ARC SCHEME AND HIGHER DIFFERENTIAL FORMS

YANN LE DREAU AND JULIEN SEBAG

ABSTRACT. Let k be a field. In this article, we identify the component of weight 2 of
the natural G, r-graduation on the k-algebra of the arc scheme attached to an affine
algebraic variety X with the module of the 2-nd order derivations on X. We in particular
deduce, from this property, characterizations of the geometry of hypersurfaces (in affine
spaces) in terms of the nilpotency on arc scheme.

1. INTRODUCTION

1.1. Let k be a field. For every integer m € N, every n € N U {c0} let us note A, :=
klxi, ... %mln = k[(zij);7 € {1,...,m},j € {0,...,n}] which has a structure of A :=
k[z1,...,xy]-module via the identification of Ay = k[z1,...,z,]o and A. For every
polynomial f € k[xy,...,z,], there exists a unique family (A,(f))sen of polynomials in
k[x1,...,%m]w, only depending on the polynomial f, such that the following equality
holds in the ring k[z1, ..., Zn]n[t]:

f (Z :Ew»tj) = YA ((xi,j)ie{l,.,,,m}> £ (mod ¢"*1). (1.1)
J=0 ie{l,....,m} 5=0

jE{O,...,S}

For every affine k-variety X = Spec(k[x1,...,zy]/I) and every n € Nu{oo} the k-scheme
Z,(X) defined by Spec(k[xy, ..., Tm]n/(As(f), s €{0,...,n}, f € I)) is the associated
jet scheme of level n when n € N and the associated arc scheme when n = oo. The
natural G, y-action on A,,, with n € N u {0}, defined to be with weight j on every
variable z; ; for every integer ¢ € {1,...,m} and every integer j € {0,...,n}, induces a
graduation on A,, for which the polynomial A(f) is a homogeneous element with weight
s for every integer s € N and every polynomial f € A. We say that A,(f) is isobaric with
weight s. This usual observation gives rise to a G, x-action on the k-scheme %, (X), for
every n € N U {00} (which also is an action of the multiplicative monoid A}).

1.2. Let X be an affine k-variety. Attached to the former G, y-action, we consider the
weight grading on the k-algebra O(Z(X)); we denote it by

O(Zo(X)) = D Wox)-

n=0

In this decomposition, one can easily observe that the O(X)-module Wé( x) can be nat-
urally identified with the module of Kdhler differential forms Q%,)( x) on X.
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1.3. In this article, we extend this observation by constructing a natural isomorphism
of O(X)-modules between W%(X) and the module ngx) s, formed by the 2-nd order
differential forms on X. Precisely, for every integer n > 1, we show how to use the
universal property defining Qg‘()x) s, in order to exhibit a morphism of O(X)-modules

Pox): QgL(X)/k — Wox) (1.2)
and show the following statement:

Theorem 1.4. Let k be a field. Let [ ¢ A = k[xy,...,x,] be an ideal and B = A/I.
The morphism of B-modules ©% induces an isomorphism of B-modules from Qg)k to W3.

Let us stress that, for n = 1, the morphism Po(x) provides the identification mentionned
above and that, for n > 3, the picture is much more complicated since Po(x) stops to
be bijective in general. For example, when the k-variety is assumed to be smooth, the
modules Qg()x) Ik Wo(x are free O(X)-modules but, in general, with nonequal ranks.

1.5. Theorem 1.4 has various geometric applications in the study of arc scheme. A
by-product of our main result can be formulated as follows:

Corollary 1.6. Let k be a perfect field. Let m = 1 be a positive integer. Let X be an
integral hypersurface of A}l
(1) The following assertions are equivalent:
(a) The hypersurface X is normal.
(b) The O(X)-module W(%(X) is torsionfree.
(¢) The O(X)-module Nilrad(O(Zx(X))) n W55y = (0).
(2) The following assertions are equivalent:

(a) The hypersurface X is reqular.
(b) The O(X)-module Wé(X) is projective.

