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GOOD BASIC INVARIANTS AND FROBENIUS STRUCTURES
IKUO SATAKE

ABSTRACT. In this paper, we define a set of good basic invariants for a finite complex
reflection group under certain conditions. We show that a set of good basic invariants
for a finite real reflection group gives a set of the flat invariants obtained by Saito and
the Taylor coefficients of these good basic invariants give the structure constants of the

multiplication of the Frobenius structure obtained by Dubrovin.

1. INTRODUCTION

1.1. Aim and results of the paper. Let GG be a finite real reflection group which acts
on the real vector space Vg, g € G be a Coxeter transformation and ¢ € Vg ®r C be an
eigenvector of g whose eigenvalue ( is a primitive h-th root of unity, where Vg ®g C is the
complexification of the vector space Vg and h is the Coxeter number. It is known that
the eigenvector ¢ is regular (that is, it does not lie on any reflecting hyperplane).

In the theory of the flat structure (the Frobenius structure) (see [5]) for the invariants
of the finite real reflection group, the values of G-invariants and G-anti-invariants at the
regular eigenvector ¢ play an important role.

In this paper, we first assume that G is a finite complex reflection group. Then we
study the Taylor expansions (with a suitable grading) of G-invariants at a suitable regular
vector ¢ and define a set of “good basic invariants” by using Taylor expansions at ¢ under
certain conditions (the existence of an admissible triplet defined in Definition 2.1). If G

is a finite real reflection group, we show that

(i) a set of good basic invariants gives a set of flat invariants obtained by Saito [5] of
the Frobenius structure,
(ii) the Taylor coefficients of the good basic invariants give the structure constants of

the multiplication of the Frobenius structure obtained by Dubrovin [3].

Here is a brief account of the contents of the paper. In Section 2 we define an
admissible triplet for the finite complex reflection group. In Section 3 we define good
basic invariants. In Section 4 we give examples of good basic invariants. In Section 5 we
study the dependence of good basic invariants on the choice of the admissible triplet. In

Section 6 we give properties of Taylor coefficients of good basic invariants. In Section 7 we

19010 Mathematics Subject Classification. Primary 32G20; Secondary 32N15.
Date: November 15, 2024.
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treat the cases of finite real reflection groups. We show the existence and the uniqueness
of good basic invariants and we give a description of the bilinear form in terms of the
good basic invariants (Theorem 7.5). In Section 8 we show that the good invariants give

a nice description of the Frobenius structure which is defined by Saito and Dubrovin.

1.2. Acknowledgements. The author thanks Prof. Yukiko Konishi and Prof. Satoshi
Minabe for the careful reading of the manuscript.

This work is supported in part by Grant-in Aid for Challenging Research (Ex-
ploratory) 17K18781 , Grant-in-Aid for Scientific Research(C) 18K03281 and Grant-in-
Aid for Scientific Research(C) 22K03295.

2. GRADED C-ALGEBRA STRUCTURE ON C[V]

Let V be a C-vector space of dimcV = n. From Section 2 to Section 5, we assume
that G C GL(V) is a finite complex reflection group, i.e. G is generated by reflections,
where g € GL(V) is called a reflection if it is of finite order and if all but one of its
eigenvalues are equal to 1. We also assume that G is irreducible, i.e. V' is an irreducible
G-module.

2.1. Graded C-algebra structure on C[V]¢. Let C[V] be a symmetric tensor algebra
of V* := Hom(V,C), which is identified with the algebra of polynomial functions on V.

Let z!,---, 2" be a basis of V*. Then a set of
o (zl>a1 e (Zn)an (a — (ab ce ’an) c Zgo) (21)

gives a C-basis of C[V].
On the C-algebra C[V], the natural grading is defined by counting the degree of z*
as
la| = a) + -+ ay (2.2)
for a = (ay, -+, a,) € Z%,.
The action of g € G on F' € C[V] is defined by

(9-F)(v)=F(g~ -v) (veV). (2.3)

We denote the algebra of G-invariant elements of C[V] by C[V]“. The grading of C[V]
induces the grading on the algebra C[V]“. We denote its degree j part by S(j).

By the famous result of Shephard-Todd-Chevalley, for a finite complex reflection
group G, the algebra C[V]% is generated by algebraically independent homogeneous ele-

ments !, - 2" with degree d; < dy < --- < d,, which we call a set of basic invariants.
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We remark that a set of basic invariants is not unique, but the degrees di,--- ,d,

are uniquely determined. We put

d:=(dy, - ,dy). (2.4)
Then the degree j part S(j) could be also written as
SG)={>_ A’ eC[V]?|A4 €C, d-b=j} (2.5)
bezL,
where we denote
2 = (2 (™), d-b=dyby + -+ dyby, (2.6)

and we have the decomposition
cvi® = @ s0). (2.7)
§=0

2.2. Admissible triplet. In this subsection, we introduce the notion of an admissible

triplet.

Definition 2.1. For g € G, ¢ € C and ¢ € V, we call a triplet (g,(,q) admissible if it

satisfies the following conditions.

(i) the vector ¢ € V is an eigenvector of g with the eigenvalue ¢ which is a primitive
d,-th root of unity.

(ii) the Jacobian matrix

(55@) (28)

is invertible, where z!,--- 2" € V* form a basis of V*.

In this section, we fix an admissible triplet (g,(,q). By the action of g on the
Jacobian matrix (2.8), we see that the eigenvalues of g on V are (174 (1 < a < n) (cf.

