GLOBAL PROPERTIES OF A HECKE RING
ASSOCIATED WITH THE HEISENBERG LIE
ALGEBRA

FUMITAKE HYODO

ABSTRACT. This study concerns (not necessarily commutative)
Hecke rings associated with certain algebras and describes a formal
Dirichlet series with coefficients in the Hecke rings, which can be
used to generalize Shimura’s series. Considering the case of the
Heisenberg Lie algebra, an analog of the identity for Shimura’s se-
ries derived employing the rationality theorem, presented by Hecke
and Tamagawa, is established. Moreover, this analog recovers the
explicit formula for the pro-isomorphic zeta function of the Heisen-
berg Lie algebra shown by Grunewald, Segal and Smith.

1. INTRODUCTION

This study concerns Hecke rings introduced by Shimura [15]. A clas-
sical study of Hecke rings is the work by Hecke [6] and Tamagawa [18]
on the Hecke rings associated with the general linear groups. They
showed that these Hecke rings are commutative polynomial rings. Fur-
thermore, they defined formal power series with coefficients in these
Hecke rings, and showed their rationality. The results of this work
are summarized in [17, Chapter 3|, where formal Dirichlet series with
coefficients in these Hecke rings were further introduced. Andrianov
[1], Hina—Sugano [7], Satake [12], and Shimura [16] studied Hecke rings
associated with classical groups, wherein they further developed the
work of Hecke [6] and Tamagawa [18]. In addition, other studies were
conducted on the Hecke rings associated with Jacobi and Chevalley
groups by Dulinsky [4] and Iwahori-Matsumoto [11], respectively.

As mentioned above, various studies have been carried out on Hecke
rings. However, the class of Hecke rings defined by Shimura is vast,
and only a small part of it has been studied to date.

From now on, an algebra implies an abelian group with a bi-additive
product (e.g., an associative algebra, a Lie algebra). Let L be an alge-
bra that is free of finite rank as an abelian group. Our previous work
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9] introduced the Hecke rings Ry and Ry, associated with L. For the
definition, see Section 2. In this study, we deal with the formal Dirich-
let series Dy (s) and Dy (s) with coefficients in Ry, and Ry, respectively,
which are defined in Section 3.

The first result of this study is to show that the Euler product for-
mula for Dy (s) holds, and to give a sufficient condition for Dy (s) to
have the Euler product expansion (cf. Theorems 3.1 and 3.2).

It L = 7" is the free abelian Lie algebra of rank r, the Hecke ring
Rz- and Ryz- coincide with those treated by Hecke [6] and Tamagawa
[18]. Further, the formal Dirichlet series Dyzr(s) and ZA?Zr(s) equal those
treated in [17, Chapter 3]. Thus, it can be said that our study gener-
alizes their study. We discuss them in Section 4.

Denote by H the Heisenberg Lie algebra, that is, the free nilpotent
Lie algebra of class 2 on two generators. The second result of this study
is the establishment of identities for Dy/(s) and Dy(s), which is the

primary result of this study. Let § = (6,), be a family of indeterminates
indexed by all prime numbers p. The key idea for stating our main
theorem involves regarding E’H as a module over the polynomial ring
Ry [5] The main theorem is as follows:

Theorem 1.1 (Theorem 5.12). There exists a formal Dirichlet series
1,(0; s) with coefficients in Rz2[0] satisfying the following identity:

~

1(8:5) - Du(s) = L(8;5) - Dyls) = 1.

It is worth noting that this theorem is similar to Shimura’s Theorem
4.5 for the case r = 2. At the conclusion of Section 5.2, we estab-
lish that Theorem 1.1 recovers Shimura’s Theorem for r = 2 via the
endomorphism ¢ introduced in Definition 5.10.

The proof is essentially done by using some results of our previous
study [8] which is described in Section 5.1. There is no great difficulty
in proving the claims stated in this study. Rather, it is important
to note a natural generalization of series of [6, 17, 18], and a concise
identity given for a formal Dirichlet series whose coefficients are not
always commutative (cf. Remark 5.14).

In [8, 9] and this study, the case of the Heisenberg Lie algebra is
considered as a first step. The author expects that many new Hecke
rings will appear in the class of the Hecke rings of this study. Further
study of these Hecke rings is now in progress by the author. In [10], the
author investigated the Euler factor of ﬁL(s) at each prime number in
the case where L is a higher Heisenberg Lie algebra.
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Tamagawa [18], by using his Hecke theory, further investigated cer-
tain zeta functions, and proved that each of them is an entire function
and has a functional equation. However, even in the Hecke rings as-
sociated with the Heisenberg Lie algebra, no analogue has been found.
Further research is needed to find such applications to number theory.

It should be mentioned that our series Dy (s) and Dy(s) are related
to the zeta functions of groups and rings introduced by Grunewald, Se-
gal and Smith [5]. Let G be a torsion-free finitely generated nilpotent
group, and G its profinite completion. Denote by Si(G) (resp. SM(G))
the family of subgroups H of G of index n such that there is an iso-
morphism H = G of groups (resp. H = G of topological groups). The
zeta functions (4 (s) and (5(s) of G were defined in [5] as follows:

Cols) = D_#S,(GIn™" Chls) =Y _#Sp (G,

n>0 n>0
where s is a complex variable.
__As an analogue of them, one can define the zeta functions of L. Let
Z be the profinite completion of Z, and set L = L ®Z. Denote by
Si(L) (resp. S2(L)) the family of subalgebras M of L of index n such
that there is an isomorphism M 2 L as algebras (resp. M ® 7 =
L as algebras over Z). We set ai (L) = #8! (L) and a’\(L) = #S"(L)
for each n. The zeta functions (i (s) and ¢} (s) of L are defined as
follows:

Ci(s) =D ap(Lyn™®, ((s) =D an(L)n "
n>0 n>0

The zeta function (7' (s) was also introduced in [5], and is called pro-
isomorphic zeta function (' (s) of L in [2] and [3]. Although there are
few papers on (%(s), it is a natural analogue of (% (s). We call (i(s)
the isomorphic zeta function of L.