In particular, if X is an integral affine plane curve, then O(X)-module Wé( x) is tor-
sionfree if and only if it is projective.
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2. NOTATIONS, CONVENTIONS

2.1. In this article, k is a field with an arbitrary characteristic. A k-variety is a k-
scheme of finite type. If the field k is assumed to be perfect, every reduced k-variety
X is geometrically reduced, then Reg(X) (which can be understood equivalently as the
locus formed by the regular points or the smooth points) is not empty or, equivalently,
Sing(X) + X.

2.2. Let R be a k-algebra and M be a R-module. Let n > 1 be a positive integer.
According to [11, Chapter 1.§1], a n-th order k-derivation from R to M is a differential
operator with a zero constant term, that is to say a morphism of k-vector spaces D :
R — M which satisfies the Leibniz rule with order n:

s=1

< <-<ts<n
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for every element ag,---,a, € R. In this identity, one denotes by ag---a; ---aG;, - - ay
the element [][ a;. We denote by Der,(cn)(R, M) the R-module formed by n-th order

0<j<n
J#i1, i

k-derivations from R to M, and simply Der\™ (R, R) by Der{"™ (R). One has Der!" (R) =
Dery(R).

EXAMPLE 2.3. The datum of f +— (As(f))sen induces a Hasse-Schmidt derivation (e.g.,
see [7, §27] or [2, Proposition 7.5.1]). In this way, one knows that the k-linear map
Ay f— AL(f), defines, for every integer n = 1, a n-th order derivation from A to W,
by [11, Chapter I, Proposition 5.

2.4. By [12, Proposition 1.6], one knows that the functor attached to R — Der,i")(R)
is representable by a R-module Qg/)k called the module of Kdahler differentials of order
n. (When n = 1, this construction corresponds to the usual notion of module of Kéhler
differentials.) We give a concrete description of the R-module Qg/)k, (simply denoted by
Q%)) which is due to [11, Chapter I1,§1] and [12, §1]. The k-algebra R®j, R, endowed with
the morphism of k-algebra R — R ®; R which maps x € R to x ® 1, can be considered
as a R-algebra. Let J be the kernel of the product map R®; R — R. For every element
x € R, let us stress that the element 1 ® x — x ® 1 belongs to the ideal J; the subset of J
defined by the datum of the elements of the form 1®x —x® 1 forms a generating system
of the ideal J. The module of Kéhler differentials of order n then is constructed as the
quotient J/J"T1. Tt is equipped with the following derivation of order n

dp: R — Q) =J/ I

For every element x € R, we denote by [1®@x —x®1] the class of the element 1@z —z®1
modulo J"*!. Let us observe that, by construction the R-module Qg/)k is generated by
the family (dr(x))ser-

EXAMPLE 2.5. Let A = k[xy,...,zy]. The A-module fo/)k is free. A basis consists of the

1111

d 4 is given by the formula :

)= Y salf)d(a)” (2.2)

1<]al<n

for every polynomial f € A (see [11, Chapter 11,§2]). In this formula, the polynomial
do(f) is obtained as the coefficient of ¢ - - t& in the expression f((x; +t;)) — f((x:))-

3. PROOF OF THEOREM 1.4

3.1. Letn > 1bean integer. Let [ € Abeanidealand B = A/I. Let 7 : A — B be the
quotient morphism and 7,: A, — B, := A,/(As(f): s€{0,...,n}, f € I) the induced
morphism. The morphism of k-modules 7, o A, : A — W} induces, by the universal
property of quotient, a n-th order derivation from B to W}. Hence, by [12, Proposition
1.6], we deduce, by adjunction, the existence of a canonical morphism of B-modules

o Q) — W (3.1)
which satisfies the formula ¢ (dp(f)) = m, o A, (f) for every element f € A.
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3.2. Let us begin by recalling the proof of the corresponding statement when n = 1.
We observe that the morphism ¢, defined by dz; — x;; for every integer i € {1,. }
induces an isomorphism from Q% =~ QL /(df, f € I>+IQl to Wi = Wi/ xirf, Ay (f),

{1,...,m}, feI)since da(f) =D~ 0s,(f)da(z;) and Ay (f) = D07 O, (f)Tin.