Theorem 4.2(v) of [5]). Hence we may and shall assume that
g-2*=(""12*(1<a<n) (2.9)
for z* in Definition 2.1(ii). A basis of V* satisfying (2.9) is called a “g-homogeneous
basis”. We put
g=C¢"'-geGLV). (2.10)
Then we have

gra=q g 2=¢"2 goat=("1" (1<a<n) (2.11)
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Thus we have

2%q) =0 (do < dpn), 2%(q) =0 (dy < dp), (2.12)
07 @) =0 (d # d5) (2.13)
For a,b € 7%, we have
ab
<@ma) (q)=0 (d-b#d-a (modd,)), (2.14)

where we denote

o o\ a\"™
5 _ (%> <%> for b= (by,--- ,b,) € Zgo- (2.15)

Remark 2.2. We remark that the facts (2.8), (2.11), (2.12), (2.13) suggest that we should
see ¢ as a fixed point of ¢ and also see a G-invariant element x® as an analogous object of

2% at ¢ for 1 < a < n. This leads to the idea to study a Taylor expansion of 2% — 2%(q)
(I <a<mn)byz'—2(q), -, 2" = 2"(q)

2.3. Graded C-algebra structure on C[V]. We introduce on C[V] another Z-grading
by the aid of the admissible triplet (g, ¢, q).

Definition 2.3. Let 2%, --- | 2" be a g-homogeneous basis of V*. For any j € Z>g, we define
V(g,¢,0)(j) ={)_ azeC[V]|aeC,d-b=j}. (2.16)
beZy,,

We remark that the admissible triplet (g, (,q) naturally gives only Z/d,Z-grading
on C[V] by g+ 2% = (%2 for 1 < a < n. We lift it to the Z-grading.
We give a graded C-algebra structure on C[V] by the decomposition

cv) = B Vis.C.00) (217)

3. GRADED C-ALGEBRA [ISOMORPHISM ¥

Let G be a finite complex reflection group and we fix an admissible triplet (g, ¢, q).
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3.1. The morphism ¢[g, ¢, q|.

Definition 3.1. For the admissible triplet (g, (, q), a set of basic invariants z',--- , 2" and
a g-homogeneous basis z!,--- , 2" of V* we define a C-module homomorphism:
u 10%([x — z(q)]*
Aol SV s ), a3 S TEC A 0 gy
beZL,

for a C-basis {2*|a € Z2} of C-module C[V]¢, where we used notations
[z —2(q)]" = (' =2 (@)™ (@" —a"(@)™ for a = (a1, an) € Z2,,

bl = byl---byl for b= (by, -+ ,b,) € Z2. (3.2)

We remark that ¢[g, ¢, q](f) for f € C[V]¥ is not necessarily invariant by the G-

action.

Proposition 3.2. (i) ¢lg, ¢, q] depends neither on the choices of a set of basic invari-
ants * (1 < a < n) nor on the choices of a g-homogeneous basis z* (1 < a < n)
of V*. ©lg,(, q] gives a C-algebra homomorphism.

(i) Let z* (1 < oo < n) and z* (1 < o < n) be the same as in Definition 3.1. For any
multi-indices a,b € 7%, the coefficients of 2% of the RHS of

b T —1 a
vlg, ¢, q)(a") = %8([ M@] )(Q)Zb

bEZ,,

Proof. (i) For a set of basic invariants z* (1 < a < n), we define a C-algebra homomor-
phism ¢1][g| by
e1lg] : C[V]Y = CV], 2% (x—x(q))" (a € ZLy). (3.3)

Let k be an integer satisfying dj, < d,, and dy, = d,,. Put Sy = C[z!,--- ,2¥]. Then C[V]¢
is an Sy-algebra with polynomial generators z*+1,--.  2". The C-algebra homomorphism
¢1]q] leaves invariant an element of Sy because the basic invariants z® (d, < d,,) satisfies

x*(q) = 0 by (2.12). Then ¢;[q] is an Sp-algebra homomorphism which is determined by

o1l (2", - onlg](a™).

If we take another set of basic invariants y',--- 4", then C[y', .-, y¥] = Sy and

k+1

k+l ... y" are sums of C-linear combinations of ¥+, ... 2" and elements of Sy, i.e.

Yy
for k+1 < j <n, we have

n
y] — E CZ.TZ + § cztxa’
i=k+1 a=(a1,,an),d-a=d;,
ap1="=an=0
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where ¢/

79

¢/ € C. Then we have

n

v —y(q) = ) da'—a'(q) + > ch(z* — 2(q))-
i=k+1 a=(a1,,an),d-a=d;,
apy1="=an=0

For any (z® — 2%(q)) in the second sum, we have (z — z(q))* = (z* — 2%(q)) by 7(¢) =0
for all v < k. Thus we have

n

v =g = Y d@'—2'(q) + > o)z — x(q))". (3.4)
i=k+1 a=(a1,",an),d-a=d;,
ak+1:~~-:an:0

This means that the morphism ¢;[g] does not depend on the choice of a set of basic
invariants 2!, - -+ , 2™ but depends only on the choice of ¢.
We define a C-algebra homomorphism ¢y by
G 10°f b
VIO CV], frr 30 25T a)(e — =(a) (35)
bezZl,
This is a Taylor expansion at q and it coincides with the natural inclusion C[V]¢ c C[V].

We define a C-algebra homomorphism 3[q] by
eslg : CIV] = C[V], 2" = (z+2(q)" (a € ZL,). (3.6)

This morphism does not depend on the choice of a g-homogeneous basis 2%, --- , 2" of V*
because a basis is unique up to linear transformations.