As we mention in Section 6, (i (s) and (}(s) equal the coefficient-
wise images of Dy (s) and Dy(s) under the degree maps on Ry and
ﬁL, respectively. For the definition of the degree map on a Hecke ring,
see Section 2. Moreover, at the end of Section 6, we prove that our
Theorem 1.1 derives the explicit formulae for ¢%,(s) and (4(s) via the
degree map on ﬁH as follows:

Cu(s) = Culs) = (25 — 2)¢(25 = 3),
where ((s) is the Riemann zeta function.
This identity is essentially due to Grunewald, Segal and Smith [5,
Theorem 7.6]. Precisely, for the free nilpotent group § = §.,4 of class
¢ on g-generators, the identity ¢%(s) = ¢{(s) and the explicit formulae
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for them were obtained. For the free nilpotent Lie algebra F = F,, of
class c on g-generators, by an argument essentially equivalent to that
of [5], Berman, Glazer, and Schein proved in [2, Theorem 5.1] that
(2(s) equals ¢i(s) and (£ (s) (cf. Theorem 7.1). In Proposition 7.4, the
equality (2(s) = (%(s) is verified in a similar way as in the proof of [5,
Theorem 7.6]. As a result, the equality (%=(s) = (2(s) = (£ (s) = Ci(s)
holds.

Write § for the Heisenberg group §22, and focus on the identity
Gi(s) = i(s) = ¢4 (s) = ¢§(s). Another generalization of the identity
¢ (s) = ¢4 (s) is known. Suppose that the nilpotent class of G is 2.
Define the Lie algebra L(G) as (G/Z) & Z with the usual Lie bracket
operation induced by the commutator in GG, where Z is the center of G.
Then, we have L(§)) = H, and the identity (5(s) = (fs(s) is known
to hold (cf. [2, Section 1.1] or [13, Section 1.2.2]). On the other hand,
Ci(s) = ¢A(s) does not hold in general. Indeed, Theorems 7.1 and
7.3 of [5] provide a counter-example. The equality (& (s) = (j ¢ (s) is
proved in Corollary 7.6, and thus (7 (s) = CE(G)(S) does not always
hold.

For pro-isomorphic zeta functions of Lie algebras, Berman, Glazer,
and Schein [2] further investigated. The explicit formula for {}(s) was
shown in [2, Section 5], specifically for L belonging to a certain class of
Lie algebras over the integer rings of number fields. So far, we have not
found any formulae for Dp(s) and Dy (s) that recover their formulae
except for this study.

The contents of this paper are oiganized as follows. In Section 2,
we review tl/l\e Hecke rings R;, and Ry. In Section 3, the formal series
Dy (s) and Dp(s) are introduced. In Section 4, the case of L = Z is
considered. In Section 5, we study the series Dy (s) and Dy(s), and
prove our main theorem. In Section 6, our series Dy (s) and ﬁL(s) are
related to the isomorphic zeta function (% (s) and the pro-isomorphic
zeta function (7' (s) of L, respectively. Subsequently, we prove that
our main theorem also recovers the explicit formulae for (4 (s) and
(4;(s). Finally, in Section 7, we observe the isomorphic zeta functions
in the cases of the free nilpotent Lie algebras and class-2 nilpotent Lie
algebras.

2. HECKE RINGS ASSOCIATED WITH ALGEBRAS

First, we briefly recall the definition of Hecke rings and their degree
maps. For more details, refer to [17, Chapter 3|. Let G be a group, A
be a submonoid of GG, and I' be a subgroup of A. We assume that the
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pair (I'; A) is a double finite pair; that is, for all A € A, I'\['AT" and
['AT'/T are finite sets. Then, one can define the Hecke ring R = R(I", A)
associated with the pair (I', A) as follows:

e The underlying abelian group is the free abelian group on the
set T\A/T.
e Forall A, B € A, the product of 'AI' and I' BT is defined to be

> #{I'BeT\IBI'|Cp" € TAT}-TICT.

[CTel\A/T

For every A € A, write Tt a(A) for the element I'AT" of R. We define
the degree map on R to be the additive map degR : R — Z such that
Tra(A)deR = #T\T AT for every A € A. Notably, it is known that
degR forms a ring homomorphism.

Let p be a prime number, and let L be as in Section 1. We next recall
the Hecke rings associated with L introduced in [9]. Fix a Z-basis of
L, and let r be the rank of L. Then, Autgg(L ® Q), Autgf(L ® Q,),
End%“(L), and End%lpg (L®Z,) are all identified with subsets of M,.(Q,).
In [9, Section 2], the following notation was introduced:

G, = Auy!(LeQ), G, = Autd’(LeQ,),
AL = Endf®(L)NGy, AL, = Endj(L®Z,) NGy,
I, = Auty(L), [, = Autp’(L®Z,).

The global Hecke rings Ry and the local Hecke ring Ry, are the Hecke
rings with respect to (I'y, Ar) and (I';,, Ar,), respectively.
The other global Hecke ring R; was introduced in [9, Section 3].

Define the group G 1 to be the restricted direct product of G, relative
to I, for all prime numbers p, that is, the set of elements (ay), of

Hp G, such that oy, € I, for almost all p. The monoid Ay, and the
group I';, denote G, ﬂHp Ap, and Hp I';,, respectively. Then, we write
Ry, for the Hecke ring with respect to (I',, ApL).

Section 3 of [9] described relations among these Heclf\e rings. The
local Hecke ring Ry, is related to the global Hecke ring Ry as follows:

Proposition 2.1 (]9, Proposition 3.1]). The following assertions hold:

(1) The local Hecke ring Ry, is regarded as a subring of EL by the

map induced by the natural inclusion of A, into Ap.
(2) For each prime number q with p # q, the local Hecke rings Ry,

and Ry, commute with each other in Rp.
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(3) Ry is generated by the family of local Hecke rings {Rr,}, as a
TIng.