3.3. Let us prove theorem 1.4. Let us begin by a preliminary observation. For every
integer i € {1,...,m}, weset T; = z;1t+x; 9t>. Let us set, for every integer i € {1,...,m},
T =[], T/ and e; = (0,---,1,---,0) for the i-th canonical basis vector in N™. We
have

f((zio +Ti)i) = f((zio)s (Z da( ) + (Z 5a(f)Ta> + ()

laf=1 |af=2

xl 0 (Z 5 $171> t+ (Zl 58i(f)$i,2> 2+ (Z 56i+6g‘ (f)xmxj,l) 2+ ( .. )
i= i<j

Because of the uniqueness of the A;(f), we conclude that

— (i 6e¢(f)xi,2> + ( Z 5ei+€j(f):ci,1xj,1> (3.2)

1<i<j<m

o Let us describe our main ingredients. By subsection 3.1, we know that By =

Ao /S, Da(f), Dol f), f € I}). We set I == {f,Au(f),Aa(f), f € I}) < Ay In
this way, we deduce that
Wfl + IQ _ Wfl _ (®1sz<j$mA : xi,lxj,l) C—D (@ze{l ..... }A Ty 2)

[2 IZQWEX [Wi+<{xl,1A1<f)7A2(f)7 fEI, zE{l,...,m}}>'

On the other hand, by [1, Proposition 2.5] or [11, Chapter II, Corollary 14.1], we know
that

W2 -

0% @4 B
da(f)®1,da(x)da(f)®1, i€ {l,....m}, fel)
In this end, by subsection 3.1, the morphism of A-modules ©? (resp. ¢%) is defined by
da(f) — Ao(f) (resp. ©%(dp(f)) = m 0 Ax(f)) for every polynomial f e A.

o Let us introduce the morphism of A-modules ¥%: W3 — Qf). Because of formula
(3.2), we introduce the morphism of A-modules % defined by ¥?(z;2) = da(z;) and

Qg) ~

V3 (xi1xj1) = da(z;)da(z;) for every pair of integers (i,j) € {1,...,m}?. Let us stress
that, by the construction of the morphism 1% and formula (3.2) , we have
VA(PA(da(f) = ¥a(Da(f)) = dalf)- (3.3)

In other words, the morphism 1 is a retraction of ¢?.
o Let us prove that ¢% induces a morphism of B-modules from W3 to Qg). For every
integer j € {1,...,m}, we have

m m

V(AL (N)g0) = AQ, G (Nzinwin) = D 0 (A (@iazs0) = Y 0, (F)dalwi)da(z;).

i=1 =1 =1

On the other hand, since the product of three terms of the form da(xs) is zero in (2542),

we have:
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= da(z;) < > (5a(f)dA(5U)a>

or|=1
= 2 dA J/’Z dA(ZL’])

In other words, the formula ¢? (A, (f )x] 1) = da(f)da(x;) holds true for every integer
j €{1,...,m}. In the end, for every integer j € {1,...,m}, we also have ¥4 (fx,2) =
fd A(:Uj). Hence, the morphism % induces a morphism of B-modules v%: W2 — Qg).

o Let us prove that the morphisms of B-modules p%, 1% are mutually inverse. By

equaliy (3.3), we know that % also is a retraction of ¢%. Let P € W2. By the very def-

initions, for every lifting P € W3, there exist polynomials a;,b; € A, with i € {1,...,m},
such that:
P = Zamg + Z b jTi 1751
1<1<]<m

Let us observe that, since the famlly (Ag)s is a high-order derivation, we have, for every
i,je{l,...,m},
2
Aglwims) = Do Ds(i)Das(z;) (3.4)

= xi,Oxj,Q + in’ng’o + JIZ'JJI]'J.
On the other hand, by the very definition of d4, we have

dA(QZ’Z'.Tj) = .ﬁEidA(ij) + ijdA(.’L'i) + dA(.CCZ)dA(QZ’]) (35)
By the definitions of the morphisms ¢?, 1% and formulas (3.4) and (3.5), we obtain that