Then we have
19, ¢, d) = wslgl o 2 0 pa[g]. (3.7)
Since ¢1]q], p2 and ¢3]q] are C-algebra homomorphisms, their composite morphism ¢[g, ¢, q]
is also a C-algebra homomorphism.
(ii) If the assersion (ii) is true for the multi-indices a,a’ € Z%, then it is true for
the multi-index a 4 a’ € Z%,. Thus we should only prove (ii) for each element of a set of

the basic invariants xt,--- , 2™

For any z* (1 < a < n), we have
o 10°(x* —2%(q)) , | 4
elg, ¢ ql(z%) = i 550 (9)2

bez?,

= @ ="+ Y, g @

1 0%
=2 e @
0

bELL ), bt
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The coefficients of 2° are 0 if d - b & {d, + d,j|j € Zso} by (2.14). This gives a proof of
(ii). O
3.2. The morphism [g, (,¢|. In this subsection, we use properties of a filtered algebra
(cf. [1, Ch.3 §2-3]). The C-algebra homomorphism ¢[g, (,q| is not a graded C-algebra

homomorphism with respect to the grading (2.7) on C[V]¢ and (2.17) on C[V].
However if we define decreasing filtrations on C[V]¢ and C[V] by

F™(C[V]) = @S(j) (Vm € Zsy), (3.8)
Fm(C[V]) = EBV(g,c,q)(j) (Vm € Zso) (3.9)

respectively, C[V]¢ and C[V] are filtered C-algebras and ¢|g, ¢, q| is a filtered C-algebra

homomorphism because we have
plg, ¢, ql(F™(CIV]®)) € F™(C[V])  (Ym € Zxo) (3.10)

by Proposition 3.2 (ii).

Definition 3.3. (i) Let grpplg, ¢, q] be the graded C-algebra homomorphism induced
by a filtered C-algebra homomorphism ¢lg, ¢, ¢l:
greelg; ¢, ql - grp(CIV]Y) — grp(CIVY)), (3.11)
where
erp(CVI9) = @ Fr(CVI9)/Fm(CV]), (3.12)
meZZO
erp(CIV)) == € Fr(CV)/FrHCV]). (3.13)
mEZZO
(ii) Let ¥[g, (,q| be the graded C-algebra homomorphism defined by
Ulg,¢,q] = byt o grpply, ¢, ql ot : CIV]Y = C[V], (3.14)

where we used the natural graded C-algebra isomorphism
Y1 : C[V]® = grp(ClV]9) (3.15)
(resp. s : C[V] — grp(C[V])), (3.16)

which maps an element of S(j) (resp. V(g,(,q)) to its canonical image in

FI(CV]®)/FHC[V]?) (resp. FY(C[V])/F7+H(C[V])).
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We have an explicit description of 9|g, ¢, ¢l:

10z — =(q)]")
|

= (IENCRTy

Yg,¢.q): CVIY = CV], 2

beZL,, db=d-a ’

for a C-basis {z*|a € Z%,} of C-module C[V]®, where we used notations in Definition
3.1

Proposition 3.4. With respect to the gradings (2.7) on C[V]Y and (2.17) on C[V],
¥|g,C,q| is a graded C-algebra isomorphism

¥lg,¢,q] : CV]® = C[V]. (3.18)

Proof. In our proof, we denote ¥[g, ¢, q] simply by .

For a proof, we have only to prove that {¢(z'), - ¥ (z")} is a set of homoge-
neous polynomial generators of the graded C-algebra C[V]. It is equivalent to show that
P(z®) (1 < a < n)is written as

Yty = > A+ > Bz (3.19)
1<B8<n, dg=da a€ZY ), d-a=dq,|a|>2
with the matrix (Af) invertible, where we put Ag = 0 for d, # ds (1 <, 3 < n).
By the admissibility (ii) of the triplet (g, (, q), the Jacobian matrix

(%(q)) e (3.20)

is invertible. For any «, 5 (1 < a, f < n), the entry

ox®
@(Q)

of the Jacobian matrix is 0 if d, # dg by (2.13).

Then the Jacobian matrix J is a block diagonal matrix with each block

(%@)dadﬁk (321)
which is an invertible matrix.
e L — ()]
W(z®) = bezgong:da i — (¢)2° (1 <a<n) (3.22)
satisfies the conditions (3.19) and we see that {¢)(x'), - 1 (2")} gives a set of homoge-

neous polynomial generators of the graded C-algebra C[V]. U
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3.3. Good basic invariants.

Definition 3.5. A set of basic invariants z!,--- , 2" is good with respect to the admissible
triplet (g,¢, q) if z',--- 2" form a C-basis of the vector space ¥[g,(, ¢~ (V*) w.r.t. the

natural inclusion V* C C[V]. We call z!,--- 2" “good basic invariants”.

4. EXAMPLES

In this section, we give some examples of a set of good basic invariants.

#1 and the symmetric group

Let C*! be a C-vector space with coordinates €', -+ , ¢
Siy1 acts on CH1 by o(e!, - et = (67 W, ... g 04D for ¢ € Sj4y. This action
preserves the subspace V where V = {(',--- &) € C*'| 21 = 0}. Then this
action gives an injection S;y; — GL(V'). By this injection, we regard the group S;4; as a
finite complex reflection group.

We define g € Sjy1 by g(i) =i —1fori=2,--- I+ 1and g(1) =1+ 1. We put
q=(1,(--+,¢Y €V, where ¢ = exp(ﬁf). Then we have ¢g - ¢ = (q and (g, (, q) gives
an admissible triplet. We remark that this is the case of Aji-type (cf. Proposition 7.1).

We define linear functions on C'*! by

I+1

=1

Then we have g - y* = (F1yF for k=1,--- 1 + 1.