For simplicity, we set
7—1[/p = TFprALlﬂ TL = TFL,AL7 TL = TfL’KL-

Then, we have T, (a) = Ti(o) in Ry for each a € Ap,. Let us relate

the global Hecke rings Ry and R;. The map 7, denotes the diagonal
embedding of Ay into Hp Ar,. Then, we define the additive map

n; : Ry — Ry given by Tp(Q) — >3 TL(8), where 3 runs through a
complete system of representatives of [y \n; ' (I',@T',)/T.. Let us denote
by 1. : Tp\AL — T \AL the map induced by 7. Then, the two global
Hecke rings are related as follows:

Lemma 2.2 ([9, Lemma 3.2]). If the map n.r, is bijective, then nj is
multiplicative and injective.

From now on, we regard fiL as a subring of Ry if 1, is bijective.
In the rest of this section, we relate EL to the automorphism group
of L.
Proposition 2.3. Let A; be the mng of ﬁmte adeles over Q, and set

Q= H Q,. Then, the objects GL, AL, and FL satisfy the following
identities as subsets of M,.(Q):

G = Aut(L @A), A, =End®(@D)NG,, T) = Aut29(L).

Proof. The second and third identities are straightforward consequences
of the fact that L equals [[,(L ®Zp). Let us prove the first identity.
Denote by GL!(Q) the restricted direct product of GL,(Q,) relative to
GL,(Z,) for all prime numbers p. Then, it is easy to see that GL,(Q)

coincides with GL,(Af). And the group G, by definition, equals the
intersection of GL.(Q) and [[, Gr,. Thus, we have

Gp =GL(A) N G,
P
Since L®Q is identified with [ (L®Q,), the group [[, G1,, coincides
with Autgg(L ® Q). Hence, we have

GL(Ar) N ][ Gr, = GL.(Ar) NAutg’ (L © Q) = Auti?(L @ Ay).
P
This implies the first identity. 0
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3. FORMAL POWER SERIES AND FORMAL DIRICHLET SERIES
ASSOCIATED WITH ALGEBRAS

Let p and L be as in the previous section. We set L, = L ® Z,. In

this section, the formal series Py (X), Dr(s), and Dy(s) are defined.
Subsequently, their relationship is described. For a positive integer n
and a nonnegative integer k, we introduce the following notation:

./Zl\L(n):{&EﬁL ‘[Z;Z&]:n}, Autn)={aeA, |[L:L% =n},
AL, (0" ={ae Ay, |[L,: L2 =p"},

where L7 is the image of L, under the endomorphism «. Additionally,

P

La and L® are defined in a similar manner. Note that each element of
Ay is regarded as an element of End“lg (L) by Proposition 2.3.

Now, the formal power series P, (X ) is introduced. We define
T, (" Zﬂp

where o runs through a complete system of representatives of I'y, \Ar, (p*) /T, .
The formal power series Pr, (X) is defined as the generating function
of the sequence {77, (p"*)}x; that is,

P (X) =) T, (p"X*

k>0

Next, the formal Dirichlet series Dy (s) and Dy (s) are defined. We

set
T(n) = _Te(@), Tuln) =3 Ti(o)

where @ (resp. a) runs through a complete system of representatives of
T \AL(n)/T;, (vesp. T\ AL(n)/TL). The formal Dirichlet series D (s)
and Dy (s) are the generating functions of the sequences of {T7(n)}n
and {7T7,(n)},, respectively; that is,

s)=> Tyn)n™", Dy(s)=> Tp(n)n

n>0 n>0

Next, P, (X) is related to Dy (s). For each element @ of Ay, let a,
denote its Ay component. Then, T.(@) = [1,7%,(ap) is obtained,
where p runs over all prime numbers. Here, this infinite product
is meaningful since its terms commute with each other according to
Proposition 2.1, and almost all of them are equal to 1. Consequently,
the following theorem is proven:
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Theorem 3.1. The sequence {T1,(n)}, is multiplicative, and the Euler
product formula for D (s) holds; that is,

Dy(s) =[] Pr, (0™,

where p runs through all prime numbers.

Proof. It is easy to see that 77, (p
phic to [], Ly, it follows that [L :
Hence, we have

D fL(pk) in Ry,. Since L is isomor-
L) = T1,[Ly : Ly"] for each & € Ay,
Ap(n) = H Az, (pvp(n)),

P
where v, is the p-adic valuation. This proves the theorem. O

Finally, EL(S) is related to Dy (s) using the additive map n; : R, —
Ry. It is evident that 7} maps T7(n) to T (n) for each positive integer
n. Thus, the Euler product formula for Dy (s) is proven.

Theorem 3.2. If the map 1.y, is bijective, then the sequence {Tr(n)},
is multiplicative, and the Euler product formula for Dy(s) holds; that
18,

Di(s) =[] Pr, (0.

Proof. By assumption, ﬁL is considered as a subring of Ry. Since
Tr(n) = Tr(n) and Dr(s) = Dp(s), Theorem 3.1 implies the desired
result. 0

4. CASE OF THE FREE ABELIAN LIE ALGEBRA Z"

Using the notations in Section 3, the theory of the Hecke ring with
general linear groups as reported by Hecke [6], Shimura [17], and Tam-
agawa [18] is considered.