(¢hovB)(P) = (mo¢h) (i aida(z) + ) bz',jdA(xz-)dA(l’j))

i=1 1<i<j<m

= Z T2 + Z 1]90,4 (da( xl)dA(x]))>
=1 1<z<]<m

= M Z ;T + Z zgSOA (da(ziz;) — wida(z;) — 2;da(2;))
=1 1<z<]<m

= T Z a;T;2 + Z b@j(Ag(l’il'j) — l'iAQ(JZ'j) — Z']AQ(I'Z))>
i=1 1<igjsm

= T2 Zal'zQ'i_ Z bzylele

B i=1 1<i<j<m
- D

REMARK 3.4. In general, there is no hope for W} to be isomorphic to Qg). We illustrate

here this remark by several properties. By [1, Theorem 4.3|, one knows that, for every

integer n > 1, the k-variety H = V(f), attached to f € A, is normal if and only if le()H)

is torsion-free. (Let us stress that for n = 1 the former property is classical; e.g., see

[6, Corollary 9.8].) In other hand, it is quite simple to find examples of such a normal

hypersurface H with nonzero Tors(Wg( m)- As an illustration, one can consider example
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4.9, and, more generally, [5, Conjecture 9.1] suggests that any normal hypersurface H
without rational singularity share this property. Another observation leads us to conclude
that, in general, W3, Qg) are not isomorphic. If the k-algebra B is assumed to be smooth,

then both B-modules W, le) are free; but their ranks in general differ.

4. APPLICATIONS

In this section, we show that theorem 1.4 and properties of the 2-nd order derivation
module can be used to prove corollary 1.6. We also explain how to use theorem 1.4 to
study the torsion submodule of the 2-nd order derivation module. Other general results
on the interpretation of geometric properties on algebraic varieties in terms of nilpotency
on arc scheme can be found, e.g., in [10, 13, 14, 15].

Lemma 4.1. Let k be a field of characteristic zero. Let n = 1 be a positive integer. Let
X be an integral affine k-variety. Then the O(X)-module Tors(Wg ) is formed by the

nilpotent isobaric functions on L (X) with weight n.

Proof. Let us fix an embedding X «— AJ}* = Spec(k[z,...,2,]) defined by the datum
of a prime ideal I of A. We denote by [[] the ideal of Ay generated by the A, (g) for
every integer n € N and every polynomial g € I. By definition, one have .Z,(X) =
Spec(Ay/[I]). Let f € O(Zx(X)) be a function that we assumed to be isobaric with
weight n. Then, the function f is torsion if and only if there a nonzero a € O(X) such
that af = 0; hence, the function af belongs to the nilradical of O(%,(X)), which is
prime ideal of O(Z, (X)) by the Kolchin irreducibility. We conclude that the function f
belongs to the nilradical of O(Z,(X)). Indeed, if any polynomial lifting a € k[z1, ..., z,]
belongs to the radical of [I] in A, then, because of a direct argument of weight, we shall
have a € I which is impossible by the assumption on a. Conversely, if f is nilpotent,
e.g., by [8, Lemma 3.7], there exists a polynomial h ¢ I and an integer s € N such that
h*f € [I], which implies that f € Tors(O(Z%(X))) by definition. That concludes the
proof. O

4.2. For every R-module M, we denote by MY its dual, i.e., MV := Homg(M, R). We
assume from now on that R is a noetherian domain, M =+ (0) is finitely generated. Let
K be the fraction field of R. Let {x(M) : M — Mg := M ®p K be the localization
morphism. One observes, because of the very definitions, that:

Tors(M) := Torsp(M) = Ker({x(M)). (4.1)
Moreover, if ¢y M — MYV is the canonical morphism of R-modules, one also has:
Tors(M) = Ker(cpy). (4.2)

This formula needs a quick justification. The following diagram is commutative

M - MY
zK(M)J/ lﬂK(MVV)
My = M@RK?M\/V@RK% M[\év
Since the bottom horizontal morphism is an isomorphism, then, by (4.1), it follows from

the commutativity of the former diagram that Tors(M) = c;; (x(MYV)~(0)). But,

since R is a domain and M"Y a dual, we know £ (M"")(0) = Tors(M ") = (0). In the
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end, let us observe that the morphism ¢ (M) factorizes into

M0, = M@ Ry by

for every point = € Spec(R). Thus, one has
Tors(M) = () (M n Torsg, (M,)). (4.3)
zeSpec(R)
Thus, the R,-module Tors(M,) is torsionfree for every point x € Spec(R) if and only if
Tors(M) = (0),

Proposition 4.3. Let k be a field of characteristic zero. Let n = 1 be a positive integer.
Let X be an integral affine k-variety. Then submodule of the nilradical of O(Zy(X)))
formed by the isobaric functions with weight n equals the submodule

ﬂ Ker(6).