We define S;,;-invariant polynomial functions on C'*! by

I+1 I+1
Pl — (_1)1—1 Zgi7 pP? — (_1)2—1 Z 6i€j, . ,Pl+1 _ (—1)(l+1)_181 St
i=1 1<i<j<l+1
Then 32, --- ,y'*! give a basis of V* and P?,--. , P! give a set of basic invariants

of C[V]%+1,
We give an explicit description of ¢[g, (, q] and v[g, (, q] for I =1, 2, 3 cases. We re-
mark that the degree of y* = (y2)22 - (y"+1) @+ for a = (ag, -+, ap1) € Zhy is Sopy kay,

1.e.
1+1

y* € V(g C.a)>_ kay).
k=2
We use below square brackets in order to put together the same degree terms.
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[ =1 case. We have
P* = ()
elg, ¢ a(P?) = v*+-(1*),

Ulg.¢.q(P?) = o

Then P? give a set of good basic invarant.

{ = 2 case. We have

P = %y%f’,

P= 0+ )
vlg. ¢, d(P?) = y2+%y2y3,
AnCal(P) = o+ [P+ 0] +

Plg, ¢, ql(P?) = o7,
g, ¢ q(P?) = o’

Then P2, P3 give a set of good basic invarants.

[ = 3 case. We have

p? — % [4y2y4 i 2@3)2} ’
P = %[4y3(y4)2+4(y2)2y3},
P= [0 20+ R - G )]

lg. ¢, ql(P?)
¢lg, ¢, q)(P?)

lg. ¢, ql(P*)

Vg, ¢, q)(P?)
¥lg, ¢, q)(P?)
Vg, ¢, ql(PY)

1 1
y: + [—y2y4 + —(yg)ﬂ ,

1 8
1 1 1
3 Loova 3 134 L3 4\2
y+{4(y)y +2yy]+42y(y),
1 6 1 1 1
4 L9y O ave Lo 4 L o930 Lo
[y 8(y)}+[42(y) W)y +42y(y)+44(y)}
1 9 1 1 1
+ L—Q(zf‘)?’ W)W+ ) ‘- @(y?’)ﬂ + @(y‘*)‘*,
y2,
y°,
1
yt— =)
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Then P?, P?, P*+ 1(P?)? give a set of good basic invarants.

5. INDEPENDENCE ON THE CHOICE OF THE ADMISSIBLE TRIPLET

Let G be a finite complex reflection group. We study the dependence of good basic
invariants on the choice of the admissible triplet (g, ¢, q).
For any h € GL(V) and a g-homogeneous basis z!,--- 2" of V*, we define
¢h:ClV] > CV], 2*w (h-2)" (beZ%) (5.1)
with notation (h-2)? = (h-2)b .. (h-2")". Then £[h] preserves the subspace V* C C[V].

Proposition 5.1. Let (g,(,q) be an admissible triplet.
(i) For any h € G, the triplet (hgh™',(,h - q) is an admissible triplet. £[h] induces

the isomorphism

&[h = V(9,¢,q)(5) — V(hgh™, ¢ ha)(5)- (5.2)
We have
plhgh™' ¢ h-qloglh] = €[h]oylg, (. ql, (5.3)
Ulhgh™,C h-q)o €[] = &[h] o ¢, (. q)- (5.4)
(ii) For anyt € C*, the triplet (g,(,t-q) is an admissible triplet. Fort-idy € GL(V)

with the identity morphism idy : V. — V, [t - idy] preserves the subspace V* C
C[V] and &[t - idy] induces the isomorphism

E[t-idy] = V(g, ¢, 9)(5) — Vg, ¢, t- @) () (5.5)

We have
elg, ¢, t-qlolt-idy] = £t-idy]olg, (4], (5.6)
Vg, ¢ t-qlo&lt -idy] = &[t-idv] oy, ¢, ql. (5.7)

(iii) If an integer r satisfies ged(r, d,) = 1, then the triplet (9",(", q) is also admissible

and we have

Vg, ¢,0)(5) = V(" (" q)(), (5.8)
elg, ¢, ql = ¢lg",¢",ql, (5.9)
Vg, ¢ ql = ¥lg", ¢ ql (5.10)
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Proof. We prove (i) and (ii). For any a € Z%, we prove @lhgh™",(,h - q] o £[h](z?) =
E[h] o ¢lg, ¢, ql(x7).
plhgh™, ¢, h - q] o E[R](27)
= plhgh™, ¢, h-q)((h-2)?)
= @slh-qlopsopilh-ql((h-z)*)
= wslh-qlopa((h-z—(h-2)(h-q)")

= Qp;,)[h.q] b; %8 (h~xa—(}(lh"zﬂ)b‘b)(h-q>)a(h_q)(h,Z_(h.z)(h,q))b

10°(x —x(g))*

= alhed ) D (q) (-2 = (h-2)(h-q))
1 G;x;x( ))®
= X T e

= g[h] © 90[97 G, CI] (:L,a)'

The other parts are proved in a similar manner, so we omit it.

We prove (iii). Since the triplet (g, (,¢) is admissible, we have g - ¢ = (q. Then
g" - q = ("q. Thus the triplet (¢, (", q) is also admissible.

We show (5.8). Let z!',--- 2" € V* be a g-homogeneous basis of V*. Then for
1<a<mn, g -2%= (¢l 1) 2* = (¢")% 122 Then 2!, 2" € V* be a g"-homogeneous
basis of V*. Thus we have (5.8).

Since the morphism ¢[g, ¢, ¢] depends only on the choice of ¢ by the proof of Propo-
sition 3.2, we have (5.9). Then the morphism v[g,(,q] depends only on the grading
V(g.¢,q)(j). By (5.8), we have (5.10) O

Definition 5.2. For admissible triplets (g, , q), (¢',{’, ¢'), we define an equivalence relation

(9,¢,9) ~ (d,¢,d) (5.11)
by
Vg, Cal T (V) =9ld ¢ ) HV). (5.12)

By Proposition 5.1, we have the following results.
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Corollary 5.3. For an admissible triplet (g,(,q) and Vh € G, ¥Vt € C*, Vr € Z with
ged(dy,r) =1, we have

(9:¢.q) ~ (h-g-h7'¢ h-q), (5.13)
<Q7C7Q) ~ <97C7t'Q)7 (514>
(9"¢"q) ~ (9,.¢9). (5.15)

6. TAYLOR COEFFICIENTS OF THE GOOD BASIC INVARIANTS

Let G be a finite complex reflection group and we fix an admissible triplet (g, ¢, q).

n

Definition 6.1. A set of basic invariants x!,--- 2" is compatible with a g-homogeneous

basis z!,---, 2" of V* if the Jacobian matrix is the identity matrix, i.e.

ox®
@Q — (53 |
<azﬁ . ( 5)1§a,ﬁ§n

where 55 is the Kronecker’s delta.

