6))) becomes isomorphic to

the triple (e7,Ad(exp(π/2)
√
−1(3K1 + 2K6)),Ad(expπ

√
−1K1)) using the root reflection tβtα1

where β = α1 + α2 + 2α3 + 2α4 + α5.
The triple (e8,Ad(exp(π/2)

√
−1(K1 +K8)),Ad(expπ

√
−1(K1 +K8))) becomes isomorphic

to the triple (e8,Ad(exp(3π/2)
√
−1K8),Ad(expπ

√
−1K8)) using the root reflection tβtα8 where

β = α2 + α3 + 2α4 + 2α5 + 2α6 + 2α7 + α8.
The triple (f4,Ad(exp(π/2)

√
−1(K1+K4)),Ad(expπ

√
−1(K1+K4))) becomes isomorphic to

the triple (f4,Ad(exp(π/2)
√
−1(K1+2K4)),Ad(expπ

√
−1K1)) using the root reflection tα1+α2+α3.

Consequently, noting Remark 5.7, we obtain the following classification theorem.

Theorem 6.3. Let (G/H, σ) be a 4-symmetric space such that G is a non-compact simple Lie
group of the exceptional type with the Lie algebra g, and h denote the Lie algebra of H with the
center z. Suppose that dim z = 0 or 1 and hC contains a Cartan subalgebra in gC. Then the
following Table II–IV gives the complete list of g, h, k(= gθ) and h ∩ k of the possibilities up to
isomorphism.
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Remark 6.4. K ∈ g∗ can be uniquely written as

K = Kk +Kp∗ , Kk ∈ k,Kp∗ ∈ p∗.

Thus Kp∗ = 0 if and only if K ∈ g = k ⊕
√
−1p∗. Therefore, if K ∈ h∗ ∩ k, then σ∗ ∈ Int(g∗).

In the case of g∗ = e7 and θ∗ ∼= φ, k and p∗ is given by (6.2). Thus K4 = (K4 − 2K7) + 2K7,
K1 +K6 = (K1 +K6 − 2K7) + 2K7 are not elements in h∗ ∩ k, so the automorophisms which
induced by σ∗ = Ad(exp(π/2)

√
−1K4) and σ∗ = Ad(exp(π/2)

√
−1(K1 + K6)) are not inner.

Similarly as above we can check that all the other
√
−1K in Table II–V are the elements in h∩k.

Consequently, except for above examples in the case where g∗ = e7 and θ|t∗ 6= Id, all auto-
morphisms σ∗ of order four of g∗ can be written as σ∗ = Ad(exp(π/2)

√
−1K) for some K ∈ k.

Therefore σ∗ is an inner automorphism of g.
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