QE(W&X)) v

Proof. By lemma 4.1, we need to prove that Tors(Wg ) = ﬂee(Wg( ) Ker(6). Now, let
X
us observe that ﬂee(wg(x))v Ker(0) coincides with the kernel N of the canonical morphism

Woixy = (W) The proof concludes from the fact that Tors(Wpx)) = N see
formula (4.2). O

Recall that the morphism of B-modules ¢ — ¢ o dp defined from HomB(Qg),B) to
Der,(f)(B) is an isomorphism; hence, by theorem 1.4, we deduce that Hompg(W3, B) =~
Derff)(B). Let 0 € Derg)(B) be a 2-nd order derivation such that § = ¢ o dp with
(e HomB(Qg),B). Thanks to the former remark, one can define the i¢mage of any
element P € W2 by 0 by setting

6P = () (P)) e B.

Proposition 4.3 asserts that P € W3 is torsion if and only if its image by every 2-nd order
derivation is zero. This property can be linked to [15, Corollary 1.4] or [4, Corollary 4.8].

EXAMPLE 4.4. To illustrate this point of view, let us consider the polynomial f = 23+y? €
klz,y], with B = A/(f). Let us set g := dxoys—x1y1 —622y0, h := 8yoys+ 122512 +3x027 €
Ay whose images in the ring B are respectively denoted by g, h. The relations in the ring
Ay

259

Yo - (40 (2y0y2) — ©1(2y0y1) — 12y572)

Y - (dwo(—3xgrs — 3xor] — y7) — 21(2y0y1) — 12y522)  (mod Ag(f))

ye - (92373 — dwoy? — 21 (3xdxy + 2yoyn) — 1229(23 + 92))  (mod As(f))
—x0 - (9zoyge] + (2yoy1)?) (mod f,A1(f), As(f))

—xo - (9royge] + 9zgry)  (mod f, Ai(f), As(f))

=9z - (yg +ap)  (mod f,Ar(f), Aa(f))

0 (mod f,A1(f),A2(f))

imply that g is a torsion element in the ring By (which is nonzero). In the same spirit,
we observe that

h

1 e e

—4(3x3zy + 3102% + y2) + 122379 + 370z (mod As(f))
—(9z02% + 4y?)  (mod As(f))
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Then, we conclude, in the same way, that y2h € I»; hence, h is a (nonzero) torsion
clement in By. Let us consider the 2-nd order derivation (3220, — 2yd,)? € Der\” (A).
It clearly induces a 2-nd order derivation 6 € Der,(f)(B) such that ¢ = ¢ o dp with
0: %2 - B defined by dp(z) — —622, dp(y) — —12y, dp(z)? — 872, dp(ij)* — 1874,
dp(Z)dp(y) — —127%y. Then, we obtain, by the very-definition, that

0-9g = 4dx(-12zy) — (—122%y) — 6y(—67?)
0,

0-h = 8y(—12zy) + 122*(—62%) + 32(8y?)
—T72z(y* + 7°)

= 0.

REMARK 4.5. Let us note that one can attach, to every ¢ € (W5 x))", a n-th order
derivation 6, € Der\" (O(X)) defined by £ o Pox) © dox)- This observation suggests the

following question: does every n-th order derivation 6 € Der,(cn)(O(X)) factorize through
Wox) (in a non-unique way)? Since every differential operator on smooth varieties are
generated by derivations, we can deduce that this question admits a positive answer for
smooth varieties X. This question is also related to the following one, which is stronger!:
does the morphism @@y admit a retraction gy« Wex) — le()x)? Once again, we
can prove that, if the k-variety X is assumed to be smooth, this second question also
admits a positive answer. It seems to us plausible that such questions are related to the
singularities of X.