1

Proposition 6.2. For a g-homogeneous basis z*,--- , 2" of V*, we have the following

results.

(i) If we put

2= 9lg,¢.q) 7' (2") (1<a<n), (6.1)
then z1,--- 2™ form a set of basic invariants which are good and compatible with
a g-homogeneous basis z',--- , 2" of V*.
(ii) Conversely if x',--- , 2™ are good and compatible with a g-homogeneous basis
2l 2 of V') then ¥]g, ¢, ql(x®) = 2% for 1 < a < n.
(iii) For any set of basic invariants x*,--- , x",
b a
T gy =04 b¢ {d-at duj] € Zao) (6.2

Jor a,b € Z%,,.

(iv) A set of basic invariants z',--- ™ is good if and only if
8(1 o
a""”‘ (@) =0(dy=d-a, |a| >2 1<a<n). (6.3)
Za
(v) If a set of basic invariants z*,- - - | x" is good and compatible with a g-homogeneous
basis zt,--- , 2" of V*, then for a,b € 7% satisfying d-a = d-b, we have
1 0%x — x(q)]®
1z —=2(g)* (q) = b (6.4)

b! 0zb
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Proof. As for (i), (ii), they are direct consequences of Definition 3.5 and Definition 6.1.
As for (iii), it is proved in Proposition 3.2 (ii).
(iv) By (3.17), we have
N 1o,

bELL, db=da

By the goodness assumption, this must be an element of V*. Then the coefficients with
|b| > 2 must be 0.
(v) We have ¢[g, (, q](2%) = 2* for 1 < a < n by (ii). Then for any a € Z%,

n

Vg, ¢, ql(z H@/}géq Jam) =T =2, (6.5)

r=1

and comparing it with (3.17), we have the result. O

7. THE CASES OF FINITE REAL REFLECTION GROUPS

From now on we shall assume that G is a finite real reflection group, i.e. there exists
a G-stable R-subspace Vg of V' such that the canonical map Vg ®g C — V' is bijective
and G is generated by reflections of order 2. We also assume that the action of G on V
is irreducible.

It is known that there exists a set of basic invariants z!,--- , 2" and if we denote

their degrees by d; < --- < d,, then they have the following properties (cf. Bourbaki [2]).

(i) The action of a Coxeter transformation g € G on V' has the eigenvalues

exp (2”\/__;311 - 1)) o exp (2”\/__1d(nd" - ”) | (7.1)
(ii) They have a duality
do +dpi1-oa=d1+d, (1<a<n). (7.2)
(iii) We have
dy 1 <d,, (7.3)
dy = 2. (7.4)

2w/ —1
is not contained in the

(iv) An eigenvector v of g with the eigenvalue exp
reflecting hyperplanes. In particular the value of the determinant of the Jacobian

(%(UO 1<a,f<n i

1S nonzero.
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(v) There exists a G-invariant positive definite symmetric R-bilinear form
Ig : Vg x Vg = R. (7.6)
7.1. Existence and Uniqueness of a set of good basic invariants.

Proposition 7.1. For the finite real reflection group G, there exists an admissible triplet.

Proof. Let g € G be the Coxeter transformation, v be an eigenvector with the eigenvalue
exp (%) Then
2w/ —1
(gv €xXp d— ) ’U)
satisfies the conditions of the admissibility (i) and (ii) by (7.5). O

We show the uniqueness of the good invariants.

Proposition 7.2. For a finite real reflection group G, any admissible triplets (g, (,q) and
(9'.¢'.q) satisfy (¢',¢' ") ~ (9, ¢, q).

Proof. Take an integer 1 < r < d,, such that ¢’ = {". Since (, (' are primitive d,-th roots
of unity, (d,,r) = 1. Then the triplet (¢",(",q) = (¢", (', q) is admissible by Proposition
5.1(ii).

Compare the admissible triplets (¢, (', q) and (¢’,{’,¢'). Then we have g" = hg'h™!
for some h € G by a known result (cf. [6, 4.2 Theorem (iv)]). By (5.13), we have
(9, ¢ q") ~ (hg'h™ " ' h- ') = (9", ¢ b ).

Compare the admissible triplets (¢", (", h-¢') and (g", (", q). We see that the dimen-
sion of the eigenspace of ¢” is 1 because it is the multiplicity ( = #{ € {1,--- ,n}|ds =
do } ) for d, (1 < a<n) with (d,,d,) = 1 and equals 1 for the case G is a finite real
reflection group. Then using (5.14), we have (¢", (", h-¢') ~ (9",(", q).

By (5.15), (9",¢",q) ~ (9,¢,q). Then we have the result. O

Corollary 7.3. For a finite real reflection group G, there exists uniquely the space of the

C-span of a set of good basic invariants.