Let 7 be a positive integer. Clearly, Gz and Ggz; are identified
with GL,(Q) and GL,(Q,), respectively. Similarly, we have Az =
M(Z)NGL(Q), Azy = M, (Zy) NGL(Qp), I'zr = GL.(Z), and, Iz, =
GL.(Zp). Thus, the Hecke rings Rz- and Rz; coincide with the Hecke

rings treated in [6], [17], and [18]. Furthermore, the Hecke ring Ry is
identified with Rz~ as follows:

Proposition 4.1. The map 1, : EZT — Ryr is an isomorphism.
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Proof. Lemma 3.3 of [9] implies that Ty Is an injective homomorphlsm
Moreover, the map Iz-\Az /Tz — FZT\AZT /Fw induced by nz-,
bijective accordmg to the elementary divisor theorem. Note that, in
9], Z" is defined as the ring of the direct sum of r-copies of Z, Which
is incorrect. It is correct to define Z" as the abelian free Lie algebra of
rank r, as in the present study. O
Certainly, the formal power series Pz (X) equals the local Hecke
series treated in [6] and [18]. The following theorem was proved:

Theorem 4.2 ([6, Satz 14], [18, Theorem 3]). Let
Trg”g = Izdiagl, ..., 1,9, ..., p|lz;
for each i with 1 < i <r. Then, the following assertions hold:

(1) Rz is the polynomial ring over Z in variables Tr(,? with 1 <1 <
r.

(2) The series Py (X) is a rational function over Rzr, more pre-
cisely,

Frp(X) Py (X) =1,
where f.,(X)=>"1_,(=1)'p =029 X1 particularly,
fop(X) = 1= T3V X + pTi2 X2,
Remark 4.3. Theorem 4.2 in the case r = 2 was proved in [6]. For
arbitrary 7, it was demonstrated in [18].

The series Dyzr(s) is none other than the formal Dirichlet series
treated in [17, Chapter 3]. Since 7.z- is bijective, the following the-
orem is obtained:

Theorem 4.4. The Euler product formulae for Dyz-(s) and BZT(S)
hold; i.e.,

Dy (s) = Dy (s HPZT o),

where p runs through all prime numbers.

Proof. It is an immediate consequence of Theorems 3.1 and 3.2. ([l

Therefore, the following theorem is obtained:

Theorem 4.5 ([17, Theorem 3.21]). Define I.(s) to be the infinite
product [, frp(p~*). Then, the following is obtained:

1,(5)Dyr(s) = I(s)Dyr(s) = 1.
Proof. This follows from Theorems 4.2 and 4.4. O
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5. CASE OF THE HEISENBERG LIE ALGEBRA

This section studies the proposed series in the case of the Heisenberg
Lie algebra H.

5.1. Local properties. Let us recall the main theorem of [8]. For
an element A of Gzz and an element a of Qg, denote by (A,a) the
element (A a

00 |A]
the matrix A. Fix a system {z;,x2} of free generators of H. Then,

the set {1, 22, [¥1,22]} forms a basis of H. Hence, the group Gy, is
identified with the following subset of GL3(Q,):

> of GL3(Q,), where |A| means the determinant of

{(A,a) ‘AEGZZ%, ae@f,}.

In addition, an element (A,a) of G, is contained in Ay, (resp. I'y,)
if and only if A is in Az (resp. L7z ), and a is in ZZ.

The following three ring homomorphisms s, ¢, and 6 were introduced
in [8, Section 6:
Definition 5.1. For simplicity, we put deg = degRy,. The ring homo-
morphisms s : RZ; — Ry, ¢ : Ry, — Rzg ,and 0 @ Ry, — Ry, are
defined by

T73(A)* = Ty, (A, 0) for each A € Agg,

T, (A a)des
¢ _ THp )
Dl )l = g, 0y

T, (A a)des
0 Hop P
THp (A7 a) - T?-Lp (Ajpa)deg

Tz (A) for each (A, a) € Ay,

Ty, (A, pa) for each (A,a) € Ay,

Remark 5.2. Although the multiplicativity of s, ¢, and 6 is not obvious
by the definition, it was proved in [8, Section 6].

Some relations among the three ring homomorphisms are introduced.

Proposition 5.3. The ring homomorphisms s, ¢, and 6 satisfy the
following properties:

pos=idp,, BHos=s, ¢obl=9g.

Proof. It is an easy consequence of Definition 5.1. U
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Our previous work (8] defined the element Ty(p*) of Ry, for each
nonnegative integer k as follows:

TZ(pk) = Z THp (A7 a)v

(Aa)

where (A,a) runs through a complete system of representatives of
[y, \Ay, /Ty, satisfying v,(|A|) = k. The formal power series Dy 5(X)
was defined as the generating function of the sequence {T5(p*)}; that
is,

Daa(X) =Y To(p")X*.

The main theorem of our previous work [8] is as follows:

Theorem 5.4 ([8, Theorem 7.8]). Let 1. 2(2 and T2(72p) be as in Theorem
4.2. For simplicity, let us set Ty(1,p) = Tg(iu) and Ty(p,p) = TQ(’QP).
Define Y = pX. Then, Dy5(X) satisfies the following identity:

Dyo(X)” = T,(1,p)* Daa(X)"Y + pT,y(p, p)* Daa(X)Y? = 1,

where Dqo(X)? is the coefficient-wise image of Dao(X) under 6, and
Dy o(X)? is defined similarly.

The sequences {T5(p*) x>0 and {T3, (p*) }iso are related as follows:

Proposition 5.5. Ty, (p*) = To(p*) and Ty, (p** ™) =0 for each k.

Proof. It is evident that v,([H, : H]) = 20,(|A|) for every (A, a) €
Ay,. This completes the proof. O

The relation between Djo(X) and Py, (X) is described as follows:
Corollary 5.6. D, (X?) = Py, (X).

Proof. It is an immediate consequence of the proposition above. 0

The Hecke ring Ry, forms a ring over Rzg via the ring homomor-
phism s. Moreover, owing to the second identity of Proposition 5.3, 6
is a ring homomorphism over Rzz. Thus, Ry, is a module (not a ring!)
over the polynomial ring Rzz [0] in one variable 6. Further, the maps s,
¢, and 0 depend on p. Subsequently, we set s, = s, ¢, = ¢, and 0, = 0.
Therefore, Theorem 5.4 can be rewritten as follows:
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Theorem 5.7. Let f5,(X) be as in Theorem 4.2, and let us keep the
notation of Theorem 5.4. Then, Py, (X) satisfies the following identity:

925(0p; pX?) Py, (X) = 1,
where
g?,p(9p§ X) = 932; ) f2,p(X/9p) = 932; - Tp(17p)9pX +pr(p,p)X2.
Proof. Clear. O

We have just introduced the three ring homomorphism, of which ¢,
has not been used so far. In fact, it has been shown that ¢, plays a role
establishing the relationship between Py, (X) and Pz (X) as follows:

Theorem 5.8 ([8, Theorem 7.5]). Py, (X)% = Py (pX?).