4.6. The existence of an isomorphism W3 — Qg) for every k-algebra B = A/I of finite

type provides new algorithms to compute Tors(Qg)). Indeed, after identifying Tors(Qg))
with Tors(W3), one can apply the algorithms introduced in [9, §5] whose output will
provide a presentation for Tors(W3). We denote by [I] the ideal generated by the A (f),
with f € I and s € N, in the ring A,. Precisely, these algorithms will compute, in this
particular case, a Groebner basis for the ideal .45 = \/m N As in the ring A,. This
Groebner basis obviously gives rise to a generating system for Tors(TW3) by lemma 4.1.
See example 4.7. (See also [5, 8] for related considerations).

EXAMPLE 4.7. To illustrate this remark, let us consider the polynomial f = 2® + y* €
klz,y], with B = A/{f). We set E(f) = 3yor1 — 2z0y1. Here, [9, §5] applied with the
lexicographic order and ordering y > y1 > yg > x9 > x1 > xo, provides a Groebner
basis for the nilpotent functions in O(By) induced by polynomials in Ay. From this
computation we deduce in particular a presentation of Tors(W3) by “picking out” the
elements with weight w < 2 (see lemma 4.1). We obtain that Tors(W3) coincides with

2 2 2 2 2
To((fWa, e E(f), i E(f), 9m0z7 + 4y7, 420y2 — 2191 — 622930, 8yoya + 12752 + 32077))
lActually, this second question is equivalent to the problem to determine whether, for every

O(X)-module M, for every n-th order derivation 6 € Der,(cn)((’)(X),M)7 there exists a morphism
le HOIno(X)(Wg(X), M) such that § = Lo 90%()() ) dT(LQ(X)'
8



Then we deduce that Tors(Qg)) is isomorphic to the quotient of Qf) ®4 B by the sub-
module generated by the images of the following elements:

Byda(x)® — 2xda(x)da(y)

Byda(r)da(y) — 2xda(y)®
Ql‘dA(.CE) + 4dA( )

dzda(y) — da(z)da(y) — 6yda(z)
8yda(y) + 122%ds(x) + 3wda(x)?

4.8. Let us prove corollary 1.6. We set B = O(X). By theorem 1.4, we need to prove
the corresponding properties for the O(X)-module Qg). By [11, Theorem 9], one knows
that ng =~ Qg) ®p B, for every point x € X

o Since the noetherian ring B is regular if and only if B, is regular for every point
x € X, [3, Proposition 4.1] proves assertion (2).

o From [1, Theorem 4.3], following the same argument, we also deduce that X is normal
if and only if Qgﬁ is torsionfree for every point x € X. We conclude the proof of the first

equivalence in assertion (1) by applying (4.3) to M = Qg). The last equivalence in
assertion (1) directly follows from lemma 4.1.

EXAMPLE 4.9. Let k£ be a field of characteristic zero. Let us consider the polynomial
f =z} + a3+ 23 in the ring k[z1, T2, 3] with associated surface H < A}. It is well-known
that this k-variety is a normal variety with a singular point at the origin which is not a
rational singularity. Let us also note that its tangent space is reduced, as every normal hy-
persurface of an affine space. In particular, Wé( my 18 torsionfree, i.e., there is no nontrivial
isobaric function on %, (X)) with weight 1 which are nilpotent. Indeed, by subsection 3.2,
we know that it means that Qb( ) 18 torsionfree; this property is implied by the normality
of H (see [6, Corollary 9.8]). There also is no nontrivial nilpotent isobaric function on
Z(X) with weight 2 by corollary 1.6. This observation can also be checked by a direct
computation. Indeed, the algorithms introduced in [9] confirms this result. Moreover,
with this tool, we observe for example that the regular function induced by the polynomial
g = $%0$20$C21l’301332 - 1710$111330$30$32 + l‘%oboﬂ?zlﬂ?gl - 131021711%%0%%1 - $%0$20$22SU30$31 -
xiﬂ%ﬂso%l+I10I12$30$301’31+$%1$§0$3ol‘31+$10I11$20I22I§o+I10I11ﬁglxgo—xmxmmoﬂﬁml‘go—
T3, L9091 73, induces a nilpotent function on %, (X) (see lemma 4.1); but it is isobaric
with weight 3.
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