Remark 7.4. For an admissible triplet (g, (,q) for the finite real reflection group G, ¢ is
not necessarily a Coxeter transformation. We give an example. Let G be the finite real

reflection group of type Hs. Then the degrees of basic invariants are

d1:2, d2:6, d3:10

Let go be a Coxeter transformation, ¢ be exp(%) and (go, ¢, v) be an admissible triplet

which is constructed in the proof of Proposition 7.1. By Proposition 5.1(iii), (g3, (3, v) is
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also an admissible triplet. We show that g7 is not a Coxeter transformation. We compare

the eigenvalues of gy and the ones of g3. A set of the eigenvalues of go:

{Clidl — C*l Cl*dg — C75 Cl*dg — C79}
) Y
and a set of the eigenvalues of g3:
{¢° P, ™)
do not coincide. Since a Coxeter transformation is unique up to conjugacy, we see that

gi is not a Coxeter transformation.

7.2. Bilinear form. We take the G-invariant positive definite symmetric bilinear form
Ig (7.6) and extend it to the C-bilinear form

I:VxV—=C. (7.7)
Since it is nondegenerate, it induces the C-bilinear form
v xv:—C. (7.8)
This gives
I : Qe ®cvy ey — CIV, (7.9)
where ¢y is the module of Kéhler differentials of C[V] over C. It descends to the
C[V]%-symmetric bilinear form

]év : Q(C[V]G ®(C[V]G QC[V]G — (C[V]G (710)

because I is G-invariant, where Qcpye is the module of Kahler differentials of C[V]“ over

C.

For a set of basic invariants z',--- , 2", we have
n
oz Oz
* a By — *O 2
I (dz®, dx”) = Eyen 8,272] (27, 27?) (7.11)

Y1,72=1
for 1 <a,p <n.

7.3. Good basic invariants and Bilinear form. From now on we fix an admissible
triplet (g, C,q) for a finite real reflection group G which acts on V.

For a set of basic invariants z',--- , 2", we have

1"(g) 40 (7.12)
because if 2™(q) = 0, then z%(¢) =0 (1 < a < n) by (2.12) and (7.3), which contradicts
q # 0.
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Theorem 7.5. Let (g,(,q) be the admissible triplet. We assume that a g-homogeneous

basis z',--- 2" of V* satisfies

[*(’Zaa Zﬁ) = 5a+ﬁ,n+1 (1 < a, ﬂ < TL) (713)
Let x',--- 2™ be a set of good basic invariants compatible with this basis z',--- 2" of
V*. Then by Taylor coefficients
aa (0%
a"” (@) 1<a<n acZlyd a=d,+dy), (7.14)
A =
any I%(dx®,dxP) (o, B =1,--- ,n) is written as follows:
1% (dz®, da®) (7.15)
" 1[0 [0z 028
5& n+1""""/\ 1 |l as b7
Hhnt x"(q) + Z b! {82” (825* + 02“*)} (g)
b=(b1, ,bn),
b, =0,
d-b=do+dz—2

where ax =n+1—a (1 <a<n).

Proof. For any o, 8 (1 < «, 8 < n), I (dz®, dz?) is represented as

a:(al,“. 7an)eZgO7 b:(b17 7bn)€Zg07
CLn:O7 bn:O7
d-a=do+dg—dn—2 d-b=do-+dg—2

for A%# B®P € C by the degree of C[V]C.

By taking higher order derivatives of the both sides of (7.16) with respect to z!, .-+ 2"

and evaluating them at ¢, we determine A%”, By  in the following lemmas.

Lemma 7.6. For the cases d, + dg < d,, + 2,
AP =0 if dy +dg < d, +2 ora# 0. (7.17)
Proof. The multi-indices a € Z%, satistying d - a = d, + dg — d,, —2 < 0 are only
a=(0,---,0) € Z%,. Thus we have the results. O
Lemma 7.7. We have
ASPr(q)  if do 4 dg = dy, + 2,

(RHS of (7.16))(q) = (7.18)
0 if do + ds # dyy + 2.

Proof. By (A%%z%2™)(q) = 0 if a # 0 and (B{"’z")(q) = 0 by 2%(q) =0 (1 < a < n —1)

which are shown in (2.12), we have the results. O

Lemma 7.8. We have
(LHS of (7.16))(q) = a1 (7.19)
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Proof. We have

" 0z, 02°
_ ¥ LY
(LHS of (T16)()) = 3 5o (0)gos (I (7, %)
T1,72=1
= Z 07108, 071 +72,m+1
Y1,72=1
= 5a+[3,n+1~
O
Lemma 7.9. For the cases do +dg > dn + 2, take any multi-inder ¢ = (c1,- -+, cn) € ZY,
such that ¢, =0, d-c=d, +dg —d,, — 2, we have
1 C
{E ;ZC(RHS of (7.16))] (q) = APz (q). (7.20)

Proof. For A%’x%" with any a = (ay,--- ,a,) € Zy, an =0, d-a=dy+dg—d, -2,
1 9°(ALPzegm)

S ) (7.21)
is a linear combination of
0 (z) 0" (z")
ap |2\ ) roon n
1| 580 |55 0] @ ez (7.22)

with ¢ +¢”" =¢c. Since ¢y =0 and d- " < d-c=d,+dsg—d, —2 < d,, (7.22) must be 0
by (6.2) if ¢’ # 0. Then (7.21) equals
1 0°(x%)
a,f n
A 0 (¢)z"(q).
Since d-a =d - c and 2% = (x — z(q))* by a, = 0, we have
1 0°(z%)
AP 7
el 0z¢

(q)2"(q) = A3 800" (q)
by (6.4).
For By"’x® with any b= (by, -+ ,b,) € Z%, b, =0, d-b=d, + ds — 2, we have

10°By P2,

by d-c¢<d-band (6.2).