5.2. Global properties. In this subsection, the Dirichlet series Dy (s)

and lA?H(s) are considered. Since the bijectivity of 7,3, was proved in [9,
Lemma 3.4], the map 7}, is an injective ring homomorphism. Moreover,
the nonsurjectivity of n;, was shown in [9, Section 4]. Hence, the global

Hecke ring Ry is a proper subring of Ry. However, the following
theorem can be obtained:

Theorem 5.9. The Euler product formulae for Dy/(s) and ﬁH(s) hold;
that s,

Dy(s) = Dy(s) = H Py, (p™).
p
Proof. It is an immediate consequence of Theorems 3.1 and 3.2. U

The ring homomorphisms &, gg, and (?p are defined as follows:
Definition 5.10. The ring homomorphisms s : Rzz — Ry and ¢ : Ry —
Ry2 are defined by

Ty (A) = HTZg(Ap)SP for each A € Az,
P
Tu(@)? = HTHp(ozp)% for each @ € Ay,
P
where A, (resp. o) is Agz (resp. Ay, ) component of A (resp. @) for
each p. L R
The ring homomorphism 6, : Ry — Ry is defined by

fﬂ(a)gp = Ty, (a) - HTHq (o) for each a € Ay
a#p
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Consequently, the following proposition is obtained:

Proposition 5.11. The following equalities hold:
(1) pos= i,
(2) 0,05 =75 and ¢ 00, = ¢ for each p,
(3) 0,00, =0,00, for any two prime numbers p, q.

Proof. It is an easy consequence of Proposition 5.3. U

From the proposition above, it is evident that the Hecke ring RH is
a ring over Rzz by s, and that 9 is a rmg homomorphism over RZ2
for each p. Set = (0p)p, and let R22 [0] be the polynomial ring over

§22 in infinitely many variables 0. Then, the Hecke ring Ry is an
Rzz2[0]-module.

Now, the following theorem is proven, analogous to Theorem 4.5:

Theorem 5.12. 1/'\2(5, s) is defined as the infinite product
[T 92000 0" ).
P

Then, the following is obtained:
1,(6:5) - Di(s) = 12(6: ) - Du(s) = 1.
Proof. Theorem 5.9 implies that

S) = HPHP(p_S)'
p
Let us fix a prime number p. Then, the following is obtained:

ﬁ?—t()p_PHp HP
a#p

In addition, Ry, and Ry, commute with each other in }A*ZH for any
prime number ¢ different from p. Hence, for each element a, of Rz,
we have R
ay - (Du(s)) = (@ Po, (7)) - [ ] P, (a7°).
a#p
Therefore,

1(6: 5) - Du(s) = [ [ (920(60:0" ) - P, (%)) -

Subsequently, Theorem 5.7 implies that the right-hand side of the
equality above is 1, which completes the proof. (l
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In the remainder of this section, it is shown that Theorem 5.12 re-
covers Shimura’s Theorem 4.5. Let 77/} Ry [0] — Ry be the ring
homomorphism over RZQ satisfying (9 ) =1 for all p. Then gg and {ﬂ\
are compatible; that is,

(a- Ql)‘g —a’ A for any a € Rz2[0] and any 2 € Ry,

which follows from Proposition 5.11. Consequently, the following propo-
sition is proven:

Proposition 5.13. The following identities hold:
(1) 12(0 s)w = 12(23 - 1),
(2) DH( )¢ = DZ2(25 —1).

Proof. It is evident that gs,(0,;pX2)? = go,(1;pX?) = fo,(pX?),
which implies the first equality. The second one follows from Theo-
rems 5.8, 5.9 and 4.4. O

Therefore, it is concluiied that Theorem 5.12 recovers Theorem 4.5
when r = 2: The map ¢ is applied to the equalzcy in Iheorem 5.12.
Then, Proposition 5.13 and the compatibility of ¢ and v imply that

I,(2s — 1)Dg2(2s — 1) = 1.

Remark 5.14. As shown in Theorem 7.3 of [8], the coefficients of the
Hecke series Dy 2(X) are not necessarily commutative. Thus, neither
are those of Py, (X) and Dy(s).

6. ZETA FUNCTIONS OF ALGEBRAS

Let us return to the case where L is as in Section 1. In this section,
our series Dy, (s) and Dy (s) are related to the isomorphic zeta function
(% (s) and pro-isomorphic zeta function (7 (s) of L, respectively.

Denote by 8 (L) the family of Z- subalgebras M of L of index n such
that there is an isomorphism M = L of algebras over Z. Then, the
maps I\ Ar(n) — Si(L) given by I'na — L and T \AL(n) — SN(L)
given by FL& — L% are both bijective. Since L is free of finite rank as an
abelian group, one verifies in a similar way as in the proof of Proposition
1.2 of [5] that the maps S”(L) — S'"(L) defined by M — M ® Z and
SML) — SML) defined by M — M N L are inverse to each other,
in particular, one has #8/* (L) = #S)(L) = a)(L). Hence, it follows
that, for each n,

Ty ()R = ai (L), Tp(n)™*™ = a)(L).
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Thus, Dy (s) and Dy (s) are related to ¢i(s) and ¢ (s) as follows:
Dy(s)*™ = Ci(s),  Du(s)* ™ = (1 (s).
By definition, we have degRL\ Ry, = degRy,. Moreover, degéL and

degR;, are related as follows:

Proposition 6.1. If the map n.r, is bijective, then we have degﬁL =
degRy ony, that is, degRr|p, = degRy.
Proof. Since 7, is bijective, so is

MLl ry\or (Faty) T\ (TLaly) — T\TLaly.