Then we have the equation (7.20). O
Lemma 7.10. For the cases do+dg > d,+2, take any multi-index c = (cy,- -+, ¢,) € Z2,
such that ¢, =0, d-c=d, +dg —d,, — 2, we have

1 0°

5. (LHS of (7.16))| (¢) = 0. (7.23)
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Proof. The LHS of (7.23) is a linear combination of the products:

o Oz 0" 9z°
* Y1 Y2 / Z n
i | @) | | @I (@ ez (721
with ¢ + ¢’ = ¢. We assume that (7.24) is nonzero for some ¢, ¢”. Then there exists

non-negative integers ny, ny such that
d-d+d, =dy+md,, d-"+d,,=ds+nasd,
by (6.2). We also have
dy, +dy, =d,+2

by (7.13). Combining these equalities, we have ny 4+ ny = 0. Then we have ny = ny = 0.

Then we have

Dz 9zm
Since z® satisfies the condition (6.3), we have ¢ = 0 and a = ;. Also we have ¢/ = 0.
Then ¢ = ¢/4+¢” = 0 which contradicts d-c¢ > 0. Therefore we have the equation (7.23). O

¢ Ox® ,
{ ](q)#Oford-c%—d%—da.

By these Lemmas, for any «, 3,c with 1 < o, 8 <n, ¢ € Z%,, we obtain

Satpmi1/T™(q) if dy+dg =d,+2and c =0,

AP = (7.25)

0 otherwise,

where we used x"(q) # 0 by (7.12).

Lemma 7.11. For any multi-index ¢ € 2%, with ¢, =0, d-c=d, +dg — 2, we have
1 0°
cl 0z¢

Proof. For A%Px2x™ with any a = (ay,- -+ ,a,) € 2%, an =0, d-a=dy+dg—d, -2,

we show

(RHS of (7.16))| (¢) = B>*. (7.26)

1 9°(ALPgegm)
0 e @) (7.27)

We have only to prove it for the cases A%% # 0. Then d, + dg = d, + 2 and a = 0 by
(7.25). Then by d - ¢ = d,, and ¢,, = 0, we have (7.27).
For By"’a with any b= (by, -+ ,b,) € Z%, b, =0, d-b=d, + ds — 2, we have
1 0°(By a?)
c! 0z¢
by d-c=d-band (6.4). Thus we have (7.26). O

(q) = By76.p = B

Lemma 7.12. For any multi-index ¢ € Z%, with ¢, =0, d-c=d, +dg — 2, we have

éaa;(LHS of (7.16))} (q) = é K%%) (q) + (%aj—ffa)} (g). (7.28)
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Proof. For the LHS of (7.28), it is a linear combination of the products:

80’ ox® ac” axﬂ % oo n

with ¢ + ¢” = ¢. We assume that (7.29) is nonzero for some ¢, ¢”. Then there exists non-
negative integers ny, ny such that d- ¢ +d,, = dy +mid,, d- " +d,, = dg + nod, by (6.2)
and d,, +d,, = d, +2 by (7.13). Combining these equalities, we have ny +ny = 1. Then
we have (ny,n2) = (1,0),(0,1). For the case (ny,n2) = (1,0), d- ¢’ +d,, = dg. Since x”
satisfies (6.4), ¢’ must be 0 and ~, = . Then we have ¢ = c and y; =n+1— (3. For the
case (n1,nq2) = (0,1), ¢ must be 0 and 7; = . Then we have ¢’ =cand 7, =n+1—a.

Then we have

¢! x [LHS of (7.28)]

0°  Ox“ oz’ L aiiis g, Ox°
- g | @5 e + S |

o
820 8zn+1fa

| @r e,z

N (q) + o 0P (q)
= |9zc 918 | M 9z gonti—a | 1)
Then we have the equation (7.28). O

By (7.26) and (7.28), we have

o 1] o° Ox® OxP
5 = 5 o (s + s )| @0 (7:30)

8. (GOOD BASIC INVARIANTS AND FROBENIUS STRUCTURE

8.1. Euler field. We introduce the Euler field, the space of lowest degree part of the
derivatives and the G-invariant bilinear form.
Let t,--- 2" be a set of basic invariants with degrees d; < --- < d,_1 < d,, (see

(7.3)).
We define the Euler field F by

“~d, , O
E = 2% — Q) c[v)© 8.1
;dnx Ore cvie = CIV]7, (8.1)
which does not depend on the choice of a set of basic invariants.
Let Der(C[V]%) be the module of C-derivations of C[V]%. It has the grading
0
Der(C[V]¢) = @Der(C[V]G)(j>7 9o € Der(C[V]9)(—ds) (1<a<n) (82)

jEz
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induced by the grading of C[V]% = & ez 5(j) and we see that the dimension of the lowest
degree part is

dimgDer(C[V])(—d,) = 1 (8.3)
by (7.3).

8.2. Frobenius structure. The Frobenius structure on C[V]% is constructed by Saito
[5] and Dubrovin [3] (see also [4]).

Theorem 8.1. ( Saito [5], Dubrovin [3] )

(i) There exist a C[V]|%-nondegenerate symmetric bilinear form (called the metric)
J : Der(C[V]%) ®@cpye Der(C[V]¢) — C[V]¢, a C[V]%-symmetric bilinear form
(called the multiplication) o : Der(C[V]9) @cpje Der(C[V]¥) — Der(C[V]) and
a field e € Der(C[V]%) subject to the following conditions:

(a) the metric is invariant under the multiplication, i.e. J(XoY,Z) = J(X,Y o

Z) for any vector fields XY, Z : Qcpre — C[V]9,

(b) (potentiality) the (3,1)-tensor Vo is symmetric (where V is the Levi-Civita
connection of the metric), i.e. Vx(YoZ) =Y oVx(Z)—Vy(XoZ)+Xo
Vy(Z) = [X,Y]o Z =0, for any vector fields XY, Z : Qcpje — C[V]¢,

) the metric J is flat,

) e is a unit field for o and it is flat, i.e. Ve =0,

) the Euler field E satisfies Lieg(o) =10, and Lieg(J) = (2 — d’é—;Q) -,

f) the intersection form coincides with the bilinear form If: J(E, J*(w)oJ* (W) =
I (w,w') for 1-forms w,w' € Qcpe and J* = Qcpge — Der(C[V]Y) is the

tsomorphism induced by the dual metric J* of J.