Thus, we have #fL\fL@fL = #FL\nzl(fLafL), which completes the
proof. O

The above proposition implies the following corollary:

Corollary 6.2. In order that ) (s) = Ci(s), it is necessary and suffi-
cient that n.r is bijective.

Proof. Sufficiency is an easy consequence of the above proposition and
the equality Dp(s) = Dp(s). Let us prove necessity. Since 7,y is
injective, 0 is 7.r|r\a, () for each n. If (f(s) = ¢} (s), then we have

#I\AL(n) = #fL\A\L(n) for each n, and thus, n,7, is bijective, O

Next, the case L = Z" is considered. We make use of the following
identity shown by Tamagawa [18]:

Theorem 6.3 ([18, Corollaryl]). Let f,,(X) be as in Theorem 4.2.
Then, the following identity holds:

Frp(X)0sfer =TT (1 -pX).
0<k<r—1

This theorem derives the following identity:

Corollary 6.4. Let I.(s) be as in Theorem 4.5. Then, the following
wdentity holds:

]T(S)degRZT _ ]T degRZr _ H C s—k)7L,
0<k<r—1
where ((s) is the Riemann zeta function.

Proof. This follows from the multiplicativity of degﬁzr and the above
theorem. 0
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Theorem 4.5 and Corollary 6.4 recover the explicit formulae for (7, (s)
and (%, (s) proved in [5].

Corollary 6.5 ([5, Proposition 1.1]). The following identity holds:
Gr(s) =)= [ <¢s—k).
0<k<r—1

ProoAf. It is immediately verified by applying the maps degRz and
degRyr to the identity of Theorem 4.5. U

Next, the case L = H is investigated. Let ¢ : Z[/G\] — Z be the ring
homomorphisn}\ satisfying g\%/)\w =1 for all p. Then, the coefﬁcient—/\ivise
images of ggjg\(@,; X) and I5(0; s) under the homomorphism (degRy o
S) @1 : Ry2[0] — Z are as follows:

Proposition 6.6. The following identities hold:
g2,p(§p; X)(deg}%{og)@l/) _ (1 o pZXQ)(l N ngQ),
Ty(B; )\ 8D = (25— 2) (25 = 3) 1

Proof. By the identities (1)-(a) and (2)-(a) of [8, Proposition 5.4], we
have R R

Tp(l,p)degRHO§ _ p2(1 + p71>7 Tp(p,p)degRHO§ _ ng
which implies the first identity. The second is easily derived by the
first one. U

Remark 6.7. degfiﬂ o5 and deg]:?Zz are slightly different: For each
A € Age, it follows from [8, Proposition 5.4] and [17, Theorem 3.24]
that R ~
T\ZQ (;DdegRHo? _ [ZZ : (Z2)A] e (A)degRZQI
Since deg Ry, o gp = degRy,, the ring homomorphism (deg]%{ 08 )®Y
and degRy are compatible. Therefore, the explicit formulae for (i, (s)
and (};(s) shown in [5] and [2] are recovered.

Corollary 6.8 ([5, Theorem 7.6], [2, Theorem 5.1]). The following
tdentity holds:

Cu(s) = Guls) = ¢(25 — 2)¢(2s — 3).
Proof. It is an easy consequence of Proposition 6.6 and Theorem 5.12.
O

7. ISOMORPHIC ZETA FUNCTIONS

In this section, we observe the isomorphic zeta functions in the cases
of the free nilpotent Lie algebras and class-2 nilpotent Lie algebras.
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7.1. Case of the free nilpotent Lie algebras. Let § = §., (resp.
F = F.4) be the free nilpotent group (resp. Lie algebra) of class ¢
on g-generators. For a nilpotent Lie algebra L, denote by ~;(L) the
i-th term of its lower central series, and set L® = L/[L,L]. In this
section, we describe the explicit formulae for the zeta functions of §
and F. As mentioned in the introduction, they are essentially due
to [5]. However, other literature does not deal with isomorphic zeta
functions of algebras, and it is necessary to give a detailed proof of the
explicit formula for (% (s).

In the case ¢ = 1, we have §., = F., = Z9. Hence, the explicit
formulae were obtained in Corollary 6.5. In the following, suppose
that ¢ > 2. The explicit formula for (%(s) was proved in [2], and those
for 4(s) and (f(s) were established in [5]:

Theorem 7.1 ([5, Theorem 7.6], [2, Theorem 5.1]). Let m; be the rank
of %i(F)/vix1(F) for each 1 < i < c. Define a = ;370 im;, and
B => i ,im;. Then, we have

g—1

Gi(s) = GG (s) = 3(s) = [ [ ¢las — B = ).

J=0

Remark 7.2. The following formula for m; was established in [20, Satz
3]

1 L
P AP
mi = - > uli)g”,
Jlé
where p is the Mobius function.

Therefore, it remains to consider (%(s). We prepare the following
lemma which is a Lie algebra analogue of [19, Theorem 1.8]. The proof
imitates the one of [14, Chapter 1, Exercise 7]:

Lemma 7.3. Let L be a nilpotent Lie algebra, and let M be a subalgebra
of L. If L=M +[L,L], then L =M.

Proof. For each ¢ > 0, denote by Z; the i-th upper central series of
L. Assume that M was a proper subalgebra of L. Then, there exists
i > 0 such that Z; + M = L and Z; 1 + M C L. Since [L,L] =
{Zl—i‘M,ZZ—i‘M] C Zi_1 —|—M, we have L = M + [L,L] C Zi_ +M,
which is a contradiction. U

Now, we prove the explicit formula for (%(s).



18 F. HYODO

Proposition 7.4. Let us keep the notation of Theorem 7.1. Then, the
following identity holds:

g—1

() = Ci(s) = [ [ ¢as — B = ).

J=0

Proof. Theorem 7.1 reduces us to proving that (%(s) = (%(s). Let M

be an element of S)}(F) with a positive integer n. It is sufficient to show
that M and JF are isomorphic as Lie algebras. Clearly, F** ® Z and
M?® ®7 are isomorphic to (F)2? and (M )2 as Z-modules, respectively.

—

By assumption, (F)* and (M)*" are isomorphic as Z-modules. Hence,
M® ® 7 is isomorphic to F** ® Z = Z9 as Z-modules. Since M@P
is finitely generated abelian group, it follows from the fundamental
theorem of finitely generated abelian groups that M? is isomorphic to
79. Hence, we can take elements x, ..., x, of M such that their images
under the canonical projection M — M? form a basis of M?°, and it
follows from Lemma 7.3 that zi,...,x, generate M. By the universal
property of F, there exists a surjective homomorphism ¢ : F — M,
and the induced map ¢ ® idy : F — M is also surjective. Since F and

M are isomorphic as algebras over Z, the ranks of them over Z are the
same. Therefore, ¢ ®ids is an isomorphism. The faithful flatness of Z
over Z implies the bijectivity of ¢, which completes the proof. U

7.2. Case of class-2 nilpotent Lie algebras. Suppose that L is a
nilpotent Lie algebra of class 2. By the class-two Lie correspondence
of [3, Section 3.1], there exists a unique torsion-free finitely generated
nilpotent group G of class 2 up to isomorphism such that L is isomor-
phic to L(G) = (G/Z) & Z as Lie algebras, where Z is the center of
G. Hence, we may identify L with L(G), and Z is regarded as the
center of L by the map z € Z — (1,2z) € L. In this subsection, the
equality ¢4 (s) = (i (s) is verified. To show this, Proposition 7.5 below
is essential. The proposition is mentioned in many references without
proof, for example, [5, Section 4],[13, Section 1.2.2], and [2, Section
2.1]. Although a proof is proposed in [3, Proposition 3.1], it is incor-
rect (cf. Remark 7.15). Therefore, it would be worthwhile to give a
precise proof in this study.

Proposition 7.5. Let n be a positive integer. Denote by S, (G) (resp.
Sn(L)) the set of subgroups (resp. subalgebras) of G (resp. L) of index
n. Then, there ezists a bijection f, : Sp(G) — S,(L) such that, for
each H € S,(Q), its image is isomorphic to L(H) as Lie algebras. In
particular, we have #8,(G) = #S,(L).
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Before proving the proposition, we deduce the following corollary
which is our purpose of this subsection:

Corollary 7.6. The equalities 5 (s) = Ci(s) and ¢4 (s) = ¢} (s) hold.

Proof. Let H € S,,(G), and put M = f,(H). Then, M = L(H). By the
class-two Lie correspondence of [3, Section 3.1], we see that H € S’ (G)
if and only if M € S!(L). Thus, we have #S'(G) = #8:(L). Since
L(G) = L®Z and L(H) = L(H)®Z, it follows from the local class-two
Lie correspondence of [3, Section 3.1] that H € S/ (G) if and only if
M € S§)(L). Thus, we have #S)(G) = #S/(L), which completes the
proof. O

Remark 7.7. It is mentioned without proof in [2, Section 1.1] and [13,
Section 1.2.2] that the equality (5 (s) = (}'(s) holds.

In order to prove Proposition 7.5, we introduce some notation. Let
7 (resp. 7r) be the canonical projection G — G/Z (resp. L — G/Z).
Denote by ¢ the map G/Z x G/Z — Z given by (¢Z,yZ) — [z,y] =
x 'y lry. Since G is of nilpotent class 2, its derived group [G, G| is
contained in Z. Hence, G/Z is abelian group, and we have [zy, z] =
[z, 2]y, 2], [z, yz] = [z,y][z, 2] for any z,y,z € G. This implies that ¢
is a Z-bilinear form.

Further, let A and B be finite-index subgroups of Z and G/Z, re-
spectively. Denote by Sg(A, B) the set of subgroups H of G such that
HNZ = A and ng(H) = B. Similarly, denote by S.(A, B) the set of
subalgebras M of L such that M N Z = A and 7, (M) = B. For any
H € S¢(A,B) and M € S,(A,B), we have [G: H| = [L: M] = [Z:
A||G/Z : B]. Hence, to prove Proposition 7.5, it is sufficient to show
the following lemma:

Lemma 7.8. There ezists a bijection fap : Sa(A,B) — SL(A, B)
such that, for each H € Sg(A, B), its image is isomorphic to L(H) as
Lie algebras.

To prove this lemma, we need to study Sg(A,B) and Si(A, B).
First, the following three lemmas are shown. Although they hold in
general for arbitrary torsion-free nilpotent groups (cf. Remark 7.12),
we provide a direct proof here for self-containedness:

Lemma 7.9. Let z,y € G, and let n be a positive integer. If [x,y"] =1,
then [x,y] = 1.

Proof. Since ¢ is bilinear, we have 1 = [z,y"] = [z,y]". Since G is
torsion-free, we have [z,y] = 1. O

Lemma 7.10. G/Z is torsion-free.
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Proof. Let x,y € G, and suppose that y* € Z for some n > 0. By
Lemma 7.9, we have [z,y] = 1, which derives that y € Z. Thus, G/Z
is torsion-free. O

Lemma 7.11. For each finite-index subgroup H of G, the center Zy
of H equals Z N H.

Proof. It is immediately verified that ZNH C Zy. Let « be an element
of Zy, and let y be an element of G. Since H is of finite index, there
exists a positive integer n such that y™ € H. Hence, we have [z,y"] = 1,
which implies [z, y] = 1 by Lemma 7.9. Thus, we have Zy C ZNH. O

Remark 7.12. Lemmas 7.9, 7.10, and 7.11 hold for an arbitrary torsion-
free nilpotent group G’. Let x,y € G’, and let n be a positive integer.
Suppose that [z,y"] = 1. Then, we have (z7'yz)" = y". According
to a result of Chernikov (cf. [19, Theorem 4.10]), the map w € G' —
w™ € G’ is injective, which implies that [z,y] = 1. Thus, Lemma 7.9
holds for G’. By using this, Lemmas 7.10 and 7.11 for G’ are verified.