(c
(d

(
(

(ii) Let (J,0,e) be a Frobenius structure satisfying the conditions in (i). Then e €
Der(C[V]9)(=d,)\{0}. Conversely for any element € € Der(C[V]%)(—d,)\ {0},
there exists uniquely a Frobenius structure (j , 0, €) satisfying the conditions in (i).
The Frobenius structure (J,3,¢) is written as (J,3,¢) = (¢c"1.J,¢ Yo, ce) for some
ce Cx.

The metric J could be constructed from I and e as follows.

Proposition 8.2. For 1-forms w,w’ € Qcpye, we have
J*(w,w") = (Lie.(I}))(w,w") (8.4)

for the dual metric J* of J.
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Proof. By combining the results Lie.(J) = 0, Lie.(o) = 0 and Lie.(E) = e (cf.[4, p146])
with the Lie derivative of the both sides of the equation

J(E, J*(w) o J* (') = I}(w,w")
in Theorem 8.1(i)(f) with respect to the unit e, we have the result. O

Let V be a connection introduced in Theorem 8.1. By Theorem 8.1(ii), the metric
J of the Frobenius structure satisfying conditions in Theorem 8.1(i) is unique up to a
constant factor. Then V and the notion of flatness do not depend on the choice of the

Frobenius structures in Theorem 8.1.

Definition 8.3. A set of basic invariants z!, - - - , 2" is called flat with respect to the Frobe-
nius structure if
Vdz* =0 (1<a<n). (8.5)

8.3. Frobenius structure via flat basic invariants. We give a description of the

multiplication and the metric with respect to the set of flat basic invariants.

Proposition 8.4. A set of basic invariants x*,--- , 2™ with degrees d; < --- < d,_; < d,

is flat with respect to the Frobenius strucuture (J,o,e) in Theorem 8.1 if and only if

n*? = el (dz®, dz”) (1 <a,B<n) (8.6)
are all elements of C. If a set of basic invariants x',--- 2™ is flat, then the metric J is
described by

By —1
(navﬁ)lga,ﬁgn = <J (aa’ aﬂ))lga,b’gn - (7] ’ﬂ)lga,ﬂgn (87)
and the structure constants C;”B of the multiplication defined by
0a005 =Y _CJ 40, (1<a,B<n) (8.8)
y=1
are described by
L d / /
C .= Nev.ow 3.5 0" (—”]* (da®, da” )) (8.9)
a,f a,a’1]B,8 G )
for 1 < a, B <n, where we denote
0 B ;0
-7 a e~ (1< a<n). 1
=gy 0= 055 (1<a<n) (8.10)
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Proof. By Proposition 8.2, the dual metric of the metric of the Frobenius strucrure is

constructed from the unit e and I by (8.6).

For the construction of the multiplication from I, we remind the notion of the

Frobenius potential (see Dubrovin [3]).

The Frobenius potential F' is defined by the relation

Cop=0a00"F (1<a,B,y<n) (8.11)
with the structure constants C, 5 of the product and it is related with I¢; as
do +dg —2
I5(da®, do®) = J“d—ﬁaaaﬁF (1<a,8<n). (8.12)

Then for any «, 5,7 (1 < «, 8,7 < n), we have

Cly = 0.0;0F

—= Z na,a’nﬁ,ﬁ/ a’yaa/ aB/F

of ,B'=1
= i Na,a! T8 5/87 <d—nfgv<dl’a/, dlﬁ/)> . (813)
o G ’ ’ de + d@/ -2
Then we have the results. [

8.4. Good basic invariants and Frobenius structure.

Corollary 8.5. (i) Let x',--- 2™ be the same as in Theorem 7.5. Let J be a met-

ric and o be a multiplication of a unique Frobenius structure with the unit e =
$"(q)% in Theorem 8.1. Then the metric J and the structure constants of the

multiplication C’;’ﬁ (1<a,B,y<n) are
o 0

NGz 578) = Sarpmtn (1S @8 <n), (8.14)
0 d
RA— n T* ak Bx 1
Ca,ﬁ O+ (da*—ng* _9 G(d$ ,dx ))’ (8 5)

which are all written by Taylor coefficients (7.14) by (7.15).

If a set of basic invariants is good (which is independent of the choice of the
admissible triplet by Corollary 7.3), then it is flat with respect to the Frobenius
structure of Thoerem 8.1.

The space Spec C[V] has a metric induced by the dual metric I* (7.9). The space
Spec C[V]Y has a metric J. Then v[g,(,q] : C[V]® ~ C[V] gives the isometry

with respect to these metric structures.
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Proof. We prove (i). Let z',---,z" be the same in Theorem 7.5. Since 2"(q) # 0 by
(7.12), e = 2"(q)3% € Der(C[V]%)(—d,) \ {0}. By Theorem 8.1(ii), we have a unique
Frobenius structure with the unit e = x”(q)a%. By Theorem 7.5, we have

elr(dz®, drP) = Sarpnyr (1 < a,B <n). (8.16)

By Proposition 8.4, a set of z!,--- ,z" is flat and we have (8.14) and (8.15). By (7.15) in
Theorem 7.5, (8.15) are all written by Taylor coefficients (7.14).

(ii) is a direct consequence of (i). (iii) is a direct consequence of (7.13), (8.14) and
¥]g,(, q)(z*) = 2% for 1 < a < n. O
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