By Lemma 7.10, G/Z is a free abelian group of finite rank. Let d
denote this rank. We next relate (Z/A)? to Sg(A, B) and Si(A, B).
Fix a subset b = {Bi}le of G such that its image under 7 forms a basis
of B. Set b; = mq(b;) for each i. For an element = = (&); of (Z/A)?,
take an element (z;); of Z¢ satisfying & = 2 A for each i. Further,
define H°(Z) (resp. MP(Z)) to be the subgroup (resp. subalgebra)
of G (vesp. L) generated by A and {b;z;}; (vesp. {(bi,2)}:). Since
A C Z, the group H°(Z) and the Lie algebra M°(Z) are independent
of the choice of (z;);.

If p(B, B) C A, then, [b;, b;] and [(b;, 2), (b, 2;)] are contained in A
for any i, j. Since B is a free abelian group, each element of H®(Z)
(resp. M°(Z)) can be written uniquely as a product (resp. sum) a -
[1,(bizi)™ (resp. (1,a) + 3, ni(b;, 2)), where (n;); € Z¢ and a € A,
Hence, H*(Z) € S¢(A, B), and M*(Z) € S;.(A, B). Moreover, B & A
is a subalgebra of L, and a unique isomorphism B@® A — M°(Z) of Lie
algebras is determined by the inclusion A C M®(Z) and the additive
map B — M°(Z) defined by b; — (b;, 2;) for each i.

Lemma 7.13. The following assertions hold:

(1) The following three conditions are equivalent:
L4 SG(Aa B) 7é ®?
d SL(A> B) 7& @,
e o(B,B) C A.
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(2) Suppose that (B, B) C A, and let Z be an element of (Z/A)4.
Then, H*(Z) € Sq(A, B), and M*(Z) € S1.(A, B). Moreover,
L(H*(Z)) and M*(Z) are isomorphic to the subalgebra B & A
of L as Lie algebras.

(3) If p(B,B) C A, then the maps \% : (Z/A)Y — Sg(A, B)
given by = — H*(Z), and N} : (Z/A)* — Si(A, B) given by
= M*(Z) are bijective. In particular, we have #Sg(A, B) =
#SL(A, B) = [Z : A]d

Proof.

1. If there exists H € Sg(A, B), then H/A is isomorphic to the
abelian group B by the canonical projection G/A — G/Z. Hence,
©(B,B) = [H, H] C A. Similarly, we have ¢(B,B) C A if S,.(A, B) #
0. Conversely, if p(B, B) C A, then we have H°(1) € Sg(A, B), and
M®(1) € S.(A, B), where 1 is the identity element of (Z/A)%.

2. Tt is sufficient to prove that L(H®(Z)) = B @ A, which is an easy
consequence of Lemma 7.11.

3. Let H € S¢(A, B). Then, H/A is isomorphic to B by the canon-
ical projection G/A — G/Z. Hence, there exists a unique element
= = (&); of (Z/A)? such that {(b;A) - &Y, forms a basis of H/A, and
we have H = H®(Z). Therefore, the map A% is bijective. In a similar
way, for each M € Si(A, B), there exists a unique element = = (§;); of
(Z/A)? such that the subset{(b;,&)}; of (G/Z2)®(Z/A) = L/A forms a
basis of M /A, and we have M = M°(Z). Thus, A} is also bijective. [

Now, a proof of Lemma 7.8 is obtained:

Proof of Lemma 7.8. It follows from Lemma 7.13 that Sg(A, B) =
Si(A,B)=0if o(B,B) ¢ A. It (B, B) C A, then fap =X o(A\&)~!
has the desired property by Assertions 2 and 3 of Lemma 7.13. 0

In the rest of this subsection, we give an example of Lemmas 7.8 and
7.13. Subsequently, using this, we remark on Proposition 3.1 of [3].
Example 7.14. Consider the case where G is the Heisenberg group $)
with a free generating set {zs, yo}. Set b = {xcyq, v2}, B = (mg(zcye),
me(y?)), and A = (2%), where z; = [74,9:] = z;'y;'Teye. Then,
we have [G/Z : B] = [Z : A] = 2, and hence, S¢(A, B) C S4(G),
Si(A,B) C S4(L). Since ¢(B,B) = A, it follows from Lemma 7.13
that #S¢(A, B) = #S1(A, B) = 4.

Now, L = L(G) is the Heisenberg Lie algebra H, and generated by
T, = (WG(LUG>7 1) and Yo = (WG<yG)7 1) Put 2, = (LZG>‘ Then: [xLayL] =
z,. By Lemma 7.13, fap = A} o (AL)™! is a bijection Sg(A, B) —
S1(A, B), and we have fap(H®(1)) = M®(1), where 1 is the identity
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element of (Z/A)%. Moreover,
Mb(l) = Z(xL + y/,) + 22y, + 272z,
=A{kx, +1ly, + mz, | (k1) € Z(1,1) + Z(0,2), m € 27},
H°(1) = {(zyo) vz 22" | k,1,m € Z}.

Remark 7.15. We keep the notation of the above example. Proposition
3.1 of [3] claims that, for each n, a one-to-one correspondence between
S,.(G) and S,,(L) is induced by the bijection f': G — L defined by

fl(xFylzmy = ka, + 1y, +mz, for k,l,m € Z.

However, it is not true. Indeed, M°(1) corresponds to H' = f'~*(M"*(1)) =
{akylzm | (k1) € Z(1,1)+7Z(0,2), m € 2Z}, however, H' is not a group
because .y, € H', and (w.y.)? = 22y*2;t & H'.
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